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Preface

The present manuscript gives an account of the research undertaken from January 1st, 2019,
to July 31st, 2022, under the supervision of Ben Andrews and Gang Tian. Outside of the
Ph.D. requirement, the purpose of the present thesis is to provide (at least the author) with
a useful reference on the curvature aspects of Hermitian manifolds. At the time of writing
this, many texts exist concerning the geometry of Kéhler manifolds, but not many of them
have considered the general Hermitian category. The best reference at present appears to
be Zheng’s Complex Differential Geometry [336], but the focus of this beautiful book is also
not on Hermitian manifolds.

In many respects, Hermitian (non-Kéhler) differential geometry remains in its infancy. The
presence of torsion in the natural connections which reside on the tangent bundle of a non-
Kéhler Hermitian manifold renders the subject formidable to outsiders, and this is undoubt-
edly exacerbated by the absence of books on the subject.

The guiding narrative behind this thesis is to understand how the curvature of Hermitian
metrics, which reside on a complex manifold, influences the complex geometry. The primary
example of this type of investigation is in understanding when a sign on some curvature of a
Hermitian metric forces the manifold to be a known class (e.g., Kobayashi hyperbolic, Brody
hyperbolic, Oka, homogeneous, etc.). This is the reason for titling the manuscript Complex
Manifolds of Hyperbolic and Non-Hyperbolic- Type.

One of the central tools in studying hyperbolicity (and non-hyperbolicity) utilizing the curva-
ture of Hermitian metrics is the Schwarz lemma (sometimes called the Yau-Schwarz lemma or
Ahlfors—Schwarz lemma in this context). The new results established by the author primarily
concern refinements and improvements on the Schwarz lemma (exhibited in §2.5 and §2.6),
which appear in [52, 53]. However, a better understanding of the Schwarz lemma (especially
in the Hermitian category) requires an improved understanding of the holomorphic sectional
curvature and Ricci curvature of a Hermitian metric. This, in turn, furnished some of the
results in §2.3 and §2.4, which appear in [60, 61, 62, 63, 55, 54, 56].

Novel contributions. Throughout January 1st, 2019, and July 31st, 2022, the author,
together with his collaborators, produced (or is currently in the process of preparing) [50,
51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64]. The present version of the
manuscript omits [50, 51, 59, 63] because these results deviate from the central narrative.

vii



viii PREFACE

Not all results of the remaining papers are included either; the main factor in this is time.
For instance, the present manuscript only begins to glimpse the results appearing in [60, 61].

A more precise list of novel contributions that appear in the present manuscript are:
Chapters 1-8 do not contain novel results, but the selection of examples, results, and ideas, are
very difficult to find in the literature. For instance, the Brauer group is discussed in Chapters
4.6-4.7, a topic that is almost absent from the literature (particularly for general complex
manifolds). Similar remarks can be made for the discussion of Calibrated manifolds (Chapter
5.6), the Fino—Vezzoni conjecture (Chapter 5.8), Hironaka’s example (Chapter 5.10), and the
Chiose, Biswas—McKay Theorems (Chapter 5.14). The link between Calibrated manifolds
and the holomorphic bisectional curvature, together with the paradigm exhibited in Chapter
11.6 is new, despite no results of Chapter 11.6 being new.

The exposition of the Gauduchon connections that appears in Chapter 9.9 is novel, since
the existing references on the Gauduchon connections either omit the details entirely or are,
at best, unenlightening. This also appears to be one of the only modern references where
the Ehresmann-Libermann plane is mentioned (see Definition 9.9.3). This exposition on the
Gauduchon connections can also be found in [60].

The following results concerning the Gauduchon Ricci curvatures are novel, and appear in
[60]: Corollary 10.4.5, Corollary 10.4.7, Corollary 10.4.8, Corollary 10.4.9, Corollary 10.4.10,
Corollary 10.4.11, Corollary 10.4.12, Proposition 10.4.14, Theorem 10.4.19, Theorem 10.4.28,
Corollary 10.5.2, Corollary 10.5.3.

The ‘altered’ terminology that appears in Definition 10.5.1, Definition 11.0.2, Definition
12.3.1, Definition 12.11.2, I introduced in a joint work with Kai Tang [63]. The results of
Chapter 11.14 and Chapter 11.15 come from my systematic investigation of natural ‘altered’
variants of existing curvature conditions that appears in my joint work with Kai Tang [63].
Specifically, the following results are novel: Theorem 12.2.11, Corollary 12.2.13, Corollary
12.2.14, Proposition 12.3.3, Proposition 12.3.4, Theorem 12.4.1, Corollary 12.4.2, Corollary
12.4.3, Proposition 12.11.6, and Theorem 12.11.7.

Proposition 11.1.1, Corollary 11.1.2, and Proposition 11.1.4, concerning the Gauduchon Bi-
sectional Curvature are novel, and appear in [60].

Theorem 11.5.1 is well-known, but the proof is nowhere to be found in the literature. In
speaking with experts, it appeared that the proof was also not well-known.

The results of Chapter 11.13 come from the papers [54, 55, 56]. In particular, I introduced
the notion of ‘Perron weights’ in these papers and elucidates the nature of the quadratic
orthogonal bisectional curvature, and its relation to the real bisectional curvature in these

papers.



PREFACE ix

I introduced the notion of the ‘Schwarz bisectional curvature’, Definition 13.9.1, in my
Schwarz lemma papers [52, 53]. As a consequence, Theorem 13.10.1, Theorem 13.10.2,
Corollary 13.11.1, and Corollary 13.12.1 are novel, and appear in [52].

I introduced the notion of the ‘CR—torsion’, Definition 13.14.1, and the notion of ‘partially
Kaéhler-like’ metrics, Definition 13.5.1, in my joint work with James Stanfield [61]. This was
an instrumental tool in establishing the results that appear in [61] and are exhibited in the
present manuscript as Theorem 13.15.1, Theorem 13.16.1, Theorem 13.17.1, Theorem 13.17.3,
Proposition 13.17.3, Theorem 13.17.5, Theorem 13.18.1, Theorem 13.19.1, Theorem 13.19.3,
Theorem 13.20.1, Theorem 13.20.2, Theorem 13.1.1, Proposition 13.6.1, and Theorem 13.7.1.
Sections 13.28-13.33 are borrowed from my survey article on the Schwarz lemma [53].

The various Wu—Yau theorems and applications to the Kobayashi conjecture that appear
in Theorem 14.3.4, Corollary 14.5.3, Lemma 14.6.1, Theorem 15.8.1, Theorem 15.11.1, The-
orem 15.12.1, Theorem 15.13.1, are new, and will appear in [61]. The conjectural picture
concerning the positive analog of the Wu—Yau theorem is my own conjecture, and does not

presently exist in the literature, only in talks and in the present manuscript.

Remarks on the Exposition. Our exposition borrows from a number of places: For the
geometry of smooth manifolds [10, 42, 119, 239, 268, 340]. The theory of complex mani-
folds is borrowed from [21, 30, 141, 144, 145, 149, 158, 176, 198, 224, 272, 286, 307,
311, 336]. Sheaf theory is referenced from [49, 144, 145, 159|.

Throughout the manuscript, we have included a number of questions. These are not to be
interpreted as exercises or difficult open problems. To the author’s knowledge, the questions
posed throughout the text are open and act as both a prompt to the author and the reader
to address these gaps in the literature. Communication® of the answers to these questions is
warmly encouraged, together with comments, feedback, and any suggested questions.

Email: kyle.broder@anu.edu.au
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Introduction



A complex manifold is a space that is locally modeled on C™ by maps that preserve the
complex-analytic data. Such objects are significantly more rigid than their smooth, real
counterparts. The most notable example of this is the failure of the holomorphic analog
of the Whitney embedding theorem: If X is a compact complex manifold, then there is
no holomorphic embedding X < C", for any n € N, unless X is a point. Indeed, if such
an embedding exists, the coordinate functions on C™ restrict to holomorphic functions on a
compact set. Hence, these functions must be constant by the maximum (modulus) principle.
One of the primary aims of complex geometry is to understand and classify all possible
phenotypes that complex manifolds may realize. A particularly beautiful aspect of complex
manifolds is that they lie at the intersection of a great number of fields, and these different
fields have approached the problem of classification from different perspectives. A natural
approach to studying the geometry of a complex manifold X is given by looking at the
holomorphic functions f : X — C which emanate from it. For instance, Stein manifolds
[144], the manifolds which admit holomorphic embeddings into some CV are intuitively
described as the class of complex manifolds with an abundance of holomorphic functions
[198].

Of course, this method of investigation is useless if X is compact, as we saw before. In
algebraic geometry, the natural way of rectifying this austerity of holomorphic functions is
to interpret holomorphic functions as holomorphic sections of the trivial line bundle C — X.
Hence, one could instead study complex manifolds by considering holomorphic sections of line
bundles £ — X. There is only one God-given line bundle intrinsic to any complex manifold,
namely, the canonical bundle Kx — the top exterior power of the cotangent bundle?. If X is

a complex manifold of (complex) dimension n, the sections of Kx are locally described by
f(2)dz! Ao A d2™,

where (21, ..., z,) are local holomorphic coordinates, and f is a (locally-defined) holomorphic
function on X.

The abundance or austerity of holomorphic functions is, therefore, naturally replaced by
looking at the ‘amount of sections’ of Kx. This can be made very precise: Declare a line
bundle £ — X to be ample if the sections of a suitable large multiple LZ* (for k € N) furnish
a holomorphic embedding ® : X — Pk, For compact Riemann surfaces (i.e., complex
manifolds of (complex) dimension 1)3, the ampleness of Kx (in dimension 1, the canonical

2This is a less-famous, but still well-known, naturally occurring line bundle on a complex manifold. If X
is a complex manifold with tangent bundle T%°X then the projectivization P(T*°X) supports a hyperplane
bundle Op(r1,0x)(1).

3In algebraic geometry, these objects are sometimes called curves. This terminology, however, may
be reserved for (compact) Riemann surfaces endowed with an embedding into some projective space, or

equivalently, a compact Riemann surface endowed with a polarization.
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bundle Kx is just the cotangent bundle Q;O) is intimately related to the topological genus
g = %bl (X). That is if we let X be a compact Riemann surface of genus g, the canonical
bundle Kx is ample for g > 2, trivial for g = 1, and g = 0, the dual of the canonical bundle
(namely, the anti-canonical bundle K)_{l) is ample®.

Kx Kx K)_(l

ample trivial ample

()
s

In complex analysis, holomorphic functions X — C are replaced by holomorphic maps C — X
(i.e., entire curves). Or more generally, holomorphic maps S — X from a complex manifold
to X. In this context, we do not think of C as a trivial line bundle but think of C as a Stein
manifold (or more generally, a Stein space). Then look at holomorphic maps S — X from a
Stein manifold S into X.

This observation leads to a paradigm that splits into four distinct categories: The complex
manifolds X for which®

(i) holomorphic functions are abundant X — C;

(ii) there are no holomorphic maps C — X;
(iii) there is an abundance of holomorphic maps S — X from a Stein manifold S;
(iv) there are no holomorphic functions X — C.

In practice, this paradigm degenerates into a trichotomy, since class (iv) appears to be far
too large to form any meaningful structure (all compact complex manifolds are contained
in class (iv), for instance). As we have remarked already, the complex manifolds in class
(i) are the Stein manifolds. The complex manifolds of class (iii) have been the subject of
tremendous interest recently, with the leading candidates being Forstneri¢’s Oka manifolds
and Campana’s special manifolds. The complex manifolds in class (ii) are said to be Brody
hyperbolic, and this class of manifolds will be a central focus of the present manuscript.

When X is compact, Brody hyperbolicity coincides with the complex-geometric notion of
hyperbolicity introduced by Kobayashi [194]. We remind ourselves that the foundational
model for hyperbolicity is the unit disk D C C. The unit disk supports the Poincaré distance
function d, : D x D — R that is invariant under the automorphism group of ID and by
the classical Schwarz lemma, is distance-decreasing with respect to holomorphic maps: If
f : D — D is a holomorphic map, then d,(f(p), f(q)) < dy(p,q) for all p,q € D. Such a

4This is sometimes referred to as Kx being ‘anti-ample’.

5in the following list, holomorphic function is understood to mean non-constant holomorphic function.
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structure, generalizing the Poincaré distance on D was discovered by Kobayashi to exist on
any complex manifold. Let X be a complex manifold. Define the Kobayashi pseudo-distance
dx : X x X — R by the formula:

dx(p,q) = inf dp(Sk,tr),

#,q) (8k:tk,fx) Z

where the infimum is taken over all m € N, all pairs of points (s, t;) € D x D, and all
collections of holomorphic maps fr : D — X, where 1 < k < m, such that fi(s1) = p,

Jm(tm) = q, and fi(tx) = fir1(sp41) for 1 <k <m — 1.

C o™ ) ¥

D

The Kobayashi pseudo-distance, like the Poincaré distance, is invariant under the automor-
phism group, and distance-decreasing with respect to holomorphic maps. In particular, if
f: X — Y is a holomorphic map, then f*dy < dx.

For a general complex manifold X, the above formula does not define an honest distance
function, it may fail to be non-degenerate (i.e., dx(p,q) = 0 may fail to imply that p = q).
For instance, if X = C, the Kobayashi pseudo-distance vanishes identically: dx = dc = 0. We
declare that a complex manifold X is Kobayashi hyperbolic if the Kobayashi pseudo-distance
dx is non-degenerate, i.e., dx defines an honest distance function.

In general, Kobayashi hyperbolicity is stronger than Brody hyperbolicity. This is easy to see:
Suppose f : C — X is a non-constant holomorphic map, then by the distance-decreasing
property of the Kobayashi pseudo-distance, f*dxy < dc = 0. Brody’s theorem [65] asserts
that for compact complex manifolds, however, the notions are equivalent.

The classification schemes of algebraic geometry and complex analysis both have their ad-
vantages and drawbacks. Both schools have erected and furnished a significant amount of
machinery for studying such manifolds, and there has been extensive effort aiming to bridge
these worlds. We also hope for a robust method of classification and techniques that can
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be used and applied to obtain and check examples. One of the most successful techniques
of this type has been to attach smooth (and hence, more flexible) objects to the complex
manifold, which preserves the (more rigid) complex-analytic structure—the primary example
of this being a Hermitian metric. From the additional metric structure, one can look at its
curvature and related invariants as a mode of inquiry into the underlying geometry.
The Newlander—Nirenberg theorem [230] states that the complex-analytic structure X of
a complex manifold is encoded in an (integrable) endomorphism J : TX — TX satisfying
J? = —id (as a morphism of bundles). Let g be a Hermitian metric on X in the sense
that g(Ju, Jv) = g(u,v) for all u,v € TX. Highschool linear algebra tells us that the
endomorphism J induces an embedding of the space of quadratic forms into the space of
2—forms via the map

901 = wyl) = g,
Since an arbitrary Hermitian metric can be quite unwieldy, in general, it is common to afford
oneself additional structure on the metric. The most notable success in this direction is our
understanding of Hermitian metrics for which the 2-form w, is closed. These metrics were
introduced by Schouten [258] and Kéahler [181], and now bear the name Kdhler metrics.
If wgy is a Kéhler metric, the Levi-Civita connection V associated with the underlying Rie-
mannian metric g (defined by metric compatibility Vg = 0 and vanishing torsion) preserves
the complex structure J in the sense that V.J = 0. Connections that preserve both the metric
and the complex structure are said to Hermitian®.
From the Levi-Civita connection, we may produce the second-order invariant: the curvature
tensor R, which acts on tangent vectors u, v, w,z € TX via the formula

R(u,v,w,2z) = g(V,Vyw —V,Vyw — Vi, jw, 2). (0.0.1)

If we complexify the tangent bundle TCX := TX ®r C, since the complex structure J satisfies
J? = —id, we recover an eigenbundle splitting 7€X ~ T10X & 701X, where 719X is the
bundle of (1,0)-tangent vectors spanned by tangent vectors of the form u(%0) =4 — /=T.Ju
and T%' X is the bundle of (0,1)-tangent vectors spanned by tangent vectors of the form
u®1) =y + /=1Ju. Complex conjugation inverts 70X and 7' X. The only non-trivial
components of the curvature tensor (0.0.1) when expressed in terms of (1, 0)-tangent vectors
are those of the form R(a,,7,6). If {e,} denotes a unitary frame with respect to w,, then
the contraction

Ricy, (u,v) = ZR(UaUa € Ca)

defines the Ricci curvature of w. By the work of Kodaira, Chern, and Weil, a sign on the Ricci
curvature can be used to equivalently describe the ampleness of the canonical bundle. In more
detail, a K&hler manifold (X,w) with Ric,, < 0 has ample canonical bundle; Ric,, = 0 has

6Hence, summarizing the previous two sentences, the Levi-Civita of a Kahler metric is Hermitian.
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holomorphically torsion canonical bundle (i.e., some tensor power of Kx is holomorphically
trivial); Ric, > 0 has ample anti-canonical bundle. Conversely, by Yau’s solution of the
Calabi conjecture [71, 329], a compact Kéhler manifold with ample canonical bundle has a
Kahler metric with Ric < 0; holomorphically torsion canonical bundle has a K&hler metric
with Ric = 0, and ample anti-canonical bundle has a Kahler metric with Ric > 0. This
provides further evidence for the ampleness of the canonical bundle providing a suitable
candidate for an algebro-geometric notion of hyperbolicity.

There is a cousin to the Ricci curvature in the Hermitian category which has no presence in
Riemannian geometry. The holomorphic sectional curvature HSC,, is the restriction of the
sectional curvature to 2—planes that are invariant under the complex structure. In a local
unitary frame, given a (1,0)-tangent vector v, the holomorphic sectional curvature is given
by

n
HSC, (v) := |Ul‘4 Z R 51.7vi0; 0%y
W g5,k 0=1
The classical Ahlfors’ Schwarz lemma [2] informs us that a Hermitian manifold (X, w) with
HSC, < —k < 0 is Brody hyperbolic. This observation goes back to Grauert—Reckziegel
[143]. In particular, by Brody’s theorem [65], if X is compact, X is Kobayashi hyperbolic.
The converse was a long-standing folklore conjecture:

Conjecture 1.1. A compact Kobayashi hyperbolic manifold admits a Hermitian metric of
negative (Chern) holomorphic sectional curvature.

There is a large amount of evidence for the conjecture: Grauert—Reckziegel [143] produced
a Hermitian metric of negative holomorphic sectional curvature in a neighborhood of a fiber
of an analytic family of compact Riemann surfaces of genus g > 2 over a Riemann surface.
This local (in a neighborhood of a fiber) construction was extended to all dimensions by
Cowen [103]. The first global construction” was due to Cheung [98, 99]: The total space of
a holomorphic submersion f : X — Y from a compact complex manifold X into a Hermitian
manifold (Y,wy) with “HSC,, < —k < 0 such that there is a smooth family of Hermitian
metrics w, with “HSC,,, < —ky < 0 on the fibers f~Yy), y € Y, has a Hermitian metric of
negative (Chern) holomorphic sectional curvature. See [83] for results in the positive holo-

morphic sectional curvature direction.

Despite the growing evidence for this conjecture, Demailly [109] constructed a counterexam-
ple to Conjecture 1.1 by producing a compact projective Kobayashi hyperbolic surface with

"There was related works prior due to Deschamps-Martin [113] and Schneider [255] who showed that

the Kodaira surfaces of general type [196] have negative tangent bundle in the sense of Grauert.
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a fiber sufficiently singular that it violates his algebraic hyperbolicity criterion [109]:

Theorem 1.2. (Demailly). Let (X,w) be a compact Hermitian manifold with “HSC,, < kg
for some kg € R. If f: € — X is a non-constant holomorphic map from a compact Riemann
surface C of genus g, then

K0
29-2 2 —Qﬂ_degw(@)—é(mp—l).
P

In particular, the negativity of the (Chern) holomorphic sectional curvature does not char-
acterize (compact, or even projective) Kobayashi hyperbolic manifolds®.

An important conjecture concerning the relationship between hyperbolicity in complex anal-
ysis (i.e., Kobayashi hyperbolicity) and hyperbolicity in algebraic geometry (i.e., ampleness
of the canonical bundle) is the (following extension of the) Kobayashi conjecture®:

Conjecture I1.3. A compact Kobayashi hyperbolic manifold has ample canonical bundle.

An important corollary of Conjecture 1.3 is the bold assertion that there are no compact non-
projective Kobayashi hyperbolic manifolds. Conjecture 1.3 remains open in every (complex)
dimension > 1 but has been verified in a significant number of cases (see Chapter 14). Since
the assumption of Kobayashi hyperbolicity can be difficult to work with without additional

structure, it has been tremendously fruitful to consider the following ‘metric version’ of Con-

jecture 1.3, which we refer to as the Hermitian Wu-Yau conjecture:*°

Conjecture I.4. A compact Hermitian manifold with a Hermitian metric of negative
(Chern) holomorphic sectional curvature has ample canonical bundle.

81t remains open as to whether there is a curvature characterization of Kobayashi hyperbolic manifolds.
The leading candidate is Demailly’s jet curvature (see [109]). On the other hand, Theorem 1.2 indicates
that the singularity of the pair (X,A), where A is the singular fiber, plays a role in the obstruction to
the existence of a Hermitian metric with negative holomorphic sectional curvature. At present, Demailly’s
algebraic hyperbolicity criterion is the only known obstruction to the existence of a Hermitian metric with
negative holomorphic sectional curvature. It would be of tremendous interest to obtain further obstructions
or show that by restricting the singularities of the pairs, Kobayashi hyperbolic manifolds admit Hermitian

metrics with negative holomorphic sectional curvature.
9To the author’s knowledge, Kobayashi only conjectured this for projective Kobayashi hyperbolic mani-

folds [194]. This more general conjecture is folklore.
10This conjecture also appears to have no attribution outside of the present day folklore. For Kéahler

metrics, the conjecture is attributed to Kobayashi and Yau.
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The above conjecture was verified for Kéhler surfaces by Wong [313] and Campana [74]
using the classification theory of Enriques and Kodaira. The first significant leap forward
came from Heier-Lu-Wong [163] for projective threefolds. This was extended to projective
manifolds of any dimension by (Wong—)Wu—Yau [314, 315]. The projective assumption was
then dropped by Tosatti-Yang [298]. The Tosatti-Yang extension is typically what bears
the name of the Wu—Yau theorem:

Theorem I.5. (Wu-Yau theorem). A compact Kéhler manifold with a Kéhler metric of
negative holomorphic sectional curvature has ample canonical bundle.

The Wu—Yau theorem hinges upon the Schwarz lemma, i.e., an estimate on some Laplacian of
the energy density |0 f|? of a holomorphic map. If f : (X,wy) — (Y, wp) is a holomorphic map
between Hermitian manifolds, then [0f]* = try, (f*wy), and thus, a bound on [0f]? provides
the C2-estimate that is typically the bottleneck in the theory of complex Monge-Ampére
equations.

Since Ahlfors’ Schwarz lemma [2], there has been a rapid proliferation of Schwarz lemmas
([96, 212, 331, 15, 253, 90, 326], not mentioning the Schwarz lemmas that appear in
almost Hermitian geometry, pseudo-Hermitian geometry, or Sasaki geometry; see, e.g., [53]
for a survey).

Despite the ever-increasing number of Schwarz-type lemmas, only three phenotypes emerged:

(i) The Chern—Lu inequality which requires a lower bound on the Ricci curvature of
the source metric Ric,, > —C and an upper bound on the holomorphic sectional
curvature'! of the target metric HSC,, < k.

(ii) The Aubin—Yau second-order estimate which requires a lower bound on the bisec-
tional curvature of the source metric HBC,, > —C and an upper bound on the
Ricci curvature of the target metric Ric,, < k.

(iii) The Chen—Cheng—Lu Schwarz lemma requires a lower bound on the holomorphic
sectional curvature of the source metric HSC,, > —C" and an upper bound on the

holomorphic sectional curvature!? of the target metric HSC,,, < k.

Rubinstein [254] unified (i) and (ii) in the Kéhler setting, showing that the Chern—Lu and
Aubin—Yau inequalities differed only by what metric was chosen to trace with (the Chern—TLu

inequality uses the source metric, while the Aubin—Yau inequality uses the pullback of the

HThe holomorphic sectional upper bound (at present) requires the target metric wy to be Ké&hler, or
more generally, Kihler-like [320] in the sense that the (Chern) curvature tensor supports the symmetries of
the Kéahler curvature tensor. For a general Hermitian metric, it is wide open as to whether the holomorphic
sectional curvature gives sufficient control.

12 A gain, this requires the metric to be Kihler(-like).
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target metric). No discussion of (iii) appears in [254], however, and given the assumptions
of the Chen—Cheng-Lu Schwarz lemma, it appeared to be of a very different nature.

The paradigm proposed in [52, 53] was that all Schwarz lemmas should be manifestations
of a more general Bochner formula. As we will see in Chapter 13, this Bochner paradigm
leads to a unification of all Schwarz lemmas (i), (ii), and (iii), for general Hermitian metrics.
This principle is not merely a philosophy, but has become an essential tool for the recent
developments that appear in [52, 53, 61] (see Chapter 13.18).

A second important aspect of the Hermitian Schwarz lemmas is the required curvature con-
straints on the source and target metrics. For the Hermitian Chern—Lu inequality, it was
observed by Yang—Zheng [326] that one requires a lower bound on the second Chern Ricci
curvature of the source metric and an upper bound on what they called the real bisectional
curvature of the target metric. The real bisectional curvature (see Definition 12.10.1) coin-
cides with the holomorphic sectional curvature if the metric is Kahler-like, but is, in general,
a stronger curvature constraint. Insight into the nature of the real bisectional curvature was
given in [52, 53], where it is viewed as a quadratic form-valued map on the unitary frame
bundle.

We note that the real bisectional curvature is not suitable for the Hermitian Aubin—Yau
inequality, however. Therefore, the author introduced the Schwarz bisectional curvature (see
Definition 13.9.1), which provides a natural analog of the real bisectional curvature.

The third essential aspect of the Hermitian Schwarz lemma concerns the assumptions on the
source metric. Recall that for a general Hermitian metric, the presence of torsion results in
the existence of four distinct Chern Ricci curvatures. The first Chern Ricci curvature is best
understood since it is given by (minus) the complex Hessian of the log of the volume form,
as in the Kahler setting. But the Ricci curvature that appears in the Hermitian Chern—Lu
inequality is the second Chern Ricci curvature, which is far from understood. In the present
manuscript, we introduce the natural class of partially Kahler-like metrics, generalizing the
Kéhler-like metrics introduced in [320], defined by the requirement that the first and second
Chern Ricci curvatures coincide. Bearing these developments in mind, in Chapter 15.8, we
will prove the following Hermitian Wu—Yau theorem:

Theorem I.6. (Hermitian Wu-Yau theorem). Let (X,w,) be a compact partially Kéhler-
like Hermitian manifold with a Hermitian metric wy, such that “‘RBC,, < 0. Then Kx is
ample, and hence, X is projective and canonically polarized.
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The removal of the ambient Kéhler structure is non-trivial'® and requires a delicate applica-
tion of the theory of complex Monge-Ampére equations.

As we mentioned earlier, the Levi-Civita connection is not Hermitian for non-Ké&hler Hermit-
ian metrics and is naturally replaced by the Chern connection ¢V. The Chern connection is
not alone, however, in providing a natural Hermitian connection. For instance, the restriction
of the complexified Levi-Civita connection to the (1,0)-tangent bundle provides a natural
Hermitian connection — the Lichnerowicz connection 'V [205]. The Strominger-Bismut con-
nection *V, defined to be the unique Hermitian connection with totally skew-symmetric
torsion naturally arose in heterotic string theory [278] and index theory [31].

By analyzing the torsion of Hermitian connections, Gauduchon [140] discovered the existence
of a ‘canonical’ (real) one-dimensional line of Hermitian connections 'V, where ¢ € R, that
includes the Chern connection 'V = €V, the Lichnerowicz connection °V = !V, and the
Strominger-Bismut connection ~'V = ®V. Recent years have seen a valiant effort to extend
the results known for the Chern connection to all Gauduchon connections 'V.

In a joint work with James Stanfield [60], the author proved the following relations among
the Gauduchon Ricci curvatures:

Theorem I.7. Let (X,w) be a Hermitian manifold. The Gauduchon—Ricci curvatures are

given by

-1 o
Ric) = “Ric) + @2)(88% + 00*w),

_ __ 1 —¢)2
Riel? = tRie + (1 - trRicl) + Yoo+ a0 + <4t> (70 <1,

2
i3 gepie3 4 =8 fen )y ens @) - =D fene 0
Ric}; t“Ric,’ + 5 ( Ric};’ 4+ “Ric; > 1 < TV 4+ °T ) )

2
tpi (@) gepi @) . L= fen )y L ens @) U=D° (oo o
Ric t°Ric,” + 5 ( Ric;,” + “Ric ) 1 ( TV 4T ) ,

where €T, €TV, and °T° are particular quadratic expressions in the torsion of the Chern
connection (see 10.4.6 for the details of this notation).

A striking feature of the above theorem is that many of the results that were previously
thought to be a property of the Lichnerowicz Ricci curvature (corresponding to Gauduchon
parameter ¢ = 0) hold for all Gauduchon connections. For instance, we have the following
extension of [209, Theorem 3.14]:

13’See, e.g., the talk I gave in March of 2022 (available here) with the sole focus of illustrating the difficulty

(and seeming futility) of removing the assumption of an ambient Kéhler structure.


https://www.youtube.com/watch?v=c64ueTyZu40&t=0s
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Proposition I.8. Let (X,w) be a Hermitian manifold. The first Gauduchon-Ricci form
'Ric{ represents the first Aeppli Chern class ¢f*C(Ky!) € Hil’l(X ) for all t € R. Moreover,

(i) tRic is d-closed if and only if 909w = 0.
(ii) If 99*w, then fRic! represents the ¢ (Kx') € HEg(X,R), i.e., c1(Kx') = fC(K Y.
(iii) If w is conformally balanced, then Ricl represents c1(Ky') € H é’l(X ) and also
the first Bott-Chern class cPC(K 1) € Héé(X)
(iv) ‘Ricl! = *Ric!) for ¢ # s if and only if w is balanced.

We are also able to extend the constructions in [209, 210, 161] (for the first Lichnerowicz—
Ricci curvature) to produce first t—~Gauduchon Ricci-flat metrics on Hopf manifolds for all
t<1:

Theorem 1.9. Let X := S?"~! x S! denote the Hopf manifold. For any ¢ € (—oc, 1), there
is a Hermitian metric w on X such that

Ricl) = 0.

In particular, the Hopf manifolds support first Bismut Ricci-flat metrics, first Hermitian con-
formal Ricci-flat metrics, first Minimal Ricci-flat metrics, and first Lichnerowicz Ricci-flat

metrics.

Note that since the first Bott—Chern class clfc(K)_(l) # 0, the Hopf manifolds do not admit
first Chern—Ricci-flat metrics (corresponding to Gauduchon parameter ¢ = 1). Correa [102]
extended the Liu—Yang construction [209], producing first Lichnerowicz—Ricci-flat metrics on
the suspension of a compact Sasaki—Einstein manifold. We extend Correa’s result, obtaining
the following:

Theorem I.10. Let (Q,79) be a compact Sasaki-Einstein manifold. Let ® : Q — Q be a
Sasaki automorphism and x > 0 a positive constant. Then the suspension ¥ ,(Q) admits a

Hermitian metric w such that
Ric) = 0
for all t € (—o0,1). In particular, ¥4 ,(Q) supports first Bismut Ricci-flat metrics, first Her-

mitian conformal Ricci-flat metrics, first Minimal Ricci-flat metrics, and first Lichnerowicz

Ricci-flat metrics.

This produces an abundance of examples of manifolds that support first t—Gauduchon Ricci-
flat metrics for ¢t € (—oo, 1). For instance, first ¢~Gauduchon Ricci-flat metrics (for ¢ < 1)
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exist on the suspension Y 4 (Q), where (Q,79) is a compact Sasaki manifold of (real) dimen-
sion 3; on a compact Hermitian Weyl-Einstein manifolds (in particular, locally conformally
hyperKéhler manifolds); A x S!, where A be an odd-dimensional homotopy sphere which
bounds a parallelizable manifold.

One of the most striking results that we discovered in [60] was the following monotonicity
theorem for the Gauduchon holomorphic sectional curvature:

Theorem I.11. Let (X,w) be a Hermitian manifold. For any local unitary frame, the
Gauduchon altered holomorphic sectional curvature is given by

(t—1)?

SO, — S0
SCy SCy, e

S (“TLTE, + T, ) A (0.0.2)
i,k,q

where “T" is the torsion of the Chern connection, and A = (A1, ..., A,) € R™\{0}. In particular,
tHSC,, < °HSC,, for all t € R and equality holds if and only if t+ = 1 or the metric is Kéhler.
Moreover,

(i) if “HSC,, < 0, then *HSC,, < 0 for all t € R.
(ii) if 'HSC,, > 0 for some ¢ € R, then “HSC,, > 0.

In particular, negative (respectively, positive) Chern holomorphic sectional curvature is the
strongest (respectively, weakest) condition on the Gauduchon holomorphic sectional curva-
tures.

In (0.0.2), tP/I§(3w denotes the (t-Gauduchon) altered holomorphic sectional curvature that
was defined in a joint work with Kai Tang [63] (although it does appear implicitly much

earlier, see, for instance, [326]):

— — 1
'HSC,, : Fx x R™\{0} — R, 'HSC,, (v) = o > (*Raays + "Ragna) vavy,
w a,y

where Fy denotes the unitary frame bundle and v = (vy, ..., v,) € R™\{0}.

The altered holomorphic sectional curvature SC is comparable to the familiar holomorphic
sectional curvature ‘HSC in the sense that they always have the same sign. The altered
holomorphic sectional curvature provides an interpretation of the familiar holomorphic sec-
tional curvature in terms of a quadratic form-valued function on the unitary frame bundle
and can be easier to work with (in comparison with the holomorphic sectional curvature), at
the expense of frame-dependence.

The understanding of the relations among the t—Gauduchon curvatures came from a desire to
extend the known results for the Schwarz lemma, which held for the Chern connection, to the
t—-Gauduchon connection. The author, together with James Stanfield, recently established



the following Schwarz lemma calculation in [61] (see Theorem 13.17.1):
Theorem I1.12. Let f: (X,wy) — (Y,wp) be a holomorphic map between Hermitian man-

ifolds. Endow T'°X with the s-Gauduchon connection *V and endow T1°Y with the ¢
Gauduchon connection *V. With respect to a local unitary frame such that df = f* = ;6

we have
A |Of2 = |[VOfP+ 42— 1,0 D)2+ =S (2(1 — 5)*RiclY — 25(*Ric(? + SRic@)) A2
g 2s(2s — 1) 4s(2s — 1) kk kk
(s —1)3 S 5  (s=1)(s®+7s>—5s+1) kS 2
) (sTisTk 4 STk ST STksT!
+832(2s —1) ( i ) Ak 8s3(25 — 1) i Tip A
(1—5)(383 +7s% —Ts+1) 9
STE STE A3
+ 8s3(2s — 1) fer
t t o t 2 t 2
7 (Rampn + Fagsm) oM+ 37— 2 'R
(1_75) tpa B trB ta 24,2
se@ = (Lo T+ T T) 0%
(t—1)%(t+1)

trB B 2 Y Yy 2
o T ThX Aﬂ+— T T N3N

1-—1¢ 1—s s kf\%
+ (2t - 95 > Re < T%jtT;j) )\1)\]>\k

In the specific case of the source and target metrics being endowed with the Bismut connec-

tion, we have:

Theorem I1.13. (Bismut Schwarz Lemma). Let f : (X,w,) = (Y,wy) be a holomorphic map
between Hermitian manifolds. Assume (X,wy) is a compact balanced manifold with

3CR1C —3V—=1A(80wy) + °T° > —Cywy — Cof*wp,

for some constants Cq,Cy € R. Assume ‘brf" < B and bRBth + Qb@f}wh < kg for some
constant B, kg € R. Then

30u,0f7 = —Ci|of|* = (Ca + Ko + 2B) [0f[*.

Hence, if Cy 4+ kg + 2B < 0, then

Cy

of? < ————
|f| Cy + Ko+ 2B
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In the final sections of the present manuscript, we will consider a refinement of the Wu—Yau
theorem, first established by Diverio—Trapani [116], which relaxed the negativity of the holo-
morphic sectional curvature to quasi-negativity (non-positive everywhere and negative at one
point). One of the key results on which the theorem of Diverio-Trapani [116] hinges is the
following:

Theorem 1.14. (Diverio—Trapani). Let (X", w) be a compact Kéahler manifold of (complex)
dimension n. If the holomorphic sectional curvature of w is quasi-negative, then

/X e (Kx)" > 0.

We extended this result to the Hermitian category in a joint work with Kai Tang and Yashan
Zhang [64]. The main theorem curiously does not require the curvature to have a sign. To
state the main theorem, let us introduce the following terminology:

Definition I.15. Let (X, w) be a compact Kahler manifold. For positive constants d;, d2 > 0,
we say that a Hermitian metric o on X is

(i) d1—bounded (relative to w) if there is a smooth function ¢ : X — R such that
a < Sw+V—100.

(ii) d2—volume non-collapsed on an open set U C X if a™ > dowy).

A Hermitian metric « satisfying both (i) and (ii) is said to have (01, d2)—bounded geometry
(relative to w and WU). The space of Hermitian metrics with (01, d2)-bounded geometry (rel-
ative to wp and U) is denoted by Hs, 5, (wo, U).

Let F,, be curvature function of the Hermitian metric'* w. For a positive constant § > 0,
and a non-empty open set U C X, we say that F, is (e, d)—quasi-negative (relative to U) if,
there is a sufficiently small € > 0 such that ¥, < e on X, and if F, < —9 on U.

We now state the main theorem of [64] (see 17.2.3):
Theorem I.16. Let (X" wo) be a compact Kdhler manifold. Assume that there is a

Hermitian metric n € s, 5,(wo, W) with (61, d2)-bounded geometry. If the (Chern) real
bisectional curvature of 7 is (g, §)—quasi-negative (relative to wp, U, d1, d2,d), then

/Xcl(KX)" > 0.

HMpor instance, F,, can be the scalar curvature, Ricci curvature, holomorphic sectional curvature, etc.
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In the final section of the manuscript, we discuss some of the results from [58] concerning
the positive analog of the Wu—Yau theorem and other related questions. Hitchin’s examples
of Hodge metrics on Hirzebruch surfaces [169] show that a compact Kéhler manifold with
positive holomorphic sectional curvature need not support a Hermitian metric with positive
first Chern Ricci curvature. We propose the following positive analog:

Conjecture 1.17 Let (X,w) be a compact Kéhler manifold with Ric,, > 0. Then there is a
Kahler metric w, = w + /=100y such that HSC,, > 0.






Part 1

Foundational Theory



This first part of the manuscript — the Foundational Theory — treats the standard material of
differential geometry, several complex variables, algebraic geometry, and complex geometry
that will be required for later developments. While the expert can safely skip this part, the
material is written in such a way that even the expert should find the exposition somewhat
enjoyable to read through. This comes from the choice of less trivial examples, and attention
to links between the subjects that are not present in the existing literature.

We will begin with the notion of a smooth manifold and build the required theory; extending
this to the complex-analytic setting in the second chapter. Chapters 3 and 4 begin the more
algebro-geometric content of sheaves, sheaf cohomology, with this theory applied to divisors
and line bundles. The metric aspects of complex manifolds are treated in Chapter 5, and
the consequences on the cohomology of the manifold; namely, Hodge theory, is covered in
Chapter 6. We close the chapter with a discussion of how all the foundational theory fits
together in the Enriques—Kodaira classification of compact complex surfaces, which appears
in Chapter 7.



CHAPTER 1

Smooth Manifolds

The concept of a manifold originates with Riemann’s notion of a Riemann surface. Still,
how we understand it today is very much in the style of twentieth-century mathematics.
The idea is dialectically opposite to compactness: A compact space is controlled and well-
behaved globally; a manifold is a space that is controlled and well-behaved locally. There
is no control of a generic continuous function on a non-compact space, but the regularity of
such a function, i.e., the extent to which one can understand its Taylor development, only
concerns the function’s behavior in a small neighborhood of a given point.

The geometry of complex manifolds lies at the intersection of a large number of subjects. As
a consequence, complex geometry carries with it a vast and rich theory. The purpose of the
present chapter is to exhibit this theory as it pertains to the developments in Chapters 2 and
3. We will start in §1.1 with reminders on the theory of smooth manifolds and then compare
this with the theory of complex manifolds in §1.2. The algebro-geometric results concerning
sheaves, their cohomology, divisors, line bundles, and characteristic classes is discuss in §1.3
and §1.4. Hermitian (and, in particular, K&hler metrics) are treated in §1.5. Hodge theory is
discussed in §1.6. The chapter ends with the beautiful theory of compact complex surfaces
due to Enriques and Kodaira in §1.7.

1.1. CHARTS AND ATLASES

Definition 1.1.1. Let M be a connected paracompact Hausdorff topological space. For an
arbitrary indexing set A, we assume M admits a covering U := (Uy)aea by connected open
sets U, C M which are homeomorphic to balls B, := {22 + --- + 22 < 1} C R™. The pair
(U, ©a), where 4 : Uy — B, is a homeomorphism, is called a chart , and the set of charts
= {(Ua, Pa) }aca is said to be the atlas of the covering U.

Convention 1.1.2. Unless otherwise stated, a topological space is assumed to be connected
and paracompact. In particular, unless otherwise stated, there is a partition of unity subor-
dinate to any open cover .

Remark 1.1.3. The charts permit one to locally identify a neighborhood of a point in M
with a neighborhood of the origin in some Euclidean space R™. In particular, if (z1, ..., 2y,)
denote the coordinates on R™, these coordinates can be pulled back via the homeomorphism

3
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Yo : Uy = By C R™ to furnish a locally defined coordinate system on M, and hence, U,
is sometimes called a coordinate chart. We say that the local coordinates are centered at a
point p € M if ¢,(0) € R™.

On any overlap of U,z := Uy N Ug, the composition

0300y pa(Uag) — 0p(Uagp)

defines a homeomorphism between open subsets of R™, which we call transition maps. These
transition maps allow one to make sense of the regularity of M. Namely, if the transition
maps are of class CF, for some k € N, we say that the atlas &7 is a C*—atlas’. If o/ is a

Ck-atlas for all k € N, we say &7 is a €®—atlas or a smooth atlas.

Remark 1.1.4. To remove any dependence on the specific choice of atlas, declare two ¥
atlases &7 and % to be equivalent if their union is a C*-atlas. This defines an equivalence
relation on the CF-atlases of M and ensures that the transition maps from the charts of
one atlas to the charts of the other atlas have the same regularity as the regularity of the
constituent transition maps for each atlas.

1.2. @ AND @®-SMOOTH MANIFOLDS

Definition 1.2.1. A €*-manifold is a connected Hausdorff topological space M endowed
with an equivalence class of CF-atlases. The dimension of the balls to which the domains
of the covering U are homeomorphic is called the (real) dimension of M, and is denoted
dimR M.

We will often indicate that a manifold M has real dimension n by writing M™.

Remark 1.2.2. It is an elementary consequence of the rank-nullity theorem that the dimen-
sion of a smooth (or, at least, @') manifold is well-defined. For topological manifolds (i.e.,
€%-manifolds) this remains true, but is non-trivial, requiring Brouwer’s invariance of domain
theorem (see, e.g., [284, §1.6.2]).

INote that €* is understood to mean k times continuously differentiable, for k € Ny. For k = 0, we

identify C* with continuity.
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Rn

Example 1.2.3. The simplest example of a smooth manifold is R™. A smooth atlas is given
by a single chart: id : R — R".

Example 1.2.4. The stereographic projection map defines a smooth atlas on the sphere
S™ = {(21,s Tp1) ER" i+ 42l =1}

Example 1.2.5. Let (M™, o) and (N", %) be two smooth manifolds. The product M x N
can be granted a smooth atlas & x Z = {(«a, ) : a« € ,5 € B}. Here, (o, f)(z,y) :=
(a(x), B(y)) € R™*" for each (z,y) € U x V, where a: U — R™ and §:V — R™.

Example 1.2.6. The torus T? := S! x S! is, therefore, a smooth manifold, with an atlas
given by the product of the atlases on S! specified in 1.2.4.

1.3. A LocAaLLy EUCLIDEAN SPACE THAT IS NOT A MANIFOLD

Cautionary Remark 1.3.1. One cannot replace the above definition of a manifold with
the requirement that M is locally Euclidean. Indeed, the double line given by the quotient
of R x {0, 1} by the equivalence relation (x,0) ~ (z,1) for all € R is locally Euclidean, but
not Hausdorff.

1.4. A CY“MANIFOLD WITH NO Cl-STRUCTURE

Remark 1.4.1. Let us remark that a C'~manifold admits a unique real analytic ¢~~manifold
structure. It is not the case that a CY-manifold admits a C'-manifold structure, however.

Freedman’s Fg—manifold is one such example (see [131] for details).

1.5. CF-MAPS

Definition 1.5.1. Let M be a manifold of class C*. A function f : M — R is said to be
of class €f, for some ¢ < k, if the composite map f o @l is of class ¢¢ on the open set
va(Uy) C R™



6 1. SMOOTH MANIFOLDS

Similarly, if M and N are two C* manifolds, a map f : M — N is said to be of class €, for
some £ < k, if the composite map 150 f o ' is of class € on the open set o (U,) C R™. If
M is a smooth manifold and f is C* for all k € N, we say that f is a smooth function. These
notions are clearly well-defined.

Convention 1.5.2. We will maintain the convention that the word function is used only for
maps into a number space (e.g., f: M — R or f: M — C). If the target space (codomain)
is more general, we use only the term map. The space of smooth functions on a smooth
manifold M is denoted by C*(M).

1.6. DIFFEOMORPHISMS AND MANIFOLD IDENTIFICATIONS

It is common to view two smooth manifolds to be equivalent if there is a diffeomorphism

between them:

Definition 1.6.1. Let f: M — N be a smooth map of smooth manifolds. If f is invertible
with smooth inverse f~!: N — M, then f is said to be a diffeomorphism.

Remark 1.6.2. A smooth bijective map is not necessarily a diffeomorphism. Indeed, the

function f: R — R, f(z) := 3 is smooth, invertible, but does not admit a smooth inverse.

1.7. EXOTIC STRUCTURES

Remark 1.7.1. Let us remark that any smooth manifold homeomorphic to R" is diffeo-

morphic to R”, unless n = 4 (see, e.g., [273]). On R*, there is an infinite number of exotic
2

smooth structures
Example 1.7.2. This equivalence of manifolds may identify two seemingly very different
smooth manifolds: The connected sum? of the torus T ~ S! x S' and RP? is diffeomorphic to
the connected sum of three copies of RP?. Of course, there are the famous ezotic spheres —
smooth manifolds which are homeomorphic to S but not diffeomorphic to the standard S”
— discovered by Milnor [216].

2A smooth structure on a smooth manifold is said to be ezotic if it is homeomorphic but not diffeomorphic
to the standard smooth structure.

3Recall that a connected sum of two n—dimensional manifolds is a manifold formed by removing a disk
inside each manifold and gluing together the resulting boundary disks. More precisely, let M and N be two
oriented smooth manifolds of dimension n. Let &5 : B® — M and ®n : B® — N denote embeddings of the
unit ball B® C R", such that ®5; preserves orientation and ®n reverses the orientation. The connected sum
M$N is the disjoint union

(M = @(0)) [TV — @2(0))

quotiented by the identification ®s(tu) = ®n((1 — t)u) for each u € S* ! and each 0 < ¢ < 1. The fact that

this construction is well-defined forms the content of the disk theorem.
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Example 1.7.3. Let P" denote the set of complex lines in C"*!, we call P* the complex
projective space. For z € C"T1\{0}, we denote by [z] the complex line generated by z. For
0 <a<mn, welet Uy := {[z] € P": z, # 0}. Each U, intersects the affine hyperplane
{24 = 1} C C™"! at exactly one point. We use this to define a coordinate map

20 Zo—1 Zatl z
Yo : Ua = C", Spa([z]) = <7 ey < ) s 7 n) .
Zo 20 Za Za

It is clear that ¢, is invertible. Moreover, the transition maps @, o @El are defined by the
composition of

w1 Wea—1 Wea+1 Wp,
TS (wy, o wy) <1 2
We W Wey Wey

w1 Wa—1 Wa+1 Wn,
Wi Wasl Watl  Wn) o on
Wq Wq Wa We

Remark 1.7.4. The same discussion applies to the set of real lines in R™*!, producing
the real projective space RP™. Similarly, the set of quaternionic lines in H"*! yields the
quaternionic projective space HP™.

1.8. LIE GROUPS

An important class of smooth manifolds are those which support an additional level of alge-
braic structure, compatible with the smooth structure:

Definition 1.8.1. A group G is said to be a Lie group if G is a smooth manifold such that
the composition map o : G x G — G and the inversion map -~! : G — G are smooth.

Remark 1.8.2. Suppose one drops the requirement of connectedness and paracompactness.
Any group can be viewed as a Lie group when given the discrete topology (and the discrete
smooth structure).

Example 1.8.3. A theorem of Cartan (see, e.g., [284, Theorem 1.3.2]) asserts that any
closed subgroup H of a Lie group G is a smooth (immersed) submanifold. In particular,
closed subgroups of GL, (C) such as the real general linear group GL,(R), the unitary group
U(n), the special unitary group SU(n), the orthogonal group O(n), and the special orthogonal
group SO(n) are all Lie groups.

1.9. HOMOGENEOUS SPACES

Definition 1.9.1. Let M be a smooth manifold. We say that M is a homogeneous space if
there is a Lie group G which acts transitively on M.

Example 1.9.2. Let U(n+1) denote the unitary group, which acts transitively on C**1. The
action preserves complex subspaces of C"*! and, in particular, maps complex lines to complex
lines. The transitive action, therefore, descends to P showing that P" is homogeneous.
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1.10. THE TANGENT SPACE

Recall that if we have a curve @ C R2, given by the graph of a function f : R — R, the
derivative f’(x) is a vector which lies in the one-dimensional vector space tangent to the
curve C at f(z). The higher-dimensional extension of this notion is called the tangent space:

Definition 1.10.1. Let M be a smooth manifold, and p € M be a point. A linear map
V :C>®(M) — R is declared a derivation at p if it satisfies the following Leibniz rule:

V(fg) = f(p)V(g)+a9@V(f).

Let T, M denote the space of all derivations of C>°(M) at p € M. We call T,M the tangent
space of M at p.

Remark 1.10.2. Clearly, T,M forms a vector space with respect to the operators (U +
V)(f) =U(f) +V(f) and (AV)(f) = AV ([))-

The most important fact concerning the space of derivations is that it is finite-dimensional
and, in fact, isomorphic to R™ for each p € M. Here n is the dimension of M. In fact, let
(x1,...,x,) denote local coordinates on M centered at a point p € M. Then a basis for T, M
is given by the derivations 871|P’ - ﬁ‘p’ where

0 - of

8.1‘1'
P

for each 1 <7 < n.

1.11. IMMERSIONS, SUBMERSIONS, AND EMBEDDINGS

Definition 1.11.1. Let f : M — N be a smooth map between smooth manifolds M and N.
For each point p € M, there is an induced map dfy, : TyM — Ty, N called the differential of

f atp.
Definition 1.11.2. Let f: M™ — N be a smooth map of smooth manifolds. We say that
fis

(i) an immersion if df, is injective for all p € M.
(ii) a submersion if df, is surjective for all p € M.

(iii) an embedding if f is an immersion and is homeomorphic onto its image®.
Remark 1.11.3. An immersion need not be injective: Take f : R — R given by f(z) = 22.

4Note that the image f(M) C N is endowed with the subspace topology.
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1.12. SUBMANIFOLDS

Definition 1.12.1. Let M be a smooth manifold. A (smooth) submanifold N of M is a
smooth manifold N together with a smooth embedding N — M.

Remark 1.12.2. Some authors relax the above definition, requiring a submanifold to merely
be immersed. For us, a submanifold will always be an embedded submanifold unless otherwise
stated. If this more general definition is used, we will emphasize its use by referring to the
object as an immersed submanifold.

1.13. WHITNEY’S EMBEDDING THEOREM

Theorem 1.13.1. (Whitney embedding theorem). Let M be a smooth manifold of real
dimension n € N. Then there is a smooth embedding M < R?".

Example 1.13.2. Let RP"™ denote the real projective space. The Whitney embedding the-
orem states that there is an embedding RP™ — R?". However, the Boy’s surface [45] shows
that there is a (non-injective) immersion RP? - R3,

Theorem 1.13.3. (Submersion theorem). Let f : M — N be a submersion of smooth
manifolds. The fibers f~1(p) C M (for p € N) are smooth submanifolds of M.

Definition 1.13.4. Let f : M — N be a smooth map of smooth manifolds. A critical point
for f is a point p € M such that df,, fails to have maximal rank. The corresponding value

f(p) is said to be a critical value. The set of critical values of f is called the discriminant
locus of f.

Remark 1.13.5. The discriminant locus of a smooth submersion is empty.

1.14. VECTOR BUNDLES

The following class of submersions will play an important role:

Definition 1.14.1. Let f : & — M be a smooth submersion whose fibers &, := f~1(b) (for
b € M) are all vector spaces isomorphic to R¥. If, for any point b € M, there is an open
neighborhood U 3 b such that f _1(U) ~aifieo. U X R¥ and moreover, this map restricts to an
isomorphism f~1(b) ~s. {b} x R, then we say that f is a smooth vector bundle of rank k.

The manifold € is referred to as the total space, the manifold X is referred to as the base
space, and f is called the bundle projection. The diffeomorphism (denote it by, say) ¢ :
W) — U x R* is sometimes called a bundle chart.

Remark 1.14.2. The existence of neighborhoods around every point together with diffeo-
morphisms to products is referred to as the local triviality condition of a vector bundle. The
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condition asserts that vector bundles are locally modeled on products. The local triviality
condition is essential if one wishes to obtain some degree of classification (the subject of K-
theory). Suppose one relaxes the local triviality condition, considering only families of vector
spaces parametrized by a manifold. In that case, one can take a disjoint union of vector spaces
of the same rank, which can be arbitrarily bad. The local triviality condition forces enough
structure to be amenable to homotopy theory and the construction of homotopy-theoretic
invariants. For instance, every vector bundle over a contractible space is topologically trivial.

Example 1.14.3. The simplest method of producing a vector bundle of rank k is to take
the product M x R¥ together with the projection onto the first factor p : M x R¥ — M. This
is called the trivial bundle.

Remark 1.14.4. We can define vector bundles in more general categories. A topological
vector bundle (of rank k) is a continuous map f : &€ — B such that f~1(b) ~ R¥ and for
every point b € B, there is an open neighborhood U C B such that f~1(U) ~pomeo. U x R¥.
Further, we may apply these definitions to vector bundles with fibers being CF in place of
RF. We refer to (continuous or smooth) vector bundles as complex vector bundles. This is
not to be confused with the holomorphic vector bundles we will encounter later.

1.15. THE TANGENT BUNDLE

Example 1.15.1. The most important example of a smooth vector bundle associated with
a manifold M is the tangent bundle TM. The total space of the tangent bundle (which we
abusively also denote by T'M) is the disjoint union

TM = H T,M = {(p,v):pe M,veT,M}
peEM

of the tangent spaces T),M. The bundle projection f : T'M — M is defined f(p,v) := p.

Definition 1.15.2. Let f : & — M be a smooth vector bundle of rank k. Fix a point p € M.
A local frame for € near p is a finite number of sections o : U — &€ such that {o1]p, ..., o%|p}
furnishes a basis for the fiber &,.

Example 1.15.3. Let TM denote the tangent bundle of a smooth manifold M. For a point
p € M, let (x1,...,z,) denote local coordinates centered at p. Then 0, ..., 0, provides a
local frame for T'M near p.

Definition 1.15.4. We say that a smooth manifold M is parallelizable if the tangent bundle
is trivial. That is, there exist (globally-defined) smooth vector fields vy, ..., v, such that
v1(p), ..., vn(p) form a basis of T, M for all p € M.
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Example 1.15.5. Every Lie group is parallelizable. Indeed, the group structure allows the
tangent spaces at distinct points to be identified. The converse is false: S7 is paralellizable
but not a Lie group®

Example 1.15.6. The hairy ball theorem states that S? is not parallelizable. The only
spheres which are Lie groups are S' and S3, so these are parallelizable. The smooth Moufang
loop structure on S7 implies that S7 is parallelizable. By the results of Adams, Bott, Hirze-
bruch, Kervaire, and Milnor, these are the only parallelizable spheres (see, e.g., [250] for a

nice account).

Definition 1.15.7. Let f: &€ — M be a smooth vector bundle. Let U C M be an open set.
A smooth map o : U — € is said to be a (smooth) section of € if foo =1id. If U = M, we

say that o : M — & is a global section. The space of smooth sections of € over U is denoted
HO(U, &).

Example 1.15.8. The smooth sections of the tangent bundle T'M are called wvector fields.
The space of (smooth) vector fields is denoted 2 (M).

Example 1.15.9. Let f: & — M be a smooth vector bundle over a smooth manifold M.
An important example of a global section of € is the zero section, the section o : M — €&
which assigns to each point p € M, the origin in the fiber €, = fXp).

Remark 1.15.10. There is a natural operation on 2" (M); namely, the Lie bracket:
[] s Z(M) x 2 (M) = Z/(M), (X, Y](f) = XY (f) = YX()),
for all f € C>(M).

1.16. PROLIFERATION OF VECTOR BUNDLES

The routine operations of direct sum, dual, tensor product, etc., which we know well in the
context of vector spaces, extend easily to vector bundles:

Definition 1.16.1. Let f : € — M be a smooth vector bundle of rank k. An embedded
submanifold F C € is said to be a smooth subbundle of € if, for each p € M, the fiber &F, :=
FN f71(p) is a linear subspace of &, = f~1(p), and moreover, the projection f|y: F — M is
a smooth vector bundle.

Definition 1.16.2. Let f : £ — M be a smooth vector bundle of rank k£ with bundle charts
(9ap). The dual vector bundle f* : € — M is the vector bundle with fibers £ = (€,)* =
Hompg(€,,R), and bundle charts (ggﬁ)_l.

5Tt is worth remarking that S is not a Lie group only due to the failure of the multiplication to be

associative. Because of this, S” is a smooth Moufang loop (see, e.g., [126]).
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Example 1.16.3. The vector bundle dual to the tangent bundle T'M is the cotangent bundle
T*M.

For a point p € M, let (x1,...,x,) denote local coordinates centered at p. Then dx1, ..., dz,
provides a local frame for 7*M near p. This frame is dual to the frame 0,,, ..., 0, for T,M
in the sense that dzy(0,,) = 5£ for all k, ¢, and is thus sometimes called the dual coframe.

1.17. TENSOR PRODUCTS

The subject of linear algebra (in its traditional form) deals with vector spaces and natural
maps, i.e., linear maps. In this respect, the content of inner products (e.g., the dot prod-
uct) should not be treated in linear algebra; such objects reside within the more general
subject of multilinear algebra. One of the miracles of the subject, however, is that there is
a distinguished multilinear map, denoted by ®, which permits us to realize any multilinear

map

p:WVi X x Vg — W

as a linear map
VIV, — W

from an auxiliary vector space Vi ® --- ® Vi, independent of .

Definition 1.17.1. Let V and W be vector spaces. The tensor product V @ W is a vector
space together with a bilinear map

RQ:VXW-—VeW, ®: (v,w) = vRwW

such that, for any bilinear map ¢ : VxXW — Z, there is a unique linear map ® : VW — Z
such that ¢ = ® o ®.

Notation 1.17.2. We will write V®* for the k—fold tensor product of V, i.e.,
VO = V- @V (k-times).

Remark 1.17.3. Let vq,...,v, be a basis for V' and let wq, ..., w,, be a basis for W. A basis
for V@ W is given by {vg ® we}1<k<ni1<e<m. In particular,

dim(Ve W) = dim(V) - dim(W).

To get a more geometric understanding of the tensor product, let us make the following
definition:

Definition 1.17.4. Let V be a vector space.
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(i) A covariant k—tensor on V is a multilinear map
. ®k R
@ : — R.

The space of covariant k-tensors is denoted by Ty (V).
(ii) A contravariant {—tensor on V is a multilinear map

p: (V¥ — R

The space of contravariant /-tensors is denoted by T*(V).
(iii) A (k,¢)-tensor on V is a multilinear map

o: (V) Ve LR,
The space of (k, £)—tensors is denoted by T% (V).

Example 1.17.5. Let V and W be two vector spaces. We identify the space of endomor-
phisms End(V, W) with the tensor product V* @ W via the isomorphism

O V*QW — End(V,W), Pla®w) = (v a(v)w),

where a € V*, w € W, and v € V. The space of endomorphism from a vector space V to
itself is denoted by End(V), i.e., End(V) := End(V, V). In particular,

End(V) ~ T{(V).

Example 1.17.6. Extending the above example, we can identify the space ‘.Téf "1 (V) with the
space of multilinear maps Mult((V*)* x V¥ V) via the isomorphism

O Mult((V*)! x VR V) — TF,(V),
specified by the formula

D(A) = ((ao,al,...,o/,vl,...,vk) — aO(A(al,...,ag,vl,...,vk))),

Remark 1.17.7. Let e, ..., e, be a basis for V and let €!,...," be the corresponding dual
basis. Then a basis for T§(V) is given by

ej @ e, RET @ @ e,
Hence, any (k, {)-tensor & € TF(V), can be written as
€ = v e ® e, @@ @e,

where fjl'"“ilmik = (&M, e €y oy €4y )



14 1. SMOOTH MANIFOLDS

Example 1.17.8. Let us make explicit the important case when V = T,,M is the tangent
space to a smooth manifold M, at a point p € M. If (x1,...,x,) are local coordinates on M
centered at p, then a basis for T, M is given by 0,,,...,0;,. The corresponding dual basis is
given by dxl,...,dz". A (k,¢)-tensor on T,M is then given in this basis by
§ = Z fjlmjlil.-.ik &vjl Q- ® aacjl Qdz" ® -+ @ da'*.
1<iy i <n,1<j1 - jn<n

Extending these notions from vector spaces to vector bundles, we consider:

Example 1.17.9. Let M be a smooth manifold. The bundle of (k,¢)—tensors is the vector
bundle T¢(M) — M given by
T = ] Th@mM) = [] @r1pM e T,M.
peEM peM

Sections of T4 (M) are called (k, £)-tensors or (k,{)-tensor fields.

1.18. RIEMANNIAN METRICS

One of the most important examples of a tensor field are those (2,0)-tensor fields that are
positive-definite:

Definition 1.18.1. Let M be a smooth manifold. A Riemannian metric g on M is a smooth
section of T2(M) which is symmetric and positive-definite. In local coordinates (z1, ..., Ty),
centered at a point p € M, the Riemannian metric is written:

n
g= Z gijdwi ® da’,
ij=1
where the component functions gij := g(9x,;,0z,;). A smooth manifold endowed with a Rie-
mannian metric is referred to as a Riemannian manifold.

Example 1.18.2. The simplest Riemannian metric is the Euclidean metric dg» on R™ given
in coordinates by

n
Opn 1= Zdwk ® dzxy,.
k=1
Example 1.18.3. The round metric ground on the sphere S™ is given in local coordinates
(z1,...,zp) by

n

4
Jround ‘= ijZZI (1 _ ‘$|2)2 dr; ® dxj.

Since we assume that manifolds are paracompact, we have the following:

Proposition 1.18.4. Let M be a smooth manifold. Then M admits a Riemannian metric.
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PROOF. Since a manifold is understood to be paracompact, there is a partition of unity
(pa), subordinate to any open cover (Uy) of M. Cover M by coordinate charts ¢, : Uy — R”
and pullback the Euclidean metric dg» on R™ via ¢,. The formula g := )", pa@}drn defines

a Riemannian metric on M. O

A Riemannian metric g on a smooth manifold M endows M with several inherited structures,
most notably, a length function:

Definition 1.18.5. Let (M, ¢g) be a Riemannian manifold. Let « : [to,t1] — M be a smooth
curve. Let &(t) := < and let g; be the restriction of the Riemannian metric to T;,;) M. The

length of a (with respect to g) is defined by
t1
L) = [kt
0

where ()], = \/ge(@ (D), a(D)).
1.19. GEODESICS AND THE EXPONENTIAL MAP

The Riemannian metric, therefore, gives a functional on the space of (€!) curves in M. The
minimizers of this functional are called geodesics:

Definition 1.19.1. Let (M", g) be a Riemannian manifold. We say that a curve « : [to, t1] —
M is a geodesic if a is a (local) minimum for the length functional L,.

Definition 1.19.2. Let (M", g) be a Riemannian manifold and p € M a point. The expo-
nential map exp,, : W — M is defined by sending v, € T, M to the endpoint a(l) € M of the
unique geodesic a with «(0) = p and &(0) = vj.

Remark 1.19.3. The fact that the exponential map exists and is well-defined is well-known
and can be found in [119, Chapter 3]. Moreover, the exponential map is always a local
diffeomorphism.

Definition 1.19.4. Let (M™, g) be a Riemannian manifold and p € M a point. Let
{e1,...,en} be alocal orthonormal frame for T, M. Define a chart ¢ : U — R™ on a neighbor-
hood U of p by ¢! (z1, ..., xn) = exp,(xj€;). These coordinates are referred to as Riemannian
normal coordinates.

The importance of Riemannian normal coordinates from the simple expression the metric

takes when expressed in them, namely:

99ij 99k

By declaring the distance between p,q € M to be the infimum of the lengths of curves
connecting p and ¢, we obtain a distance function:
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Definition 1.19.5. Let (M, g) be a Riemannian manifold. The Riemannian distance func-
tion dg : M x M — R is defined by

dg(p,q) = igf Lg(a),
where the infimum is over all C! curves « : [tg,t1] — M such that a(tg) = p and a(t;) = q.

Definition 1.19.6. Let (M, g) be a Riemannian manifold. We say that g is complete if the
metric space (M, dgy) is Cauchy complete, i.e., every Cauchy sequence (with respect to dy)
converges (with respect to dg).

Remark 1.19.7. By the Hopf-Rinow theorem, a Riemannian manifold is complete in the
above sense if and only if geodesics can be extended indefinitely (i.e., the exponential map is
defined on the whole tangent bundle) (see [10, Theorem 11.5.1].

1.20. SYMMETRIC SPACES

Definition 1.20.1. Let (M, g) be a Riemannian manifold. Let f be a diffeomorphism of a
neighborhood of a point p € M. We say that f is a geodesic symmetry if f(p) = p and f
reverses geodesics through p in the sense that

() = ~(=1),
for any geodesic v with v(0) = p.

Definition 1.20.2. A Riemannian manifold (M, ¢g) is understood to be locally symmetric if
the geodesic symmetries are isometries. If, in addition, the geodesic symmetries extend to
isometries on all of M, then (M, g) is called a symmetric space.

Example 1.20.3. Euclidean space, spheres, projective spaces, and hyperbolic spaces, en-

dowed with their standard Riemannian metrics are symmetric spaces.

Example 1.20.4. Every compact Riemann surface of genus g > 2 with its metric of constant
negative Gauss curvature is locally symmetric but not symmetric.

Although we will include the relevant theory in §2.1, we mention the following important
fact:

Theorem 1.20.5. (Cartan-Ambrose-Hicks). A Riemannian manifold (M, g) is locally sym-
metric if and only if the curvature tensor is parallel with respect to the Levi-Civita connection.

Corollary 1.20.6. A simply connected complete locally symmetric space is a symmetric
space.

Proposition 1.20.7. Every symmetric space is complete and homogeneous, with the isom-
etry group acting transitively.
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Definition 1.20.8. A simply connected symmetric space is said to be irreducible if it is not
the product of two Riemannian symmetric spaces.

1.21. TENSOR CONTRACTIONS

Given a linear map A : V — W, we have a well-defined notion of the trace of A. Invariantly,
if A1, ..., A, are the eigenvalues of A, then tr(A4) := > ;_; Ax. We can extend this notion to
more general tensors. To this end, we observe that it is clear how to do this for tensors
¢ € T{(V). Indeed, from 1.17.5, we can identify ¢ with ®(¢) € End(V), and define tr(¢) :=
tr(®(€)). If e, ..., e, is a basis for V, with dual basis €!,...,e", write ¢ = E?J:l §jiej ® £t
Then

tr(g) = Y &
k=1

More generally, if & = fjl”'jéilmik ej, @ Rej, e ® - ®e* is a (k,£)-tensor, then the
trace of £ over the iy, j, indices is the (k — 1,¢ — 1)-tensor
_ gdiJg—1mggr1de
tri,g, (§) = & T g G ® @ € @€y, ® - D ey
RN Q. QeP 1l Qertl ®...® ek,
The above trace operation is often referred to as a tensor contraction. In the above case, the

tensor ¢ is said to be contracted over the indices 4, and j,.

Remark 1.21.1. It is clear that the operation of tensor contraction is linear, and lowers the
rank by 2, i.e., tr: TF(V) — T4 (V).

1.22. THE MUSICAL ISOMORPHISMS
The Riemannian metric yields the musical isomorphisms
24 0—
g T (M) — T (M), b TR(M) — T3 1 (M)

defined as follows: Let g = szzl gijdzr; @ dx; denote the Riemannian metric in the local

coordinates (1, ..., xy,). Let

g _ éil'“ikjl...jgdxil Q- Cll‘lk ® ale R ® o

Zj,

be a (k,¢)-tensor. Then

¢ = (éﬁ)ilmikmjz-..jgdxil ® - dr'* @ dz™ ® 8xj2 ®-- axje’
where (£F)"7" Jorde T gmer kjr“je' Similarly,
g = (fb)“mlkiljl.ujemdxil ®- - @dz*1 ® Oy @+ @ axje ® Oz,

where (fb) r 1j1---jzm = gmikgn lkjr"jé'
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Remark 1.22.1. This process of changing a tensor from type (k, £) to type (k+1,¢—1), i.e.,
apply the isomorphism 4, is often referred to as raising the index of a tensor. Similarly, the
process of changing a tensor from type (k, ¢) to type (k—1,¢+1), i.e., apply the isomorphism
b, is often referred to as lowering the index of a tensor.

Example 1.22.2. Let R = Rijkpsi ®el ®ef @ep, be a (3,1)-tensor. Then
R = Rl’jk-fgi Qe @k @t

is a (4,0)-tensor, where R;jis := gpgRl.jkp. On the other hand,
R' = R,T'QQe0e

is a (2,2)-tensor, where R, := gquijk,p.

1.23. METRIC CONTRACTIONS

The metric can be used to contract tensors. Indeed, with g = gijdaci ® dr? and £ =
£j1“'“2-1mik ej, ® - Qej,® e ® .- ® e as before, we may contract ¢ in two ways using
the metric: the first is to contract £ to a (k — 2, £)—tensor:

g e @R, QEN @ REPIREM Q. @I Qe © - @ e,
The second is to contract £ to a (k, ¢ — 2)—tensor:
gjqufjlmﬂil--dk €j, - Qej, 1 Q€5 - Qej_, Qej, & Qej, Q- Qe

Example 1.23.1. If g = gijd:ni ®dz? and h = hijd:r:i ® dz? are two Riemannian metrics on
a smooth manifold M, then

trg(h) = gijhij
is a smooth function on M.

The notion of a Riemannian metric can be extended to any vector bundle:

Definition 1.23.2. Let &€ — M be a smooth vector bundle over a smooth manifold M. A

bundle metric g on € is a smooth family of positive-definite quadratic forms g, : €, x &, — R.

Remark 1.23.3. Repeating the argument in 1.18.4 shows that every smooth vector bundle
admits a bundle metric.

Definition 1.23.4. Let (M, g) be a Riemannian manifold. Let &, v be two smooth sections
of the (k,l?)ft'ensor bgndle %f(M) Write £ = 5“""’“]~1,_,jgdxi1 ® - dz* @0y, ® - ® O,
and v = y“'““@jl_“jé dx" @ -+ - dx'* ® 6% R & 833”. The metric g induces a bundle metric
on Zt(M), given by

a1b1 abg

(3 V)yk{f(M) =49 g

e i1--dg Ji-Je
Gi1j1 glfjgé-al---ak Vblu-bk .
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Example 1.23.5. If f : (M,g9) — (N,h) is a smooth of Riemannian manifolds. If
(1, ..., Tm) denote local coordinates centered at a point p € M and (yi, ..., yn) denote local
coordinates centered at a point f(p) € N, let us write g = gijdmi ®@dz! and h = hysdy” @ dy®
for the metrics in these coordinates. Then f is locally written as f = (f1, ..., f*), with each
fé = fYz1, ., xm). Set f:= %, foreach 1 <k <m and each 1 < a < n.

Observe that df is a section of T*M ® f*T'N, where T*M supports the metric g~!, and
f*T'N supports the metric f*h. The pullback metric f*h is

fho= (fh)peda® @ dat = hygfgffdxk ® da’.
and therefore,
df1* = " has f1 17
Observe that the above expression is equivalent to

df|* = trg(f*h) = g™ (f*h)e-

1.24. THE EXTERIOR ALGEBRA

Definition 1.24.1. Let V be a finite-dimensional vector space. The tensor algebra of V is
defined

T(V) = éT’“(V).
k=0

The multiplication on T(V') is defined via the tensor product: T*V@T*V — T+V, extended
linearly to all of T'V.

Definition 1.24.2. Let T'(V') denote the tensor algebra of a finite-dimensional vector space
V. The quotient of T'(V') by the two-sided ideal generated by v ® v, for v € V, defines the
exterior algebra A(V').

Definition 1.24.3. Let 7 : T(V) — A(V) denote the quotient map. We define the wedge
product of two elements a A § := m(A ® B), where 7(A) = a and 7(B) = 0.

It is easy to check from the definition of A(V'), that A is well-defined, independent of the
choice of the representatives of o and f3.

Remark 1.24.4. The exterior algebra affords a grading:

AV) = @A),
k=0
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where A*(V) is the kth exterior power. This forms a subspace AF(V) C A(V) spanned by
the wedge of k elements of V. Further, if {ej, ..., e,} is a basis for V', then a basis for A¥(V)
is given by

{eil/\---/\eik 1< << <Zk§n}
: AR —
In particular, dim A*(V) = (}).

Observe that if dim(V') = n, then A™(V) = 1 and is therefore isomorphic to R. Moreover,
A" (V) — {0} has two connected components.

Definition 1.24.5. An orientation of a vector space V is a choice of connected component

of A"(V') —{0}.

Definition 1.24.6. The kth exterior power A¥(M) of the cotangent bundle T* X of a smooth
manifold M is the vector bundle A¥(M) — M, where

AF(M) = ANTM) =[] ANTM).
peEM

Smooth sections of AF(M) are called differential k—forms or k—form. The space of smooth
k—forms on M is denoted by Q% or QF(M).

We can extend the definition of orientation of a vector space to define the orientation of a
manifold as followings:

Definition 1.24.7. A smooth manifold M" of dimension n is said to be orientable if the
complement of the zero section A%}, — {0} has exactly two components. If A}, — {0} is
connected, then M is said to be non-orientable. If M is orientable, an orientation is defined
to be a nowhere vanishing smooth section of A}, — {0}. A smooth manifold endowed with

an orientation is said to be oriented.

Example 1.24.8. The M&bius strip — the surface given by gluing the ends of rectangle after
performing a half twist is non-orientable.

Remark 1.24.9. If (M",g) is an oriented Riemannian manifold, then we get an induced

metric on A%}, given by the Riemannian volume form

dVy == +/det(g)dVin.

The orientation is given by the choice of the square root of the determinant.
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1.25. THE EXTERIOR DERIVATIVE
Theorem 1.25.1. Let M be a smooth manifold. There exists a unique linear map
d:Q*(M) — Q*(M)
such that
(i) d: QF(M) — QFL(M).

(ii) d(f) = df (the ordinary differential) for f € Q°(M).
(iii) (Leibniz rule). If o € Q¥(M) and 7 € Q*(M), then

dloAT) = (do) AT+ (=1)*o Adr.

(iv) (Nilpotence). d? = 0.

Before proving the above theorem, we first establish the following lemma showing that for
any exterior differentiation operator d, the value (dw)(z) depends only on the behavior of
w in a small neighborhood of x. In particular, exterior differentiation operators are local in

nature.

Lemma 1.25.2. Let d be an exterior differentiation operator, i.e., a linear map satisfying
conditions (i)—(iv) above. Let w be a differential form such that wy = 0 for some open set
U C M. Then (dw)|y = 0. In particular, if w and 7 are differential forms such that w|y = 7|y
for some open set U C M, then (dw)y = (d7)|u.

PROOF. Suppose w vanishes identically on the open set U. Let g € U. Take f: M — R
to be a smooth function such that f(xzg) = 1 and f(z) = 0 for all x ¢ U. The differential
form fw then vanishes identically on M. Hence, by condition (iii), i.e., the Leibniz rule, we
have

0 = d(fw) = (df) Nw+ fdw.

Evaluating at zp shows that (dw)(z¢) = 0, and since this holds for all ¢ € U, we see that
(dw)|y = 0. If wly = Ty, then (w — 7)|y = 0, and therefore,

0 = (dw=7)h = (dw—dr) |,
which implies that (dw)|y = (d7)y. O
We are now ready to prove the theorem:

PrROOF OF UNIQUENESS. Suppose an exterior differentiation operator d exists. Let us
show that there is only one of them. To this end, let x € M be a point, contained in a chart
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U C M, in which we have local coordinates (x1, ..., x,). Let w be a smooth k—form on M.
Restricting w to the coordinate chart U permits us to write
wly = Z QiyooiydT™ A - A da'® (1.25.1)
11 <<t
where a;,..;,, € €>*(U,R). Since the right-hand side of (1.25.1) is not a differential form on
M, we cannot apply an exterior differentiation operator to it. To deal with this, let U; be
an open ball containing z such that the closure U; C U is contained in U. Let f € €°(M,R)

be a smooth function defined such that f(x) =1 for all x € Uy, and f(z) =0 for all z ¢ U.
Then

w = Z (fauzk)d(th) AREERA d(fxlk)

1 < <ig

is a smooth k—form on M. Compute

do = Z d(faiyipd(friy) N Nd(fxi,))

11 <<t
= Z d(fazllk) A d(fxll) ARRRFA d(fxlk)
11 <o <ip
+ Z (falllk)d(d(fxll) ARRRA d(fxlk))
11 <o <ip
= Y d(fai.i) Ad(fzi) A Ad(fg,),
11 <<t

where the first equality follows from linearity, the second from the Leibniz rule, and third
equality from the Leibniz rule and nilpotence. From the lemma, @)y, = wly, implies that
(d@)|r, = (dw)hy, - Since f is identically 1 on U;, we see that

(dw)luy, = Z Oz; (iy.iy)dz? A dx™ A - A da'™,
i< <ip
Hence, if an exterior differentiation operator d exists, its value at = must be given by the
above formula. Since the point x was arbitrary, this establishes uniqueness. O

PROOF OF EXISTENCE. Let U be a coordinate chart on M, in which we have local coor-
dinates (1, ...,z,). We first define d locally on U. To this end, let w € 2F(U) be a smooth
k—form given by

w = Z ail...ikdxil A Adat®.
i< <ip,
Define
n
dw = > Y 0 (aiq)da? Adz A A dan

i< <ip j=1
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We extend the definition of dy to any differential form on U by forcing dy to be linear.
Properties (i) and (ii) are then immediate. It remains to verify the Liebniz rule and the
nilpotence property. First note that any differential form is a sum of forms of the type
@iy -y, dxz A--- Adx*. Since dy is linear, and the wedge product is distributive, we need only
verify (iii) and (iv) on forms of this type.

Let us verify (iii) for dy. Write o := a;,..;,dz A -+ Adz® and 7 := bj,...;,dx?t A -+ A dade.
Then

ONT = Qiyoigbjy g dx™ Ao Ada'™ Adaz?t Ao A dadt,

and hence,
dy(c AT) = [0, (@i iy )Djy gy + @iyiy, Oy (bjy gy )] d” A d™ A -+ A dad®
1

n

ﬁ
Il

Il
oY

O, (@iy.iy )" A dz™ A -+ A dxi’“> A (bjyejpdz?t A+ A da??)

r=1

F(=1)"(aiy.ip dz A - Ada) A <Z Oz, (bjy.jpdz” NdzT A - N d:cj">

r=1

= (dyo) AT+ (=1)Fu A (dyr).

This verifies property (iii) for dy. For property (iv), if o = a;,...;, dx™ A - -+ A dz®, then

dyo = Z O, (@iy.qy )" A dz™ A -+ A da'™.

r=1

Applying the exterior derivative dy again,

n n
du(duo) = D 02, (Oe, (aiyy))da® Ada”™ Adz A~ A da'™.
s=1r=1

The r = s terms in the above expression vanish by the nilpotence of the wedge product,
while the r # s terms vanish by Clairaut’s theorem.

This shows that dy satisfies the properties of the exterior differentiation operator (i.e., prop-
erties (i)—(iv)). From the uniqueness proof given before, every linear operator satisfying
properties (i)—(iv) is given by the formula specifying dy. In particular, if U; is any open sub-
set of U, the coordinates on U restrict to coordinates on U;, and the formula for dy, coincides
with the formula for (dy )y, . Hence, we can define d globally by declaring (dw)y = dy(w|u)
for all differential forms w, where U is any coordinate neighborhood. It remains to check that
d is well-defined; but this is elementary, since for any pair of coordinate charts U and V, we
have

(du(wh))lurw = duw (W) = (dv(wlv))luav-
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It is clear that d has properties (i)—(iv), since dy has these properties for all U. O

Definition 1.25.3. Let M and N be smooth manifolds, and let ¢ : M — N be a smooth
map. We define the pullback of a k—form as follows:

(i) If f: N — R is a O—form (i.e., a function), then ¢*(f) = f o ¢.
(ii) If w € QF(N), then
() (@) (vi, . op) = wle(@))(dp(vr), ..., dp(vr)),

where vy, ...,v; € T, M, and x € M.
Remark 1.25.4. The following facts are straightforward:

(i) If w is a smooth differential form, then ¢*w is easily observed to be a smooth
differential form.
(ii) The pullback of a k—form is a k—form.
(iii) The pullback is linear, and moreover, is compatible with the wedge product in the
sense that

(o AT) = (¢ o) A (7).
This can be formulated as stating that ¢* : Q¥(N) — QF(M) is an algebra homo-

morphism.

Theorem 1.25.5. Let ¢ : M — N be a smooth map between smooth manifolds. Then
doyp™ = ¢*od.

ProOOF. We first prove the statement on 0—forms. To this end, let f : N — R be a

smooth function. Then, for v € T,, M, we compute

(do®)(f)(v) = d(fop)(v) = (df odp)(v) = ™ (df)(v) = (¥"ed)(f)(v).
Suppose now that w € Q'(N) is a 1-form given by w = df. Then

(dog)(w) = dg"(df)) = dig"od(f)) = d(do™(f)) = 0.
Similarly,
(P od)(w) = ¢*(dw) = ¢*(d*f) = ¢*"(0) = 0.
From these two cases, and the fact that ¢* is an algebra homomorphism, the result is estab-
lished in general by checking it locally on k—forms w restricted to local coordinate neighbor-
hoods
wly = Z iy dT™ A - A '™

1<iy <+ <ip
This task is left to the reader. O
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1.26. DE RHAM COHOMOLOGY

Definition 1.26.1. Let a € QP(M) be a smooth p—form. We will say that « is closed if
da = 0, i.e., « lies in the kernel of d. If « lies in the image of d, i.e., if there exists a
(p — 1)~form S such that o = df, then we say that « is ezact.

Example 1.26.2. We have all seen closed and exact forms, long ago, in our undergraduate
courses on vector calculus (see, e.g., [57]). If F is a vector field on R3, then the curl of F can
be written as
curl(F) = (xd(F%))

(see § 1.6 for the definition of the Hodge *—operator). We know that F is irrotational if
curl(F) = 0. Hence, from the invertibility of the Hodge x—operator, irrotational vector fields
correspond to closed 1-forms. On the other hand, we say that F is a gradient field if F =V f
for some smooth function f. Since (Vf)! = df, we see that gradient fields correspond (via
the musical isomorphism) to exact 1-forms.

Remark 1.26.3. Since the exterior derivative has the nilpotent property d> = dod = 0,
every exact form is closed. The failure of the converse to hold is measured by the de Rham
cohomology groups:

Definition 1.26.4. The cohomology of the complex (2°(M), d) defines the de Rham coho-
mology groups:
{a € QP(M) : da = 0}

{dB: pew-t(M)}

HP R (M,R)

For k € Ny, we define the kth Betti number
br(M) := dimg HgR(M, R).

Remark 1.26.5. It is clear that the de Rham cohomology groups are diffeomorphism-
invariant. That is, if M and N are diffeomorphic, then Hg(M,R) ~ HPp(N,R) for all
p € Ng. We will see toward the end of this section that the de Rham cohomology groups
depend only on the topology of the underlying smooth manifold.

Example 1.26.6. We observe that H°(M,R) is the space of locally-constant functions,
modulo constant functions. Hence, bg(M ) measures the number of connected components of

M.

Example 1.26.7. The vector space Hll)R(M ,R) measures the failure of a closed 1-form to
be the exterior derivative of a function. In the classical language of vector calculus (with
M = R3) this is equivalent to measuring the obstruction to every irrotational vector field
(i.e., a vector field F with curl(F) = 0) being a gradient field (i.e., F = V f, for some smooth
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function f). If M is simply connected, then H{s(M,R) = 0, but the converse is not true
in general. For instance, the Alexander Horned sphere [6] has Hi,(M,R) = 0, but is not
simply connected (see, e.g., [57]).

Example 1.26.8. The vector space H%R(M ,R) also appears in vector calculus. This de
Rham cohomology group measures the failure of an incompressible vector field (i.e., a vector
field F with div(F) = 0) to be solenoidal (i.e., F = curl(G) for some vector field G).

1.27. THE POINCARE LEMMA

Let us show that HEL (R™,R) = 0 for all k£ > 0. Since R™ is diffeomorphic to the unit ball
centered at the origin in R"”, it suffices to show that H{SR(B", R) = 0. For this, we need the

following lemma:
Lemma 1.27.1. Let M be a smooth manifold. Then for each k, consider the maps
QFL(M) — QF (M) —Ls QFFL(A).
Suppose there exist linear maps
Hy 1 : QF (M) — Q8 1(M), Hy : QLX) — QF (M)
such that
Hipod+do Hp_1 = idg,
where idj, denotes the identity map on Q¥(X). Then HEy(M,R) = 0.
PROOF. Let w € QF(M) be a closed k—form. Then

w = idw) = (Hyod+doHu1)(w) = Hyldw)+d(Hy1(w)) = d(Hp_1(w)).

Definition 1.27.2. Let M be a smooth manifold. A sequence of linear maps
Hy, - QR (M) — QF (M),
where k € Ny, satisfying
Hkod—f—dOHk,l :idk

for all k, is called a homotopy operator.

Theorem 1.27.3. (the Poincaré lemma). Let B™ C R™ denote the unit ball centered at the
origin in R™. Then for all & > 0,

HER(B",R) = 0.
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PROOF. From the previous lemma, it suffices to construct a homotopy operator. For
each k, the maps will be required to be linear, it suffices to define Hy_; on forms

w= fdz"" A Ada*.

With w defined as above, set

Hy_1(w)(z) = < /0 ltk_lf(tm)dt)a

where

o = xydr? Ao Ada — znde™ Ada A A da'
o (=D dat A A datRe

Note that o is precisely the (k — 1)—form such that do = kdx® A---Adz'. It suffices to show
that

Hiod+ do Hy_q = id.

To this end, compute

(do Hy_1)(w)(z) = d[(/oltklf(m)dt> a}

— jzn;amj (/01 tk_lf(tx)dt> dzl No + </01 tk_lf(tm)dt) do
— i </01tk18$j(f(tx))dt) dz? No + (/01 tklf(t:c)dt> do

j=1
n

1 ] 1 . )
= > (/0 t* fa, (ta:)dt) de’ No +k </0 tk_lf(tm)dt> dz™ Ao A da,

i=1

On the other hand, we have

(Hpod)(w)(z) = Hg mejdar:j/\da;il/\-~-/\algv"’C
j=1

n

Z </ tkfx tz) dt) (zjdz™ A -+ A da'™ —da? A o).

7j=1
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Combining these expressions yields

(do Hi, 1+ H;o d)(w)(x)

k t’”tdt)
([ sen) +3-

= [/1 <ktk1f(ta:) +tkdf(tx))> dt} dz™ A - A da'
0 dt

n

</ tkfx t:r):c]dt> dz™ A - A da'

1y | |
- (/ (tkf(tiﬁ))dt) Az A -+ A dzt*
o dt
k Ly .
= s f(tx)}odx” Ao A das
= f(x)da™ A ANdat = w(x),
for all x € B™. .

Remark 1.27.4. The homotopy operator constructed in the proof of the Poincaré lemma
are not plucked out of thin air. To illuminate their definition, let us observe that for a vector
v in vector space V, we can define a map

iy : AF(V*) — AFTL(V), ip(W)(ut, .oy up—1) = wv,ug, ..., up—1).
The map i. : V ® A¥(V*) — A*=1(V*) is bilinear.
Definition 1.27.5. The bilinear map i. : V ® A¥(V*) — A*=1(V*) defined by
iy« AF(V*) — ARV, (W) (Ut .oy ug—1) = w(v,ug, ..., Up—1)
is called the interior product.

Remark 1.27.6. The (k — 1)th homotopy operator Hy_; is given by applying i, to w and
averaging over the line through the origin in the direction of x.

Remark 1.27.7. The above theorem is, in fact, a special case of a more general result: Let
U be a smooth manifold. Suppose there exists a smooth map ¥ : U x (—¢,1 4+ ¢) — U,
where U(u,1) = u for all v € U, and ¥(u,0) = up for all u € U, and some uy € U. Then
HSR(U) =0 for all K € N.

The map V¥ is a smooth homotopy. The theorem asserted here states that if U is smoothly
homotopic to a point, then the cohomology of U is the cohomology of a point. In the theorem
we proved above, the smooth homotopy is given by

U(z,t) = tx, t€(—e1+¢), v€B"
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Remark 1.27.8. The proof of the Poincaré lemma given above works equally well for do-
mains which are star-shaped, i.e., there is a point x¢p € U such that the line segment joining
xg to any other point in U is contained in U.

1.28. SINGULAR HOMOLOGY

In general, the de Rham cohomology groups are difficult to calculate, even for very simple
manifolds. Knowing that certain de Rham cohomology groups vanish, however, can be very
fruitful. De Rham’s theorem asserts that the de Rham cohomology groups are isomorphic
to the singular cohomology groups. As a consequence, one can work with singular coho-
mology for the purposes of calculations, and then appeal to de Rham’s theorem to deduce
the vanishing of the de Rham cohomology groups. In more detail, let us make the following
definition:

Definition 1.28.1. Define the standard p—simplex by
P
A, = {(xo, e p) € RPHL . le =1, x; > 0} :
i=0
We orient A, with respect to the normal e = (1,1,...,1) € RPHL. Let A,(,i) A = A

denote the ith face of A, defined by (xo, ..., zp—1) — (20, ..., Ti=1,0, s, ..., Tp—1).

Definition 1.28.2. Let M be a smooth manifold. Recall that a singular p—chain is a formal
linear combination ), ay f, where fi : A, — M are maps from the standard p-simplex

p
Ay, = {(ml,...,xp) €ERP: Zw, = 1}
=1

into M. The singular p—chain is said to be integral if the coefficients a are integers.

Definition 1.28.3. We will declare a singular p—chain to be piecewise smooth if the maps fi
extend to € maps in a neighborhood of A, into M. The space of piecewise smooth integral
p-chains is denoted by C*(M,Z).

Let § : C2*(M,Z) — Ggil(M ,Z) be the boundary morphism defined by

p

5(v) = Y (D)o Al

i=1
Observe that this endows C5°(M,Z) with the structure of a complex, since:

Proposition 1.28.4. The boundary morphism § : €5°(M,Z) — GSS_I(M, Z) is nilpotent in
the sense that 62 = 0.
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PrROOF. We first compute

i () i
Ag) o Ay (2o, Tp—1) = Ag)(xo, ey j—1,0,25, ., Tp—1)
= <$07 s Lj—1, Oa Ljy ooy Ti—2, vai—h "-7xn—2>
= Ag)(xo,...,xi_g,O,xi_l,...,xn_l)

= Agzj) o A,E:__ll)(.ﬁo, --'7$n—1)-

By the linearity of §, we need only show that 2 = 0 for the standard simplices. To this end,

we have
p+1 ‘ ‘
0p o dpi1(Dpr1) = 6y (Z(—Mﬁl)
i=0
p+1 '
= Y (-1)5,(aY)
i=0
p+1 p
- Z )i JA(+10A()
=0 j=0
_ Z ( )Z-i—jA(’L) OA(] + Z z-l—JA(l) OA:E)J')
0<j<i<p+1 0<i<j<p
= Y AP oAl 4 N (c)Al o AP
0<j<i<p+1 0<i<j<n

Since, after reindexing the second summation, the second summation is merely the negative
of the first summation, the claim follows. O

Let ¢ denote the boundary morphism associated to the complex Cq(M,Z) of integral singular
p—chains. It is clear that the image of a piecewise smooth integral chain under § will also be
a piecewise smooth integral chain. Hence, C3°(M,Z) forms a subcomplex of C4(M,Z). We
can therefore define the homology associated to the complex (C3°(M,Z),4):

Definition 1.28.5. Let 2p°(M,Z) := ker(d : €°(M,Z) — €)° (M, Z)). The homology
groups of the complex (C3°(M,Z),§) are denoted
2P%(M, Z)

5er (M, Z)

HP(M,Z) =

Observe that since the inclusion map C3°(M,Z) — C4(M,Z) induces an isomorphism®

HP(M,Z) ~ Hy(M,Z),

6The details can be found in the beautiful set of notes by Viaclovsky [304].
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every homology class in H,(M,Z) can be represented by a piecewise smooth p—cycle. More-
over, if a piecewise smooth p—cycle o is homologous to 0 (in the sense of singular homology),
then there is a piecewise smooth (p + 1)—chain 7 with o = d7.

1.29. INTEGRATION OF FORMS

The relation between the homology groups Hp"(M,Z) and the de Rham cohomology groups
HgR(M ,R) is given by integrating forms on chains. We therefore need to make sense of
integration of p—forms on a smooth manifold.

Definition 1.29.1. Let M be a topological space. A boundary chart centered at a point
x € M is a continuous map ¢ : U — V from an open set U C M to a (relatively) open subset
V of R*1 x {x, > 0} with ¢(z) € R*~! x {0}.

Definition 1.29.2. Let M be a topological space. A smooth boundary atlas </ is a collection
of maps ¢, : Uy — V, each of which is either a chart or a boundary chart for M such that
M is covered by the open sets U, and such that ¢, o cpgl is a smooth between open subsets
of R"~! x {x,, > 0} for each  and B.

Let M be a smooth manifold with boundary. The boundary of M is the subset OM C M
consisting of those points x € M for which there is a boundary chart about .

Remark 1.29.3. As in the case of smooth atlases, two smooth boundary atlases are said to
be equivalent if their union is again a smooth boundary atlas.

Definition 1.29.4. A smooth manifold with boundary is a paracompact Hausdorff topological
space M endowed with an equivalence class of smooth boundary atlases.

The existence proof of partitions of unity on manifolds (without boundary) readily extends
to the case of manifolds with boundary. The only distinction is that we include functions
with support B(r) x [0,r), but these can be constructed from smooth compactly supported
functions we'’re already familiar with [10]:

Proposition 1.29.5. Let M be a smooth manifold with boundary. Then there exists a
partition of unity on M subordinate to any boundary atlas for M.

Since we want to understand integration on manifolds with boundary, we need to understand
orientation. If M is a manifold with boundary, we say that M is oriented if M supports a
smooth boundary atlas whose transition maps are orientation-preserving. From [10, Propo-
sition 14.2.1], we have:

Proposition 1.29.6. Let M be an oriented smooth manifold with boundary. Then the
boundary OM is an oriented smooth manifold of dimension dimg M — 1.
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The orientation on M given by the above Proposition is referred to as the induced orienta-

tion.

Let us now make sense of integrating differential forms on manifolds with boundary: Let
M be a compact oriented smooth manifold with boundary. Let (ps)aca be a partition of
unity subordinate to an oriented boundary atlas for M such that for each « there is an
oriented chart ¢, : Uy — V, such that supp(ps) C Uy. For a smooth n—form n € QF,, write
n =73, Pan as a sum of n—forms, supported in charts. The integral [ W is then understood
to be the sum of the integrals in each chart upon inserting the coordinate tangent vectors of
that chart into w, i.e.,

fo- 5

/ (0 D)s(pam))(e1, ..y en)day A -+ A day,.
acA o

It is not hard to check that the above definition is well-defined, independent of the choice of
partition of unity (see, e.g., [10, §14.4]).

1.30. STOKES’ THEOREM

We now state the higher-dimensional incarnation of the fundamental theorem of calculus [10,
Proposition 14.5.1]:

Theorem 1.30.1. (Stokes’ theorem). Let M be a compact oriented smooth manifold with
boundary M. For any w € Q" 1(M),

/dw—/w,
M oM

where the integral on the right-hand side is understood to be with respect to the induced
orientation on M, integrating the pullback ¢*w under the inclusion map ¢ : OM — M.

Remark 1.30.2. An immediate corollary: If M is compact, without boundary, the integral
of the exterior derivative of any (n — 1)—form vanishes identically.

1.31. THE DE RHAM THEOREM

Let w € QP(M) be a smooth p-form on M. Let 0 = )", ay fi, be a piecewise smooth p—chain.

Integration provides the pairing;:

wo) = [u-= %jak/Apf;w.

We will construct a map HJp (M) — HS ,(M). To this end, let w € QP(M) be a smooth

sing
closed p—form (i.e., dw = 0), and ¢ the boundary of a piecewise smooth (p+ 1)—chain 7 (i.e.,
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o = 07). By Stokes’ theorem:

/w:/w:/dwzo.
o orT T

Let n = w + dyp, for some ¢ € QP (M). Then, for ¢ a piecewise smooth p-chain (not
necessarily a boundary), a further application of Stokes’ theorem yields:

o[ - [~
The de Rham theorem states that this map is not only well-defined, but an isomorphism:
Theorem 1.31.1. (de Rham theorem). The map

Hpr(M,R) — Hgy\o (M, R)

is an isomorphism.

Example 1.31.2. The Betti numbers of the (real) n—torus T" ~ S' x --- x S! (n times) are

) = amee — (%)

1.32. POINCARE DUALITY

for each 0 < p < n.

TQ

Since the bilinear form H, (M,R) x H;"(M,R) — R, defined by

(w,n) r—)/w/\n

Theorem 1.32.1. (Poincaré duality). Let M be a compact oriented smooth manifold of

is non-degenerate, we see that

dimension n. Then for all p > 0,

HP L (M,R) ~ HI':P(M,R).

Since H,(M,R) ~ HY (M, R), we have

Corollary 1.32.2. Let M be a compact oriented smooth manifold of dimension n. Then for
all p > 0,
H,(M,R) ~ H{P(M,R).



CHAPTER 2

Complex Manifolds

A smooth manifold, as we defined in the previous section, is a Hausdorff space locally modeled
on R"™; moreover, the model is required to have C* regularity. The regularity requirement
is meaningful since it is defined exclusively in terms of the regularity of functions on open
subsets of R™. The same will be true of complex manifolds — Hausdorff spaces locally modeled
on C", with the regularity of the model required to be holomorphic. We begin by reminding
the reader of the meaning of holomorphy for functions of several complex variables.

2.1. HOLOMORPHIC FUNCTIONS OF SEVERAL COMPLEX VARIABLES

Let U be a connected open subset of C". Write z = (z1, ..., z,) for the coordinates on C"
(and hence, on U).

Definition 2.1.1. A function f : U — C is said to be k-differentiable (for k =R or C) at a
point z € U if

flz+e) = [(z)+df(e) +o(e),
where df is a k-linear function, and o(g)/|e| — 0 as ¢ — 0. We refer to df as the differential

of f.

If f: U — C is R-differentiable, then we can write the differential in real coordinates as

/0 )
df = Z(aidazy—kag‘idy,,).

v=1

Setting z, := z, + v/—1y, and z, := z, — v/—1y,, we may write

B "/ Of of _
df = ;(azudzy—i-azydzy),
where, for each v = 1,...,n, we have
of _1(of _ ,=9f of _ L(of ,==9f
0z, = 2 (3:1;1, 18yl,> and 0z, = 2 <833,, + 13yy>‘

We write
n

of = > 6fdz,,, af = > a;f dz,.

0z, 0z,
v=1

v=1

34
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Observe that since df (v —1w) = v/—19f(w) — v/—10f(w), comparing this with /—1df (w) =
V—=10f(w) + /—10f(w), we see that df is complex differentiable only if Jf vanishes identi-
cally:

Theorem 2.1.2. Let f : U — C be a function which is R-differentiable at a point z € U.
Then f is C—differentiable if and only if the Cauchy—Riemann equations

of =0
hold.

Remark 2.1.3. Observe that the Cauchy—Riemann condition is equivalent to the system 2n

real equations:

0 0 0 0
go Rel) = gomm(f),  goRe(f) = g

where v = 1,...,n. For n > 1, the system is overdetermined, which is one of the principal
differences between the function theory of several complex variables and the function theory

of a single complex variable.

Definition 2.1.4. A function f : U — C is said to be holomorphic at a point p € U if it is
C—differentiable in some neighborhood of p.

Remark 2.1.5. The definition of holomorphic extends readily to maps f: U C C" — C™.
Indeed, we can write such a map locally as f(z) = (f(2),..., f™(z)), where z = (21, ..., 2,).
Then f is said to be holomorphic if each of the component functions f¢ are holomorphic

functions for 1 < a < m.
Remark 2.1.6. There is a subtlety concerning the definition of holomorphy and C—differentiability

on closed sets, as the example on [266, p. 14] illustrates.

2.2. PLURIHARMONIC AND PLURISUBHARMONIC FUNCTIONS

Remark 2.2.1. Recall that the real and imaginary parts of a holomorphic function f :
U C C — C are harmonic. In the higher-dimensional setting, we have the following: Let
f:UCC* — C be a holomorphic function. Set

u = Re(f) = S(f+/), v o= Im(f) = S(f =)

Then

o _ 1(or O\ _ 177
0z, 2\0z, 0z,)] 20z,
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Since partial derivatives of holomorphic functions are holomorphic (see, e.g., [266, p. 20]),
we see that for any p,v =1,...,n,
0 1 0 0f

= —__— 2 — 0. 2.2.1
02,07, 20z, 0z, 0 ( )

This motivates the following definition:

Definition 2.2.2. Let U C C" be a connected open set. We say that a @2 function u : U — R

is pluritharmonic if

00u = 0.

Example 2.2.3. The above discussion shows that the real part of a holomorphic function
is pluriharmonic. The argument extends immediately to show that the imaginary part of a
holomorphic function is also pluriharmonic. By expanding (2.2.1) in real coordinates and
setting p = v, it readily follows that pluriharmonic functions are harmonic.

The following natural extensions of subharmonic functions will play an important role:

Definition 2.2.4. Let U C C" be a connected open set. We say that a G2—function ¢ : U — R
is plurisubharmonic (respectively, strictly plurisubharmonic) at a point p € U if the complex

0%
0z; 8@-

is positive-semi-definite (respectively, positive-definite) at p. We say that ¢ is plurisub-

Hessian

harmonic on U if it is plurisubharmonic for every point p € U (and similarly, for strict

plurisubharmonicity).

Remark 2.2.5. We emphasize that plurisubharmonicity is the familiar convexity suitably
relaxed such that the notion is invariant under biholomorphism.

Remark 2.2.6. It is sometimes more advantageous to consider the more general definition of
plurisubharmonic functions: An upper semi-continuous function f: U C C" — RU {—oc} is
said to be plurisubharmonic if the restriction of f to any complex line in U is a subharmonic

function.

Example 2.2.7.

(i) If f : U — C is a holomorphic function, then log|f|? is plurisubharmonic. If f
vanishes, we understand log |f|? to be plurisubharmonic in the sense of 2.2.6.
(ii) The pointwise limit of any decreasing sequence of plurisubharmonic functions is

plurisubharmonic.
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(iii) If ug,...,up, € PSH(U) and x : RP — R is a convex function such that x(1,...,tp) is
an increasing function in each ¢;, then x(uy,...,u,) € PSH(U). In particular, if f is
holomorphic, then by taking u = log|f| and x(t) = €% for € > 0, the function |f|®

is plurisubharmonic.

2.3. COMPLEX MANIFOLDS

Definition 2.3.1. Let X be a smooth manifold of (real) dimension dimg(X). We say that
X is a complex manifold if X admits an atlas whose transition maps are holomorphic. The
complexr dimension of X is defined to be dim¢ X := %dimR X.

2.4. COMPLEX SUBMANIFOLDS

Definition 2.4.1. Let X be a complex manifold. A smooth submanifold ¥ C X is said
to be a complex submanifold of (complex dimension k) if for all y € Y, there is an open
neighborhood U C X and a holomorphic chart ¢ : U — C™ such that p(Y NU) = (W) NCF.

Example 2.4.2. The simplest example of a complex manifold is complex Euclidean space
C™. The real dimension of C" is dimg C™ = 2n, and the complex dimension is dim¢ C™ = n.

Remark 2.4.3. On R?, there are precisely two distinct complex structures: the canonical
structure on C and that of the unit disk in C. For n > 1, however, R?" affords an infinite
number of different complex structures. As discovered by Calabi-Eckmann [72], there is even
a complex structure on R?™ which does not admit any non-constant holomorphic functions.

Example 2.4.4. From 1.7.3, observe that the transition maps for complex projective space
P™ are holomorphic. In particular, P" is a compact complex manifold of (complex) dimension
n.

Remark 2.4.5. There is only one complex structure on P! and P?. That is, any complex
manifold diffeomorphic to P" is biholomorphic to P™ if n = 1 or n = 2. The uniqueness of
the complex structure on P" for n = 3 is intimately related to the existence of a complex
structure on S®. Indeed, it is an old observation of Hirzebruch [167] that if S® supports a
complex structure (i.e., is diffeomorphic to a complex manifold), then the blow-up of S® at
one point is diffeomorphic to an exotic! P3. Let us note that the only spheres which can be
complex manifolds are S? (with the P! complex structure) and S®. We know that S? is a
complex manifold, but it remains open as to whether S® supports a holomorphic atlas.

19t is clear that this exotic P? is not Kéhler: From the vanishing of the fourth Betti number, S® is not
balanced. Alessandrini-Bassanelli showed that the balanced condition is preserved under bimeromorphic map
(in particular, under blow-ups). Hence, the exotic P* does not admit a balanced metric, let alone a Kihler

metric.
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Terminology 2.4.6. A complex manifold of (complex) dimension 1 is referred to as a Rie-
mann surface. This is unfortunate, since a complex surface will always be understood to be
a complex manifold of (complex) dimension 2. A Riemann surface that is projective (i.e.,
admits a holomorphic embedding into some P™) is typically referred to as a curve.

2.5. STEIN MANIFOLDS

Remark 2.5.1. Complex manifolds are significantly more rigid than their real smooth coun-
terparts. The most notable example is the failure of the holomorphic analog of the Whitney
embedding theorem. Indeed, no compact complex manifold supports a holomorphic embed-
ding to C™ for any n € N. Suppose otherwise, and let X < C” be a holomorphic embedding
of a compact complex manifold X. The coordinates on C" restrict to X yielding bounded
(in modulus) holomorphic functions, which will attain a local maximum. By the maximum

principle, such functions must be constant.

Those complex manifolds which do admit a holomorphic embedding into some C™ form the
important class:

Definition 2.5.2. A complex manifold S is said to be Stein if there is a holomorphic em-
bedding S < C" for some n € N.

Example 2.5.3. A Riemann surface is Stein if and only if it is not compact. An open set
D c C™ is Stein if and only if it is holomorphically convex, or equivalently, by the Cartan—
Thullen theorem, a domain of holomorphy. By Cartan’s theorem B, Stein manifolds may be
characterized by the vanishing of the higher sheaf cohomology HY(X,.#) =0 (¢ > 1) for any
coherent analytic sheaf .. We invite the reader to consult [144, 266] for the proofs of these
statements and further details.

Remark 2.5.4. Algebraic geometers will recognise that Stein manifolds are the analytic
cousins of the familiar affine varieties (in the sense of GAGA [229]).

Remark 2.5.5. Stein manifolds X capture the idea of admitting an abundance of holo-
morphic functions X — C (see, e.g., [198]). It is natural to ask whether there is any rich
structure to the class of manifolds for which there are no holomorphic functions X — C.
This class of manifolds is easily seen to be too vast: Every compact complex manifold resides
within this class by 2.5.1. One does obtain a rich class of complex manifolds; however, if one
considers the question of the existence of holomorphic maps C — X:

2.6. BRODY HYPERBOLICITY

Definition 2.6.1. A complex manifold X is said to be Brody hyperbolic if there are no entire
curves, i.e., non-constant holomorphic maps C — X.
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Example 2.6.2. The unit disk D C C is Brody hyperbolic by Liouville’s theorem.

2.7. KOBAYASHI HYPERBOLICITY

A significant class of Brody hyperbolic manifolds is given by the following class of manifolds
introduced by Kobayashi:

Definition 2.7.1. (Kobayashi pseudodistance). Let X be a complex manifold. The Kobayashi
pseudodistance dx on X is defined, for p,q € X

dx(p,q) := inf Z dy(sj,t5),
j=1

where the infimum is taken over all m € N, all pairs of points (s;,t;) € D x D, and all
collections of holomorphic maps f; : D — X, where j = 1,...,m, such that fi(s1) = p,

fm(tm) =q, and f](tj) = fj+1(8j+1) for ] = 1a ey T — L.

Remark 2.7.2. It is straightforward to verify that dx defines a pseudo-distance in the
sense that dx is symmetric and satisfies the triangle inequality. In general, however, dx
may degenerate in the sense that dx(p,q) = 0 for p # ¢. Indeed, this is the case for the
Kobayashi pseudodistance on the complex line C, or projective line P'. On the other hand,
the Kobayashi pseudodistance on the disk ID coincides with the Poincaré distance function,
ie.,, dp = d,. Hence, in this case, the Kobayashi pseudo-distance is non-degenerate and
defines an honest distance function.

Remark 2.7.3. The Kobayashi pseudodistance has the important property that it does not
increase under holomorphic maps, i.e., for any holomorphic map f: X — Y, we have

dy (f(p), f(q)) < dx(p,q).

This property, together with the fact that the Kobayashi pseudodistance on C is identically
zero, i.e., dc = 0, we have

Proposition 2.7.4. Let X be a complex manifold for which any two points p,q € X are
connected by an entire curve C — X. Then the Kobayashi pseudodistance is identically zero,
d X = 0.

Remark 2.7.5. More generally, the above proposition can be formulated with the assump-
tion that any two points p,q € X are connected by a (finite) chain of entire curves C — X.

Definition 2.7.6. A complex manifold X is said to be Kobayashi hyperbolic if the Kobayashi
pseudodistance dx is an honest distance function, in the sense that dx is non-degenerate.
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Example 2.7.7. Since a complex manifold is Kobayashi hyperbolic if and only if its universal
cover is Kobayashi hyperbolic [194], the uniformization theorem tells us that a compact
Riemann surface is Kobayashi hyperbolic if and only if the genus is g > 2. In particular, the
projective line P! and elliptic curves T = C/A, are not Kobayashi hyperbolic.

Observe that an immediate consequence of the distance-decreasing under holomorphic maps
property of the Kobayashi pseudo-distance is the following;:

Proposition 2.7.8.
(i) Closed complex submanifolds of Kobayashi hyperbolic manifolds are Kobayashi hy-

perbolic.
(ii) If X is Kobayashi hyperbolic, then X is Brody hyperbolic.

The second claim follows from the fact that holomorphic maps are distance-decreasing for
the Kobayashi pseudo-distance, and the Kobayashi pseudodistance of C vanishes identically.

2.8. BRODY’S THEOREM

If X happens to be compact, however, then the two notions coincide [65, 336]:

Theorem 2.8.1. (Brody’s theorem). Let X be a compact complex manifold. Then X is
Kobayashi hyperbolic if and only if X is Brody hyperbolic.

PROOF. Suppose there is a non-constant entire curve C — X. From the distance-
decreasing property of the Kobayashi pseudo-distance, we see that ds«x < dc = 0, and
therefore, X is not Kobayashi hyperbolic.

Conversely, suppose that X is not Kobayashi hyperbolic. Then there is a sequence of holo-
morphic maps f, : D — X such that |f/(0)|2 — oo. To see this, we observe that if this is
not the case, then there is a constant C' > 0 such that |f/(0)|? < C for all holomorphic maps
f:D — X. Since D is homogeneous, |f'(2)|2 < C for any holomorphic map f : D — X and
any z € D. Hence,

1+ |z|

4,(0,2) = ;1n<1_|z‘) > o 2 CMdu(f(0), F(2)),

where d, is the Poincaré distance on DD and d,, is the distance function associated to the

Hermitian metric w. In particular, the length of any chain of holomorphic disks from p to
q in X is at least C~'d,(p,q) > 0, which violates the assumption that X is not Kobayashi
hyperbolic.

Given the sequence f, : D — X with |f,(0)|> — oo, we apply the Brody reparametrization
lemma to obtain holomorphic maps g, = f, o, : D(R,) — X such that

1
/ t 2 <
LOE < T
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with R, — oo and |g/,(0)|? = 1. Since X is compact, the derivatives are uniformly bounded,
by Montel’s theorem we can extract a convergent subsequence g,, : D(R,,) — X. Since the
radii R,, — oo, the limit will be a non-constant entire curve g : C — X with |¢/(#)]2 < 1. O

Example 2.8.2. The above theorem fails in the non-compact case. The standard example
is the domain D C C? given by

D={(z,w) €C?: 2| <1, |zw| <1} — {(0,w) : |w| > 1}.

It is clear that D is not Kobayashi hyperbolic since the distance between the origin and any
point (0, w) € D is zero. In any case, however, there are no entire curves C — D, rendering
D Brody hyperbolic.

Example 2.8.3. More examples of Brody hyperbolic manifolds which are not Kobayashi
hyperbolic were constructed? by Eisenman-Taylor [194, p. 130] and Campbell-Howard—
Ochiai [76]. An example of a pseudoconvex (hence, Stein) domain in C? which is Brody
hyperbolic, but not Kobayashi hyperbolic, was given by Barth [20].

2.9. HOLOMORPHIC VECTOR BUNDLES

Just as we did in the smooth case, we can define holomorphic immersions, submersions, and
embeddings by requiring that f is holomorphic in the definition. In particular, we have the
following important class of holomorphic submersions:

Definition 2.9.1. Let f: € — X be a holomorphic submersion between complex manifolds.
We say that f is a holomorphic vector bundle of rank k if the fibers support a complex
vector space structure &, := f~(z) ~ CF, for all z € X, and in a neighborhood of every
point x € X, there is an open neighborhood U such that f _1(U) ~pinol. U X C¥. Moreover,
the biholomorphism between f~1(U) and U x C* restricts the isomorphism of vector spaces
&, ~Ckfor all z € U.

Cautionary Remark 2.9.2. Note that a holomorphic vector bundle is far from a com-
plex vector bundle. A complex vector bundle is merely a smooth vector bundle with fibers
isomorphic to C¥. On the other hand, a holomorphic vector bundle has the fibers varying
holomorphically.

Example 2.9.3. Let X be a complex manifold. The tangent bundle® 719X is a holomorphic
vector bundle. The holomorphic sections of TH0X are called holomorphic vector fields. If

’In effect, the construction amounts to working on a hyperbolic manifold, which is not Kobayashi hyper-
bolic but contains only a few entire curves. Then removing small enough pieces of these curves such that the
resulting domain becomes Brody hyperbolic, without disturbing the absence of Kobayashi hyperbolicity.

3This notation is explained in 2.17.3.
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(21, ..., 2n) denote local holomorphic coordinates on X, a holomorphic vector field ¢ is locally
given by

o 0
f - gf (2)%7
where £% are locally defined holomorphic functions.

Example 2.9.4. The cotangent bundle T* X of a complex manifold X is a holomorphic vector
bundle. The holomorphic sections of T*X are denoted by Q;O and are called holomorphic
(1,0)—forms. In local holomorphic coordinates (z1,...,25,), a holomorphic (1,0)—form 7 is
given by

n = Z No(2)dz®.

2.10. THE CANONICAL BUNDLE

Example 2.10.1. A very important role in complex geometry is played by line bundles —
holomorphic vector bundles of rank 1. Let X be a complex manifold of (complex) dimension
n. The most important line bundle is given by the canonical bundle Kx := A%O. The local
holomorphic sections of Kx are given by

w = f(2)dzt AN d2",

where f is a locally defined holomorphic function.

2.11. THE TAUTOLOGICAL LINE BUNDLE

Example 2.11.1. Let V be an (n + 1)-dimensional vector space and write P"(V') for the
vector space of lines ¢/ C V through the origin. Let ¢, denote the line corresponding to a
point z € P". Let &€ C P" x V denote the set of points (x,v;), where v, € £,. On V,
introduce the coordinates (zg, ..., z,,). Let U, C V be the open set given by U, := {x, # 0}.
Then &y, corresponds to the set of points & = (¢; : -+ : ty;y0 & -+ : Yn), Where y; = t;yq
and t; = x;/xo. The map & — ((t1,...,tn), Yo) defines an isomorphism €|y, ~ U, ~ C.

Definition 2.11.2. The tautological bundle Opn(—1) is the line bundle over P with fiber
Opn(—1)y ~ ¢,. From 2.11.1, we see that Opn(—1) is a vector bundle of rank 1, ie., a
(holomorphic) line bundle.

2.12. THE HYPERPLANE BUNDLE

Example 2.12.1. The hyperplane bundle Opn(1) — P™ is the line bundle corresponding to
a hyperplane in P". In more detail, let D C P™ be the hyperplane corresponding to, say,
xg = 0. In the open set U, = {xo # 0}, the local equation for this hyperplane is zy/x,.
Associated to D, therefore, is the line bundle whose transition maps are gog = =o/x5. From
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2.11.1, the transition maps of the tautological bundle Opn(—1) are given by hog = xg/Tq.
Hence, Opn (1) is the line bundle dual to Opn(—1).

In contrast with Opn(—1) — P™, there are many global sections of Opn(1) — P". We can
identify H°(P", Opn (1)) with the space of homogenous polynomials of degree 1 in (n + 1)
variables.

2.13. ASSOCIATED PROJECTIVE BUNDLE

Let € — X be a holomorphic vector bundle of rank k over a complex manifold X. We can
associate to € another holomorphic vector bundle P(€), the projectivized bundle associated
to €, whose fiber over x € X is the complex projective space P(£}) ~ P*=1 where £* is the
dual bundle.

Observe that since P(€) can be identified with a quotient of the unit sphere bundle of & (for
any Hermitian metric on &), it is clear that P(€) is compact.

This construction will be used extensively in the present manuscript since it gives a means of
associating to a vector bundle € of any rank, a line bundle: Indeed, if € — X is a holomorphic
vector bundle of rank k, then P(€) — X is a holomorphic vector bundle of rank k—1. On P(€),
we have the tautological line bundle Op(¢)(—1) — P(€), whose fiber at a point (p, [v]) € P(€)
is the line spanned (over C) by v € £;\{0}. The dual of the tautological bundle Opg)(—1)
is the hyperplane bundle O]}D(g)(l). The hyperplane bundle over a projectivized bundle will
play a central role in discussions of positivity notions for vector bundles of rank k£ > 1.

2.14. BLOW-UPS

Let X be a complex manifold. An important mechanism for generating new complex mani-
folds X which are bimeromorphic but not biholomorphic, is given by blow-ups:

Definition 2.14.1. Let X be a complex manifold and p € X a point. The blow-up of X
at p is a bimeromorphic map f : Bl,(X) — X given by adjoining U= {(w,0) :w e L} C
U x P! to X\{p} via the map U\{z = 0} ~ U\{p} defined by (z,¢) — 2. This defines
a bimeromorphic map Bl,(X) — X which extends to a morphism f : Bl,(X) — X. The
preimage & := f~!(p) is isomorphic to IP)(T;’OX) ~ P! and is called the exceptional divisor
of the blow-up.

Remark 2.14.2. The total space Bl,(X) of the blow-up is diffeomorphic to the connected
sum X#Pn—1 of X with P"~! endowed with the reverse orientation. A detailed proof of this
assertion is given in [176, Proposition 2.5.8]. The key points here, however, are the following:
The blow-up of C™ at 0 € C™ is biholomorphic to the total space of the tautological bundle
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Opn-1(—1), the exceptional divisor being the zero section of Opn-1(—1). For a complex line
bundle £, the dual of a complex line bundle £ is isomorphic (as a complex line bundle)
to the conjugate bundle £. For any = € P", projecting away from z defines a line bundle
P"\{z} — P"! which is isomorphic (as a complex line bundle) to the hyperplane bundle
Opn(1). Indeed, if we abusively write Opn—1(—1) and Opn-1(1) for the total space of the
tautological bundle and hyperplane bundle over P"~!, respectively, then (i) implies

C™ {0} ~ Opn1(—1) — E.

Statement (ii) then asserts that Opn—1(—1) ~ Opn-1(1) as smooth manifolds, with the diffeo-
morphism mapping the zero section of Opn-1(—1) to the zero section of Opn-1(1). From (iii),

we identify Opn-1(1) ~ P?\{z}, and hence, the one-point compactification is diffeomorphic
to P". The geometric picture is that under the identification in (i), real rays directed into
the origin are transformed into rays going out of x in P™.

2.15. HERMITIAN VECTOR BUNDLES

Definition 2.15.1. Let & — X be a holomorphic vector bundle. A Hermitian metric h on
€ is a family of Hermitian inner products hj, : €, x €, — C smoothly parametrized by p € X.
A holomorphic vector bundle endowed with a Hermitian metric is referred to as a Hermitian
vector bundle.

Example 2.15.2. Let (X,w) be a complex manifold of (complex) dimension n with canonical
bundle Kx = A?(’O. A Hermitian metric h on Kx is given by a volume form (i.e., non-
vanishing section of AY").

Remark 2.15.3. Let us consider the special case of a Hermitian metric A on a holomorphic
line bundle £ — X. In a local trivialization for £, the metric h is given by scaling the metric
| | on C by a positive function e~ %, where ¢ is a locally-defined smooth function. As a
consequence, it is common to write h = e~ ¥ for a Hermitian metric on a line bundle. The

regularity of ¢ can also be relaxed to allow for singular Hermitian metrics.

Notation 2.15.4. If ¢ = {¢!,...,£"} is a local frame for €, defined in an open neighborhood
of x € X, we write

hij(z) = h('(x), & (x))

for the components of the metric. We often omit the variable argument and write h;;.
Definition 2.15.5. A frame ¢ = {¢!,...,£"} is said to be unitary (with respect to h) if
hij = (€', &) = &i;.

Unitary frames always exist locally: take any given frame and apply the Gram—Schmidt
procedure.
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2.16. ALMOST COMPLEX STRUCTURES

We are primarily interested in how the metric and the complex structure interact and how
this interaction determines the geometry of the manifold. The existence of local holomorphic
coordinates to define a complex manifold is not very amenable to this study. It will therefore
be important to formulate the complex manifold structure differently:

Definition 2.16.1. Let M be a smooth manifold. We say that M supports an almost
complex structure if there is a smooth section J € HY(M,End(TM)) satisfying J? = —id
as a morphism of bundles. A smooth manifold supporting an almost complex structure .J is

said to be an almost complex manifold.

Remark 2.16.2. Since an almost complex structure is an endomorphism of T'M,, it is locally

described in a coordinate frame:
J = Jidi* © 8,,.
The condition J? = —id then reads
JEIE = ot

Example 2.16.3. Let e; = (1,0) and e; = (0,1) denote the standard basis on R?. An
almost complex structure on R? is given by

= (50)

More generally, if idgr denotes the identity matrix on R™, an almost complex structure on

—lan 0

Example 2.16.4. Consider the unit sphere S? in R3. On R3, we have a multiplication — the

R?" is given by

cross product x — inherited from identifying R? with the imaginary quaternions. We identify
any point p € S? with the corresponding vector (also denoted by p) in R3. An almost complex
structure J, : T,S?* — T,S? is then given by

Jp(v) == pxo.

Definition 2.16.5. Let f : (X, Jx) — (Y, Jy) be a smooth map between almost complex
manifolds. We say that f is holomorphic if the differential f,. : TX — TY is compatible
with the complex structure in the sense that

feodx = Jyofs
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Example 2.16.6. Let f: R? — R? be a smooth map, and let (x,%) denote the coordinates
on R2. We can write f(z,y) = [u(z,y),v(z,y)]". The differential is then

Uy Vg
fo = .
Uy Uy

If we endow R? with the almost complex structure defined in 2.16.3, then f, o Jgz = Jg2 0 fi

is equivalent to the Cauchy—Riemann equations: u, = v, and vy = —uy.

Example 2.16.7. Any complex manifold supports an almost complex structure. Indeed,
let p € X be a point contained in holomorphic charts ¢ : U — C™* and ¥ : V — C". Let
T =it odenop, and Jy := ;o Jon oy, Let o : o(UNV) — ¢ (UNV) be the transition
map. Then

Jy = P odenot = Y oJgn ot
= Y odeno(g0p).
= ¢ oJon oo, 0,
= ¢l ogwoJen o,
= @ lodemop, = Jy.

Hence, J is independent of the chart and yields a well-defined tensor on X.

Remark 2.16.8. It is easy to see that any even-dimensional smooth manifold M admits
a map J, : T,M — T,M satisfying Jg = —id, for each p € M. Conversely, any almost
complex manifold must be of even dimension. This certainly does not guarantee that such
maps glue together to yield a section of the endomorphism bundle End(7'M). Further, since
the problem of the existence of an almost complex structure can be formulated in terms of
the existence of a section of a vector bundle, characteristic classes give obstructions to finding

an almost complex structure. This will be discussed later.

2.17. KIRCHOFF’S THEOREM

Example 2.17.1. An old theorem of Kirchoff [190] states that if S™ supports an almost
complex structure, then S**! is parallelizable. From 1.15.6, we see that the only spheres to
admit almost complex structures are S? and S°.

Remark 2.17.2. Let V be a real vector space of even (real) dimension. Let J: V — V be a
linear map satisfying J? = —id. Denote by the same symbol J, the complex-linear extension
of J to the complexification V ®g C. From J? = —id, the eigenvalues of J are ++/—1 with
corresponding eigenspaces

Vi = oy -/ 1Jv:v eV}, VOl = o4 V-1Jv:v eV}
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In particular, we have a splitting of the complexification
VerC = Ve Vol Vo = yolL,

The reader can easily show that this splitting structure is, in fact, equivalent to the data of
an almost complex structure on the vector space V. That is, if V' is a (real) even-dimensional
vector space with £ a complex subspace of V ®g C, with the properties £ N L = {0} and
L@ L =V @ C, then there is a unique complex linear map J : V' — V such that £ and
£ are the eigenspaces of (the C-linear extension of) .J corresponding to /—1 and —v/—1,

respectively.

Definition 2.17.3. Let (X, J) be an almost complex manifold. We say that a vector u €
TYOX (respectively, v € T1X) is a (1,0)-tangent vector (respectively, a (0,1)-tangent
vector). In terms of tangent vectors on T'X, a (1,0)-tangent vector and (0, 1)-tangent vector
is given by

w—+v/—1Ju e THOX, v+ V—=1Jv e T"' X,

respectively.
2.18. INTEGRABLE ALMOST COMPLEX STRUCTURES

We have seen that a complex manifold, i.e., a smooth manifold supporting a holomorphic
atlas, is an almost complex manifold. The converse is not true and is most notably obstructed
by the integrability of the tangent distribution T%'X c TCX:

Definition 2.18.1. Let (X, J) be an almost complex manifold. The almost complex struc-
ture J is said to be integrable if the tangent distribution 70! X is integrable.

Proposition 2.18.2. Let X be a complex manifold. Then the natural almost complex

structure J on X is integrable.

PRrROOF. For any point p € X, we have a holomorphic chart ¢ : U — C™ centered at
p. We write ¢ = (¢1, ..., 0n) and set ox = 2 = o + V/—1yg. Let {ey,...,e2,} denote the
standard basis on R?”. Then by definition
e N
Let Jon denote the standard almost complex structure on C* ~ R?". Then Jcn (er) = entk,
and since the chart ¢ is holomorphic, we have

0 0
Jl=— ] = —. 2.18.1
(axk> o (2.18.1)
Introduce the notation

0 1/ 0 0 0 1/ 0 0
— = | — =1 — = === +V-1—).
8zk 2 <81‘k 8yk> ’ (%k 2 <a$k + ayk>
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From (2.18.1), we see that B%k and B%k define local sections of 719X and 79! X, respectively,
forming a local frame at each point of U. Let now u = ), uk{%k and v=>_, vk% denote
local sections of T%'X. The Lie bracket is computed to be

i vy 0 " Oup O
[U,U] = Z Uk = oz — Z Vo o
= 0z, 0%y = 0z, 0%y
which is undoubtedly a local section of T%1X. O

2.19. THE NEWLANDER—NIRENBERG THEOREM

The converse is the celebrated Newlander—Nirenberg theorem [230]:

Theorem 2.19.1. (Newlander—Nirenberg). Suppose (X, J) is an almost complex manifold
with J an integrable almost complex structure. Then (X, .J) is a complex manifold.

Corollary 2.19.2. An almost complex structure J is integrable if and only if the Nijenhuis
tensor of J:

N (u,v) = [u,v] + J[Ju,v] + J[u, Jv] — [Ju, Jv]
vanishes identically.

PRrROOF. The statement is effectively immediate from 2.19.1. Indeed, for vector fields u, v,
an elementary calculation shows that

N7 (u,v) = [u+vV—1Ju,v+V/—1Jv].

Hence, T%'X is integrable if and only if N7 (u,v) — v—1JN”7(u,v) € T®' X if and only if
N7 (u,v) = 0. g

Remark 2.19.3. Observe if X is an oriented smooth manifold of (real) dimension 2. The
Nijenhuis vanishes identically; hence, any almost complex structure on X is integrable. In-
deed, for any vector field u (defined locally near a point p € X)), the tangent space T, X is
spanned by v and Ju. Hence, we need only compute the Nijenhuis tensor on u, Ju. In this

case, we see that

Ny(u,Ju) = [u,Ju] 4+ J[Ju, Ju] + J[u, J*u] — [Ju, J*u]
= [u,Ju] + [Ju,u] = 0.

Example 2.19.4. The above remark implies that any almost complex structure on S? is
integrable.
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2.20. TyPE DECOMPOSITION OF FORMS

Remark 2.20.1. We have seen that in the presence of an almost complex structure, the
complexified tangent bundle affords the splitting

TCX ~ TYX 70X,
The complexified cotangent bundle affords a similar splitting
T*X®C ~ AYX o AMX.

Here, A;O and Ag&l denote the bundles of (1,0)—forms and (0, 1)-forms, respectively. A
1-form « is a (1,0)—form if a(Jv) = /—1a(v), or a (0,1)—form if a(Jv) = —v/—1a(v).

Let A*9X := Ac(AYYX) and A%*X = Ac(A%'1X) denote the full exterior algebra over C.
We then have the following isomorphism of complex vector bundles:

Ac(T*X @ C) ~ A*'X @ A*X.

Let AP°X denote the bundle of complex-valued p—forms o such that
a(Jvy, .y vp) = V—1a(v1, ..., vp),

and similarly, denote by A%¢ the bundle of complex-valued ¢g—forms 7 such that
N(Jv1, .oy vg) = =V —=10(v1, ...y 1)

This yields gradings:

AW = éAP’OX, A = éAU:qx.
p=0 q=0

Set AP4(X) := APY(X) ® A9(X).

Definition 2.20.2. Let X be a complex manifold. For 0 < p,q < n = dim¢ X, we refer
to the sections of the bundle AP?(X) as (p, q)—forms, denoting the space of (p,q)—forms by
OPa(X).

Remark 2.20.3. In a (holomorphic) local coordinate system (z1, ..., 2,), a (p,q¢)—form « is
given by

a = Z Z fil"'ipjl"'jqdzil VANCEVAN le'p VAN del VANCERWAN dqu,

1< < <ip<n 1<51 < <jg<n

where the locally-defined functions f;;...;,, .., are smooth. If these functions are holomorphic,
we refer to « as a holomorphic (p, q)—form.
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2.21. REAL AND PoOsSITIVE FORMS

Definition 2.21.1. If a (p, ¢)—form o € QP9(X) is invariant under conjugation, then we say
that « is a real (p, g)—form. The space of real (p,g)—forms is denoted by Q4 (X).

Definition 2.21.2. Let o € Q5" be a real (p, p)—form. We say that « is positive if
(—vV—=1)Pa(v1, 71, ..., vp, Tp) >0
for any set of linearly indepedent (over C) vectors vy, ..., vp.

Remark 2.21.3. If a € QF(X) is a smooth k—form on X, then o = > prg—k @79, where
aP? € QP9(X) is the (p,q)—part. Moreover, if a is a real k—form of type (p,q), then an
elementary argument shows that p = ¢ and « is J—invariant. In particular, if w is a real
(1,1)—form, then

w(Ju, Jv) = w(u,v)

for all u,v € TX.

2.22. DOLBEAULT OPERATORS

The splitting of forms into forms of type (p,q) comes equipped with two natural operators
which arise from the splitting of the exterior derivative:

Definition 2.22.1. Let X" be a complex manifold, with d : Q&(X) — Qgé“(X) denoting
the exterior derivative acting on complex-valued forms. We define the Dolbeault operator
0 : OPI(X) — QPTLI(X) and 9 : QP9(X) — QP9T(X) by the formulae

da = 7PT(da), da = 71 (da),
where 721 : QEF (X)) — QPFLI(X) and 7Pt L QEFL(M) — QP (X) denote the natural
projection maps.
2.23. THE COMPLEX LAPLACIAN

Terminology 2.23.1. Let X be a complex manifold with Dolbeault operators & and 9. We
refer to the second-order differential operator 99 (or v/—109) as the complexr Hessian. If X
supports a Hermitian metric w, (see 5.1.1), then we define the complex Laplacian A,,, to be
the trace (with respect to wy) of the complex Hessian:

Ay, f = tr, (V=100f) = ¢90:0;f,
where f € C*(X).

The Dolbeault operators, like the exterior derivative, are nilpotent:
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Proposition 2.23.2. Let X be a complex manifold. Then
=0 =0, and 99+ 00 = 0.

The proof of the above proposition is a straightforward extension of the proof that d?> = 0
together with the fact that d = 0 + 0.

2.24. DoLBEAULT COHOMOLOGY

Definition 2.24.1. A (p,q)-form « is said to be d-closed if da = 0. We say that « is
O—exact if there is a (p,q — 1)—form 3 such that a = 9.

The analogous definitions can be made for . Moreover, immediate from 92 = 0 is the fact

that 0—exact forms are 9—closed.

Definition 2.24.2. Let X be a complex manifold. The Dolbeault cohomology groups of X
are defined

{a € QP4(X) : da = 0}
{08: 8 erat(X)}
We define the Hodge numbers hP9(X) := dimc H*(X).

Notation 2.24.3. We will often omit the subscript 0 and simply write H 5 for the Dolbeault
cohomology groups.

2.25. THE DOLBEAULT LEMMA

We want to establish the Dolbeault analog of the Poincaré lemma; that is, we will show that
the Dolbeault cohomology groups of the polydisk D™ vanish.

2.26. CaucHY-PoOMPEIU FORMULA

Theorem 2.26.1. (Cauchy—Pompeiu formula [158]). Let D C C be a bounded domain
with a smooth boundary. Let U be an open neighborhood of the closure of D. If f is an
R-differentiable function on U, then for all z € D, we have

! Q) g L[ O7dCAdC
2/ —1 Joap ¢ — 2 2nv/—1 Jp OC ¢ —2
PRrOOF. Fix a point p € D and let D(r) C D be a sufficiently small disk centered at p

such that D(r) C D. Write I, for the boundary of D(r) and set D, := D —D(r). We observe
that at any ¢ € D,., we have

f(z)

£(C) _9fdCAdC
o(f8a) = FET
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Stokes’ theorem then implies that

of dCnd¢ Q) . Q. [ O
0, C—2z /mrg_zdf—/w(_zdé /r,.C—de' (2.26.1)

Let ( =2+ reV=1? Then

/ FQ ge = [ pe b reV™?)y a0,
T

27
< /
0

< 27r max
0<9<27

We estimate

7 Flz+ reV1)/=1dy — 2nv/—=1f(2)

0

J(z 4 eV ™) — f(2)] a9

flz+ reﬁﬂ)‘ .
Letting » — 0, we see that the right-hand side of (2.26.1) converges to

/ &dC —2mvV/—1f(2).
19}

D (— 2
On the other hand, if we compute the left-hand side of (2.26.1) directly, we see that
gdf/\dg“ B /8fd§/\dg“_ gdf/\d(
p, 0C C—=z p OC C—2z Dy I (—z
As before, set ¢ = z + re’’. Then d¢ = e”dr + rie®?dd and d¢ = e~ dr — rie~"dy. Hence
dc A dg = 2ie dy A dr,
(—z
which is bounded as r — 0. Since ?TJE is continuous, the above argument shows that
of d¢ N d¢
D) OC ¢ — 2
converges to 0 as r — 0. This proves the desired statement. U

Remark 2.26.2. The Cauchy—Pompeiu formula does not even scratch the surface of the
fascinatingly rich subject concerning integral representations of holomorphic functions. The
reader may wish to consult the [249, 266, 306] for more on this subject.

Proposition 2.26.3. Let D C C be a bounded domain with a smooth boundary. Let U be
an open neighborhood of the closure of D. If f is an R—differentiable function on U, then
there is an R—differentiable function v : U — C such that
ou
f= %5
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Proor. We set

1

) £
2w/ —1 D C —Z

Fix a point p € D and let D(r) C D be a sufficiently small disk such that D(r) C D. Set

D, :=D —D(r). For any ¢ € D,, we have

d¢ A dC.

d¢ d¢
log|¢ — 2] = .
dlog|¢ — z| C—Z+C—f
The same argument as in the proof of 2.26.1 shows that
= 0 d¢Nd
[ sonosic—zpac = [ Shogic—spacnac+ [ %L,
In particular, differentiating u, we see that
ou
— = 1 —z? ) d¢ — 1 — 2|2
o 27rr/ oslc— o) e — 52— [ X (D roglc— o) ag
_ / /(< 1 df d¢ N dC
B 27r\/ ¢ — 277\/—1 p0C (—=z

= f(2)
O

Theorem 2.26.4. (Dolbeault lemma). Let w be a smooth d—closed (p, ¢)—form on a polydisk
U in C". Then there exists a smooth (p,q — 1)—form « on U such that w = da.

PRrROOF. We give the standard proof, which appears in [158, 307]: We first reduce to the
case when p = 0. For multi-indices I, J with |I| = p and |J| = ¢, we can locally write the

(p, q)—form « as

ZO&[JdZ[ ANdzj.
1.7

Introduce the (0, ¢)—forms aj := )" ;arsdz;. Since

= Jda = Zéa[JdZ[/\d?J,
1,J

the (0, q)—forms a; are d—closed. If the Dolbeault lemma holds for (0, g)—forms, then locally
we can find (0,q — 1)—forms B; such that ay = 98;. Hence, a = (—1)P9 (Y., dzr A Br),
proving Dolbeault lemma, in general. It suffices, therefore, to prove the Dolbeault lemma for

(0, g)—forms, which we can locally write as

= ZaJdEJ.
J
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We will proceed by induction on the largest k& € Z such that there exists a multi-index J
containing k and such that a; # 0; necessarily, k > ¢q. If k = ¢, then

a=fdz A Ndz,

for some smooth function f. The condition that a is —closed is then equivalent to f be-
ing holomorphic in the variables z411,...,2,. From 2.26.3, there is a smooth function g,
holomorphic in the variables z441, ..., 2, such that
Jg
o2y
“q
Therefore, if we set 8 := (—1)9"1gdz; A -+ A dZ,—1, we see that
OB = fdz1 N---Ndz, = a.

This proves the result for £k = ¢q. The induction hypothesis is then to assume that k£ > ¢+ 1.
Let us write

a=v+0ANdz,
where only the coordinates z1, ..., zx_1 appear in the local expressions for v and 9.
Let 6 := ) ;6,dz;, where |J| = ¢ — 1 and the entries of the multi-index J are contained in
{1,..,k — 1}. The condition da = 0 implies that the functions 6; are holomorphic in the
variables zx11, ..., 2. Hence, by 2.26.3, we can find smooth functions 7, holomorphic in the

variables zi, ..., zx_1, such that
oy
0z, '

We can therefore write o = 7' 4+ 93, where only the 21, ..., 2,_1 coordinates appear in the

0y =

local expression for 4/. Since Oa = 0, it follows that 97’ = 0. The induction hypothesis
implies that ' = ', and hence, a = 9(’ + 3), proving the claim. O

Remark 2.26.5. The Dolbeault cohomology groups are less intimately related to the under-
lying topology of the manifold in comparison with the de Rham cohomology groups (which
are entirely topological). For instance, we will see in the next section that there are simply
connected complex manifolds with h%! # 0.

Remark 2.26.6. However, there is a relationship between the Dolbeault cohomology groups
and the topology of the underlying manifold. This is given by the Frolicher spectral sequence,
which we will not discuss here since it will take us too far afield.



CHAPTER 3

Sheaves and their Cohomology

Despite the many illustrious properties of vector bundles, the category of vector bundles does
not have good exactness' properties. We will need to consider more general objects, namely,
sheaves.

3.1. PRESHEAVES

Definition 3.1.1. Let X be a topological space. A presheaf F of abelian groups is specified
by the following data:

(i) for every open subset U C X, there is an abelian group F(U).
(ii) for any inclusion of open sets V C U C X, there is a morphism of groups

0% : F(U) — F(V)
called a restriction map.
Further, we demand that F(0)) = 0; for all open sets, we have pﬁ =id; f W CV C U, then

ol = oy o ok

Remark 3.1.2. For the reader familiar with the categorical jargon, the above definition
specifies that a presheaf of abelian groups is merely a contravariant functor from the category
of open subsets of a topological space to the category of abelian groups.

Moreover, one can consider more general presheaves, not just presheaves of abelian groups.
For instance, with appropriate modifications, one can define presheaves of sets, rings, Ox—
modules. We invite the reader to consult [49, 159, 183] for more details.

Terminology 3.1.3. Let U C X be an open subset of a topological space X. Let F be a
presheaf of abelian groups on X. The elements of F(U) are called the sections of F over U.

Example 3.1.4. Vector bundles form a specific class of presheaves (locally free sheaves).
We discuss vector bundles in greater detail in 3.4.1.

Example 3.1.5. Let X be a complex manifold. The most important example of a presheaf
is the presheaf of holomorphic functions Ox. The presheaf Ox assigns to an open set U C X

More precisely, vector bundles do not form an abelian category.

55
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the abelian group Ox(U) := {f : U — C : f is holomorphic} of holomorphic functions on U.
More precisely, the elements are germs of holomorphic functions — two holomorphic functions
f U — C define the same element in Ox (U) if and only if they coincide on some non-empty
open subset of U.

Example 3.1.6. Let X be a smooth manifold. Other important examples of presheaves are
the presheaf Cx of (germs of) continuous functions?, the presheaf € of (germs of) smooth
functions, and the presheaf Q% of (germs of) smooth (or holomorphic) p—forms on X. If G is
an abelian group, the constant presheaf is the presheaf which assigns to each open set U C X
the abelian group G.

Definition 3.1.7. Let F, G be two presheaves over a topological space X. A morpshism of
presheaves f : F — G is a collection of morphisms

Ju FU) — G(W),
for each open set U, such that for any inclusion of open sets V C U,

V
oy o fu = fyooy.

3.2. SHEAVES

Definition 3.2.1. A sheaf of abelian groups on a topological space X is a presheaf F such
that if {U,} is an open cover of an open set U C X, then

(i) (uniqueness). Qﬁa (¢) =0 for all @ implies that o = 0.
(ii) (existence). if there are sections o, € F(U,) such that, for all pairs «,f, they

coincide on overlaps:
Uq _u
Qo (0a) = Quimuﬁ (08),
then there exists a section o € F(U) such that Qﬁa(a) = 0, for each a.

Example 3.2.2. The reader can easily verify that the presheaves Ox, Cx, C¥, and QF are
also sheaves. The constant presheaf, however, is not a sheaf: Take X to be a two-point set
X = {a, b} endowed with the discrete topology, for instance.

Remark 3.2.3. Asin 3.1.2, the definition of sheaf can be extended to more general algebraic
objects beyond abelian groups.

2ThiS, of course, does not require the topological space X to be a smooth manifold.
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3.3. LocALLY FREE SHEAVES
We are well-acquainted with vector bundles. These turn out to be a special class of sheaves:

Definition 3.3.1. A sheaf F on a topological space X is said to be locally free of rank k if
F is locally isomorphic to (‘)E’?k.

Remark 3.3.2. There are several remarks which need to be made concerning the above
definition: The first is that implicit in the above definition is that Og'?k (the direct sum of
k—copies of Ox) is a sheaf. This is undoubtedly true since the direct sum of sheaves is easily
seen to be a sheaf.

3.4. THE SHEAF Ox

The second, more important remark is on the meaning of Ox if X is not a complex mani-
fold. In the above definition, we understand Ox not as the sheaf of (germs of) holomorphic
functions but as the structure sheaf of X. That is, Ox is a sheaf of (germs of) functions such
that if X is a topological space with no extra structure, then Ox is Cx, the sheaf of (germs
of) continuous functions. If X is a smooth manifold, then Ox = €, the sheaf of (germs of)
smooth functions.

Example 3.4.1. If € — X is a vector bundle, then we can associate to it a locally free sheaf
Ex given by the sections of &. The map which takes a vector bundle € to the associated
locally free sheaf €x defines a bijection (in fact, an equivalence of categories) between vector
bundles and sheaves of locally free sheaves (see [307, Lemma 4.8] for a complete proof).

Definition 3.4.2. Let F be a presheaf of abelian groups on a topological space X. For any
xr € X, we set
Fr = lim F(U),
—u
where the right-hand side is the direct limit over all open neighborhoods U of . The group
F, is called the stalk of F at x. Moreover, the image of o € F(U), where x € U, is called the

germ of o at xz, and is denoted o,.

Example 3.4.3. Let X be a complex manifold and Ox denote the presheaf of holomorphic
functions on X. For any x € X, the stalk Ox , is identified with the group of (local) power
series convergent in some neighborhood of z € X.

Definition 3.4.4. A morphism of sheaves f : F — G is a map such that f(F,) C G, for all
x € X and the restriction f, : F, — G, of f to stalks is a morphism of groups for all x € X.

Remark 3.4.5. A morphism of sheaves induces a morphism of presheaves in the obvious
way. On the other hand, if f : F — § is a morphism of presheaves, there is an induced
morphism on stalks f; : F, = limgey F(U) — limgey G(U) = Gy
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The distinction between morphisms of presheaves and morphisms of sheaves, however, is
critical. We first recall (see, e.g., [159, §2.1], [183, §2.2]):

Proposition 3.4.6. Let f : ¥ — G be a morphism of sheaves. Then f is injective as a
morphism of sheaves (i.e., f, : F, — G, is injective for all z € X) if and only if f is injective
as a morphism of presheaves (i.e., fy : F(U) — G(U) for all open sets U C X).

Remark 3.4.7. The corresponding statement with injectivity replaced by surjectivity is
false. For instance, let chl denote the sheaf of closed smooth 1-forms on a domain D C R".
The Poincaré lemma asserts that the exterior derivative d : C& — Z}i is a surjection at the
level of stalks, and is therefore, a surjection at the level of sheaves. If we choose D such
that Hbg(D,R) # 0, however, e.g., take D to be a non-simply connected domain® in R?,
the exterior derivative will fail to be a surjection on global sections and hence, fail to be a
surjection of presheaves.

3.5. SUBPRESHEAVES AND SUBSHEAVES

Definition 3.5.1. Let G be a sheaf on a topological space X. A sheaf (or presheaf) JF is said
to be a subsheaf (or subpresheaf) of G if F, = FN G, is a subgroup of G, for all x € X.

Of course, for (pre)sheaves of more general algebraic objects — rings, modules — sub(pre)sheaves
are defined with the obvious modifications.

Example 3.5.2. Let f : F — G be a morphism of sheaves. The presheaf which assigns to
each open set U C X the group (Kerf)(U) := ker(f(U)) € F(U) is a subsheaf of F. The
assertion that Kerf is, in fact, a sheaf and not just a presheaf, requires proof (see, e.g.,
[49, 159, 183]).

Example 3.5.3. Let f : F — G be a morphism of sheaves. The presheaf which assigns to
each open set U C X the group (Jmf)(U) :=im(f(U)) C G(U) is called the presheaf image,
and is a subpresheaf of G, but not a subsheaf in general.

3.6. EXACT SEQUENCES OF (PRE)SHEAVES

Definition 3.6.1. We say that a sequence of morphism of sheaves (or presheaves)

aq g

020 F, Fy Fy— - F, 2230

is ezact if ker(ay) = im(ag_1) for each 1 < k < n.

3Note that, in general, we have 71(X) = 0 = Hpgr(X,R) = 0, and hence, Hhg(X,R) # 0 —>
m1(X) # 0. For domains in R?, however, we have m; = 0 <= Hpg = 0 (see, e.g., [57]). This is certainly
false in general, as illustrated by the Alexander Horned sphere [6, 57].
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For instance, a morphism ¢ : § — G is injective if and only if the sequence 0 — F ~“5Gis
exact. Similarly, a morphism ¢ : F — G is surjective if and only if the sequence F 5650

is exact.

Remark 3.6.2. Let us emphasize that although both the category of presheaves of abelian
groups and the category of sheaves of abelian groups are abelian categories, the notions of
cokernel are distinct: A short exact sequence of sheaves is not necessarily a short exact
sequence of presheaves. On the other hand, a short exact sequence of presheaves 0 — F; —
F9 — F3 — 0, with F1, Fy, F3 sheaves, is an exact sequence of sheaves. We will see that this
discrepancy is measured by sheaf cohomology.

3.7. SHEAFIFICATION

Theorem 3.7.1. Let F be a presheaf (of abelian groups, rings, modules) on X. There is a
unique sheaf F on X together with a morphism (of presheaves)

fiF =T

such that for every morphlsm (of presheaves) ¢ : F — G, where 9 is a sheaf, there is a unique
morphism (of sheaves) 1 : F — G such that p=1o f. We call F the sheaf associated to the
presheaf F or the sheafification of F.

There are two ways in which a presheaf F may fail to be a sheaf:

(i) There is a non-zero section that vanishes on each open set in a covering; or
(ii) there are local sections that do not glue together to yield a global section.

The construction of the sheafification F from the presheaf F is therefore given by removing
the sections in (i) and restricting to the sections which satisfy (ii). More precisely, we let F
denote the presheaf which assigns to an open set U the group

Fo(U) = {o € F(U) : IV such that o|y =0 VV € V},
where V belongs to the set of coverings by open subsets of U. The quotient presheaf
Fi(U) = F(U)/Fo(U)

will satisfying the uniqueness sheaf axiom. To build from F; a presheaf which also satisfies
the existence axiom (and is therefore a sheaf), we introduce the following groups: For any
covering 'V by open subsets of U, we set

.Av(U) = {(O'V)Vev Loy € 351(V) and 0'V|WOV = UW|WOV, VV, W e V}.

We will define the sheafification F as a certain direct limit of the groups Ay. Let us, therefore,
make the following definitions:
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Definition 3.7.2. Let U = {Ua}aeca and V = {V3}3cp be two locally finite open coverings
of X. Declare V to be a refinement of U if for each 5 € B, there is some a € A, such that
Vg C Uy. If V is a refinement of U, we write V < U.

Remark 3.7.3. The relation V < U defined a preordering between coverings of X. This
relation is, moreover, filtered since, if U = {Ua}taca and V = {Vg}gep are two coverings,
then W := {(Ua NV5)}(a,8)caxB is a covering such that W < U and W < V.

Two coverings U and V are equivalent if U <V and V < U. We can therefore speak of the
set of classes of coverings for this equivalence relation, which is an ordered filtered set.*

In light of these remarks, we observe that if V is finer than V, and if o : V — V denotes the
refinement map such that V' C (V) for all V € V, then we have the obvious restriction map
p(a)g : Ay — Ag. From the definition of Ay, the restriction maps are independent of the
choice of refinement map o. Let R be the directed set of coverings of U. We set

FU) = lim Ay.

Explicitly, this direct limit is the group consisting of the (oy)yex satisfying the property that
there exists a covering V such that o3 = pg(av) for V finer than V, quotiented by the sub-
group consisting of the (oy)yex such that for some V, we have oy = 0 for everying covering
V which is finer than V. It is clear from the construction that F satisfies the second sheaf
axiom and is thus a sheaf.

Observe that we have a natural map f : F — F given by restriction and passage to the
quotient. Finally, given a morphism of presheaves ¢ : F — G, there is an associated morphism
Q: F - §, which satisfies po f = go ¢, where g : § — G is the sheafification of . If G is
a sheaf, then g is an isomorphism. Hence, there is a morphism y such that ¢ = y o f. The
uniqueness of x is clear.

Definition 3.7.4. Let F be a subsheaf of a sheaf G of abelian groups on a topological space
X. The quotient presheaf G/F is the presheaf which assigns to each open set U C X, the
quotient group G(U)/F(U). The quotient sheaf is the sheaf associated with the quotient
presheaf.

3.8. THE SHEAF OF MEROMORPHIC FUNCTIONS

Our intuition from our training in complex analysis tells us that a meromorphic function
is specified by the ratio of holomorphic functions defined locally in a neighborhood of each
point. That is, we intuit that for any point p € X in a complex manifold X, a meromorphic

4Note that we cannot speak of the set of all coverings of X since the indexing sets can be arbitrary.
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function is to be specified by the ratio f/g in some open neighborhood U of p € X, where
fyg € Ox(U). The subtlety in defining meromorphic functions was pointed out by Kleiman
[192]. Let Mx denote the sheaf of meromorphic functions (whatever this is) on a complex
manifold X. The following statements are false:

(i) The sheaf Mx is the sheaf associated with the presheaf of total fraction rings®
U — HOU, Ox)sot-
(ii) The stalks My , are equal to the total fraction rings (Ox 4)tot-
(iii) If X is a scheme, U = Spec(R) C X is an affine open set, then H?(U, Mx) = Ryot.
That is, the presheaf in statement (i) is a sheaf if U ranges only over affine subsets.
Counterexamples to each of the these statements (i)—(iii) are given in [192]. One of the key
points is that a non-zero divisor may restrict to a zero divisor on a smaller open subset. In
light of this, following the language of [145, p. 119], we define:

Definition 3.8.1. Let X be a complex manifold. The sheaf Ax of active holomorphic germs
to be the sheaf associated to the following presheaf: For any open subset U C X, we define
Ax (U) to be the ring of germs of holomorphic functions which do not restrict to a zero-divisor

on any open subset V C U.

Let Ax . denote the stalk of the sheaf of active holomorphic germs at x € X. Then Ax ,
forms a multiplicatively closed set in Ox ;. We may, therefore, give a definition for the sheaf

of meromorphic functions Mx:
Definition 3.8.2. Let X be a complex manifold. For each x € X, we set

MX,:): = {fx/gx : fx € OX,:mgx € -AX,m}a

and hence, the sheaf of meromorphic functions Mx is defined

My = [J Mx.
zeX

Remark 3.8.3. The quotient of two sheaves, in general, is not a sheaf. For instance, let
X = R? — {0} (endowed with its standard topology). Let Cx denote the sheaf of germs of

5Recall that if S is a subset of a commutative ring R, then S is said to be multiplicatively closed if
the multiplicative identity element of R is contained in S and z -y € S for all z,y € S. The total ring
of fractions ST'R is then defined (as a set) by ST'R := {r/s : r € R,s € S}, with addition defined by
(r/s) + (g/t) = (rt + ¢s)/st and multiplication defined by (r/s) - (¢/t) = rq/st. It is easy to check that this
definition is well-defined.

6We omit any extensive discussion of the meaning of a scheme, affine open sets, etc. These notions can
be found in any standard book on algebraic geometry, most notably [159]. Let us mention, however, that for
the reader not so familiar with algebraic geometry, one can replace scheme with complex manifold and (in the
GAGA string of analogies, see, e.g., [229]) smooth affine varieties are the algebraic analog of Stein manifolds.

For the rich subtleties concerning this analog between Steins and affines, see [228].
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continuous R—valued functions on X. Let 277 be the subsheaf of (germs of) locally constant
functions with values in integer multiples of 2w. The angle function ¥ : X — R is locally
well-defined as a section of Cx, but it is not well-defined globally on X. It gives a well-
defined section of the quotient sheaf Q := Cx /27Z, however. Note that we may identify Q
with the sheaf of (germs of) continuous functions f : X — S'. To see that Cx/27Z is not
a sheaf, we observe that the existence sheaf axiom is violated: Cover S! by the open sets
Up = {—e < ¥ <e} and Ug := {0 < ¥ < 27 — ¢}, where ¥ is the angle measured relative
to the first coordinate axis. On Uj, Ug, the angle function is a well-defined section of Q(U;)
and Q(Us) and coincides on the overlap U; N Uz. But there is no global section Q(X) which
restricts to the angle function on each of these open sets.”

3.9. THE COHOMOLOGY OF SHEAVES

Let X denote the complex plane C. On X, we consider the sheaf of locally constant Z—valued
functions, which we denote by Z. Further, we denote by O% the sheaf of non-vanishing
holomorphic functions. Since we can locally write a non-vanishing holomorphic function as
the exponential of a holomorphic function, we have the following exact sequence of sheaves:

0—7Z— Ox —2 5 0% — 0.

However, this will fail to produce an exact sequence on global sections since there is no
globally-defined logarithm.

Sheaf cohomology measures the obstruction to an exact sequence of sheaves giving rise to an
exact sequence on sections. More precisely, let

0—E&—F—G—0

be an exact sequence of sheaves of abelian groups on a topological space X. The correspond-
ing sequence at the level of global sections is left-exact in the sense that

0— &(X) — F(X) — §(X)
is an exact sequence of abelian groups. In general, however, the sequence
0 —&X) —FX) —9(X)—0

will fail to be exact. The obstruction to an exact sequence of sheaves yielding an exact
sequence on the space of sections is measured by the sheaf cohomology groups.

"This example is beautifully illustrated in M. C. Escher’s 1961 lithograph Waterfall.



3.10. SOME HOMOLOGICAL ALGEBRA 63

3.10. SOME HOMOLOGICAL ALGEBRA
Definition 3.10.1. Let R be a commutative ring. A sequence
d d
A0 Do gt By g2 gk e gkl SR

of R—modules and R—morphisms is called a complexz (of R—modules) if, for all & € Ny, we have
dy41 0 d, = 0. We denote such a complex by A® := (A*, di)ken, and refer to the sequence of
R-morphisms dj. as the coboundary map of A°.

Definition 3.10.2. Let R be a commutative ring. Let A* := (A* dp)ren, and B® =
(B%,61.)ken, be two complexes (of R-modules). A morphism of complezes (of R-modules)
is a sequence ¢y, of R-morphisms ¢, : B¥ — A* which are compatible with the constituent

coboundary maps in the sense that
di ok = Ppy1 00", Vk € No.

Remark 3.10.3. Note that with morphisms of complexes defined as above, the category of
complexes (of R—modules) form an abelian category.

Definition 3.10.4. Let R be a commutative ring. Let

Ao Pe Bo 111- Co

be a sequence of complexes (of R—modules). We say that this sequence is ezact (as a sequence
of complexes of R—modules) if

VL Pk BF Y Ck

is exact (as a sequence of R-modules) for all k& € Ny.

Let A® := (A%, dy) keN, be a complex of R-modules. We introduce the R-modules
ZF(A*) = ker(dy), BF(A*) = Tm(dg_1),

of k—cocycles and k—coboundaries, respectively.

Definition 3.10.5. Let A* := (A*, d}.)ren, be a complex of R-modules. The kth cohomology
module of A® is defined by

HF(A*) = Z2F(A*)/BF(A*), V k € Ny,
where B?(A*®) := {0}.

Let ¢, : B¥ — A* be a morphism of complexes (of R-modules). Then ¢ (ZF(B*)) C ZF(A*)
and @ (B*(B*)) C B¥(A*). Hence, a morphism of complexes ¢, induces morphisms

H*(B*) — H*(A®), VkeN

on the corresponding cohomology modules.
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Lemma 3.10.6. ([144, p. 29]). Let R be a commutative ring. Let

be

0— A* 2 B C* =0

be a sequence of complexes (of R-modules)®. For each k € Ny, there exists a natural mor-
phism
o - HE(C*) — HF1(4*)
which depends functorially on ¢, and ), so that the long sequence of cohomology modules
0 = HO(A%) = --- — HF(A®) = HY(B*) —» HM(C*) —% HM1(A%) -

is exact.

We want to apply this theory to sheaves. Hence, we need to build complexes. This is achieved

by introducing resolutions:

Definition 3.10.7. Let R be a sheaf of rings on a topological space X. Let G be a sheaf
of R-modules on X. An (injective) R—resolution of sheaves of R-modules is a long exact

sequence
05GF sFl 5. FF 5

of sheaves of R—modules.

Example 3.10.8. Let M be a smooth manifold of (real) dimension n. Denote the sheaf
associated with the constant presheaf by R. By the Poincaré lemma, a resolution of R is

given by
0—R—-00 450l 4. L,on 0.
From an injective R-resolution
0—G— g0 Zygl 22, Phyogh 2L, (3.10.1)

of a sheaf G of R—modules, we build a complex (of R(X)-modules) at the level of sections:
FO(X) LN F1(X) I IR N Fh(x) L,

Definition 3.10.9. Let G be a sheaf of R—modules on a topological space X. Let F*(G)
denote the injective resolution (3.10.1). We define the kth cohomology module (relative to

F°(9)) by
HM(X,5%(9)) = ker(¢y)/Im(¢k_y), VEeN,

and HO(X,F*(9)) := §(X).

8Here7 0 denotes the zero complex.
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3.11. FINE SHEAVES

Definition 3.11.1. Let F be a sheaf of abelian groups on a topological space X. Let {Uq}o
be a locally finite open covering of X. A partition of unity of the sheaf F subordinate to the
covering {U, }q is a collection of morphisms of sheaves v, : F — F such that

(i) 7o is the zero morphism on an open neighborhood of the complement of U, in X.
(ii) >, Ya = id, where id : I — JF is the identity morphism.

A sheaf is said to be fine if it admits a partition of unity subordinate to some open cover of
X.

Example 3.11.2. The sheaf of smooth p—forms QF, on a smooth manifold M is a fine sheaf.
Any sheaf of €3;—modules (in particular, any locally free sheaf on M) is a fine sheaf.

Definition 3.11.3. Let € be a sheaf of abelian groups on a topological space X. An exact
sequence of sheaves on X of the form

0—F—F—D g B 5 ...

is called a fine resolution if, for each k € Ny, the sheaves F, are fine.
Example 3.11.4. The resolution in 3.10.8 is a fine resolution of the constant sheaf R.

Fine resolutions play a central role in sheaf cohomology in light of the following theorem
[158, p. 178]:

Lemma 3.11.5. Let G be a sheaf (of abelian groups, rings, modules) on a topological space
X. There is a canonical fine resolution (F*(9):

0—g—2sg0 D ,g2 4

such that for any morphism of sheaves ¢ : G — H, there is a commutative diagram between
the canonical resolutions of G and H.

The above result has the important consequence that on a paracompact topological space,
the sheaf cohomology groups, computed with respect to a fine resolution, are independent of
the choice of fine resolution [158, p. 180]:

Theorem 3.11.6. Let G be a sheaf (of abelian groups, rings, etc.) on a paracompact
topological space X. The sheaf cohomology groups H*(X,F*(5)) are independent of the
choice of fine resolution F*(3).

In particular, the following definition is well-defined:
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3.12. SHEAF COHOMOLOGY GROUPS

Definition 3.12.1. Let § be a sheaf (of abelian groups, rings, etc.) on a paracompact
topological space X. The sheaf cohomology groups of G are defined

H¥(X,9) = H¥X,5°(9)), VY k€N,

for some fine resolution F*(§), and H°(X,G) := §(X).

3.13. DOLBEAULT THEOREM

Theorem 3.13.1. (Dolbeault theorem). Let X be a complex manifold. Denote by QF the
sheaf of holomorphic p—forms on X. Then there is an isomorphism

HPUX) ~ HYX,08).

PROOF. Let ZR%? denote the sheaf of smooth O-closed (p,q)-forms on X. This is a
subsheaf of the sheaf @27 of smooth (p,q)—forms on X. From the Dolbeault lemma, the
sequence of sheaves

0
0 — 28B4 — Pt 2 ghatl

is exact for each p, ¢ € Ny. Since the sheaf 7% is fine, the long exact sequence on cohomology

implies that
k) 1 b
HNX, 280 = HMH(X 25,
for each k£ > 0, and the sequence
HO(X, o) 2 HO(X, 257y — HY(X,28%9) — 0

is an exact sequence of groups. In particular, H'(X, Zggq_l) is isomorphic to the quotient of
HO(X,2%%) by the image of HY(X, Jaf)%q_l) under 9. From Zgéo = Q% we see that

HIX, ) = HUX,2Y) ~ HUW(X,2%) =~ HOP(X,25)) ~ - ~ H'(X, 2507,
From the previous remark, we see that

HY(X,2507Y) ~ HY(X,2%9)/0(HY (X, /2% Y)) = HPY(X).
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3.14. A BRIEF REMINDER OF CECcH COHOMOLOGY

Let X be a topological space, on which we have a sheaf F of abelian groups. Let U := {Uq }aca
be a locally finite open covering of X.

Definition 3.14.1. For p € Ny, a p—cochain of U with values in F is a function ¢ which
assigns to each (p + 1)-tuple (o, ..., o) of A, a section 04y, € F(Uap NN Uy, ).

The p—cochains form an abelian group, which we denote by

CP(U,F) = I Fu,n-ni,).
a0 #Fo

For p = 0, we have CO(U, F) := [, F(Ua).

Definition 3.14.2. The coboundary operator § : CP(U,F) — CPTL(U, F), is defined by the

formula
k
(5‘7)ao,---7ap+1 = Z(‘D O,y Olpt 1

Example 3.14.3. If 0 = {0,} € C%(U,F), then
(00)ap = 08— 0q.
If 0 = {045} € CL(U, F), then

(00)apy = 0Oap+ 08y — Oay-

It is straightforward to show that dod = 0. Hence, the coboundary operator § endows C*(U, F)
with the structure of a complex. Hence, we can speak of the cohomology of (C*(U, F),d):

Definition 3.14.4. Let U be a locally finite open covering of a topological space X. Let F
be a sheaf (of abelian groups, rings, modules) on X. The Cech cohomology groups of X with
values in F (relative to U) are
~ P . 6 =
AT = {o € CP(U,TF) : do 0}'
{dr: 7 e~ (U,F)}

The construction of these cohomology groups hinges on the choice of locally finite open
covering U of X. To remove this dependence, we consider:

Remark 3.14.5. If V < U, with U = {Us }aeca and V = {V3}sep, thereisamap f: A — B
such that Vg C Uy(g). This furnishes a morphism

Pf: Gp(u, ff) — GP(V,S"), (pfa)ﬁomﬂp = O-f(ﬁo)"'f(ﬂp)|u600“'ﬁuﬁp'
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Given two such maps f : A — B and g : A — B, it can be checked that the induced maps p
and pg4 are chain homotopic®. In particular, since do p ¢ = pyod, we have induced morphisms
on cohomology

p: HP (U, F) — HP(V,TF)
which are well-defined, independent of the choice of f.

Definition 3.14.6. Let X be a topological space, endowed with a sheaf F of abelian groups.
We denote by HP(X,F) the inductive limit of groups H? (U, F), where U runs over all filtered
orderings of classes of coverings of X, with respect to the morphisms p.

In other words, an element of HP(X,J) is a pair (U,v) with v € HZ(U,F) subject to the
following identification: We identify (U,~) and (V,n) whenever there exists a covering W
such that W < U, W <V, and p(W,U)(7) = p(W,V)(n) in HP(W, F).

Theorem 3.14.7. Let X be a topological space on which we have a simplicial complex ¥ x.
Then there is an isomorphism

HP(Yx,Z) ~ HP(X,Z),
where the left-hand side is the simplicial cohomology of X x, and the right-hand side is the
Cech cohomology of the constant sheaf Z on X.

3.15. SERRE DUALITY

Theorem 3.15.1. (Serre duality). Let X be a compact complex manifold of (complex)
dimension n. Let € — X be a holomorphic vector bundle. There is a conjugate linear
isomorphism

HY(X,0%(8)) — H" (X, Q% P(EY)).
Corollary 3.15.2. Let X be a compact complex manifold of (complex) dimension n. Then

(i) bp(X) = bop_x(X) for all k € {0, ...,2n}.
(i) hP9(X) = h" @n=P(X), for all p,q € {0, ...,n}.

9For details, see [261, Proposition 3.3] and [122, Chapter IV, §3].



CHAPTER 4

Divisors, Line Bundles, and Characteristic Classes

One of the essential features of the theory of complex-analytic functions is that the inspiring
beauty of such functions demands a high compensation in the form of their rigidity. This
strips the study of holomorphic functions on a compact manifold of any interest: they are all
constant. There are two natural ways to recover from this:
(i) Allow (reasonable) singularities to be introduced in the holomorphic map, i.e., we
may consider meromorphic maps.
(ii) Allow the target space of the holomorphic map to be a non-trivial line bundle (noting

that a holomorphic function X — C is a section of the trivial bundle C — X).

These two routes turn out to be intimately related. Let us first recall:

4.1. ANALYTIC SETS AND ANALYTIC SUBVARIETIES

Definition 4.1.1. Let D C C" be a connected open set. A subset A C D is said to be
analytic at p € D if there is an open neighborhood U C D of p and holomorphic functions
f1s s f& € O(U) such that

ANU = V(fi,.r, fr) == {xzel: fi(x) =0Vi=1,....k}.
We say that A is an analytic subvariety of D if A is analytic at every point p € D.

Remark 4.1.2. By Oka’s coherence theorem [145] the number of analytic functions f1, ..., f
which locally describe an analytic subvariety is always finite. Further, it is clear that the
above definition easily extends to define analytic subvarieties of complex manifolds.

Definition 4.1.3. Let A be an analytic subvariety of a complex manifold X. We say that
A is drreducible if A cannot be written as the union of two analytic subvarieties of X.

Remark 4.1.4. From [149, p. 21], an analytic subvariety A is irreducible if and only if A°

is connected.

It is a standard fact (see, e.g., [155]) that an analytic subvariety can be written as a union

of its irreducible components.

Definition 4.1.5. Let A be an analytic subvariety of a complex manifold X. Let p € A be
a point with A locally described (in some open neighborhood U of p) by the holomorphic

69
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functions f1, ..., fr. We say that p is a smooth point of A if the Jacobian of the local defining
functions J(fi, ..., fr) has maximal rank k. The set of smooth points of an analytic subvariety
A is denoted A°. The dimension of an analytic subvariety A is defined to be the dimension
of A°.

4.2. DIVISORS

Let ¥ be a compact Riemann surface, and let f be a meromorphic function® on ¥. Let
V(f) :={x € X: f(x) = 0} denote the vanishing locus of f, and P(f) :={x € X:1/f(x) =
0} denote the polar locus of f. Since ¥ is compact, both V(f) and P(f) are locally finite sets
in X. The points of V(f) and P(f) contain more data than merely set-theoretic information:
the points are associated with integers — the multiplicity of f. This leads to the notion of a

divisor:

Definition 4.2.1. Let X be a complex manifold. A divisor D on X is a (locally finite)

formal Z-linear combination of codimension-one analytic subvarieties
D = E my - Ap,
P

where m, € Z and A, C X are codimension-one analytic subvarieties.
The set of divisors on a complex manifold X form a group Div(X) with respect to addition.

Example 4.2.2. Let f be a meromorphic function on a compact Riemann surface ¥. For
a point p € X, let ord,(f) denote the order of vanishing (if ord,(f) > 0) or the order of the
pole (if ord,(f) < 0). Then
div(f) == Y ordy(f)-p
peEX

is a divisor on X.

More generally, let V C X be an (irreducible) analytic hypersurface. For any point p € V, let
f denote the local defining function for V near p. If w is a holomorphic function defined on a
neighborhood U C X that contains p, we define the order of u along 'V at p to be the largest
integer A € Z such that u = f* - v (in the local ring Ox,) for some (local) holomorphic
function v. From [?, p. 10], relatively prime elements of Oy, remain relatively prime in
nearby local rings, so we see that ordy,,(u) is independent of p. Hence, for an irreducible
analytic hypersurface V, the order of u along 'V is defined to be the order of u along V at any
point p € V. Note that for u,v any holomorphic functions, V any irreducible hypersurface,

ordy(u-v) = ordy(u) 4 ordy(v).

IThat is, a section of the sheaf of (germs of) meromorphic functions on X.
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Let f be a meromorphic function on X, locally given by f = u/v, with u,v holomorphic and
relatively prime. For V an irreducible hypersurface, we define

ordy(f) := ordy(u) — ordy(v).
We then define div(f) := > yordy(f) -V, where the sum is over all irreducible analytic

hypersurfaces of X.

Definition 4.2.3. A divisor D on a compact complex manifold X is said to be a principal
divisor if D = div(f) for some meromorphic function f on X.

The space of principal divisors forms a subgroup of Div(X) which we denote by PDiv(X).

Remark 4.2.4. There is a natural group homomorphism attached to the group of divisors
Div(X) — the degree function:

deg : Div(X) — Z, deg Z my-p| = Z M.
peEX peX

The kernel of deg is the subgroup Divy(X) of divisors of degree zero.
Remark 4.2.5. Since the number of poles of a meromorphic function must be equal to the

number of zeroes (counted with multiplicity) on a compact Riemann surface (see, e.g., [217]),
we see that

deg(div(f)) = 0

for any meromorphic function f. In particular, PDiv(X) is a subgroup of Divy(X).

Example 4.2.6. Let f be a meromorphic function on P!. Restricting f to the affine part
C ~ P! — {+cc}, and letting 2z denote the affine coordinate on C, write

f(z) = ao [J(z — wi)™,
k=1

where my. € Z and ag, w € C. Then

div(f) = ka-wk— (ka> - 00.
k=1 k=1

Example 4.2.7. Let ¢ denote the standard theta function. This defines an entire function
which has simple zeroes at the points (1/2) + (7/2) + ¢, for all lattice points ¢ € Z + 7Z.
Then

div(¥) = > 1-(1/2)+ (7/2)+ m+nr.

m,nez
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Let M% denote the multiplicative sheaf of meromorphic functions on X. Write O% for the
multiplicative sheaf of holomorphic functions on X. A global section of the quotient M% /0%
is specified by an open cover (U)o of X together with meromorphic functions f, € Mx(Uy)

such that
Ja
Is

For any analytic subvariety of codimension one A C X, we have ord4(fa) = ord4(fz). Hence,

€ OX(U HUB)

we can associate to the global section of M% /0%, the divisor

= Zordﬂ(fa) : ‘A7
A

where, for each A, we choose a such that AN U, # 0.

On the other hand, if we have a divisor D = ), my, - Ay, then may cover X by open sets U,
such that A; NU, is the vanishing locus of an analytic function fi, € Ox(Uy). If we set

kakEMX o)

we obtain a global section of MY /O%:

Theorem 4.2.8. The map which sends a meromorphic function to its principal divisor
defines an isomorphism of groups

Div(X) ~ HO(X,M%/0%).

Remark 4.2.9. Since any point on a Riemann surface X is an irreducible analytic subvariety
of codimension one, Div(X) is always large. This phenomenon does not persist for complex
manifolds of higher dimensions, however. For instance, a sufficiently generic complex torus
C">!/A has no analytic subvarieties of positive dimension. If X is a projective manifold,
however, i.e., X embeds into some P™, then intersecting X with hyperplanes can be used to
generate a bountiful number of divisors. We will see later that projective manifolds can be
characterized (amongst compact complex manifolds) by the existence of a large number of

divisors.

4.3. EFFECTIVE DIVISOR

Definition 4.3.1. Let D =Y ¢, Va, ¢o € Z, be a divisor on a complex manifold X. We say
that D is effective if the coefficients ¢, > 0.

Remark 4.3.2. If X is a compact Riemann surface, a divisor is, in general, cut out by a
meromorphic function. Effective divisors on X are cut out by holomorphic functions.
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4.4. LINEAR SYSTEMS

Definition 4.4.1. Let X be a complex manifold. Two divisors D1, Dy C X are said to be
linearly equivalent if their difference is a principal divisor

Dy = Dy + div(f).

The set of divisors linearly equivalent to a divisor D is called the linear system associated to
D, denoted by |D].

4.5. LINE BUNDLES

Let £ — X be a (holomorphic) line bundle over a complex manifold. Cover X by open
sets Uq such that L]y, ~ U, x C. Denote the local trivializations by ¢4 @ L)y, — U x C.
Over any overlap U, N Ug, we have transition maps @5 : U, N Ug — C* for £ given by
PaB = Pa © cpEl. Observe that the following Cech 1-cocycle condition holds:

Papppa = 1, PapPpyPra = L. (4.5.1)

Indeed, (4.5.1) implies that the Cech 1-cochain ®,p defined by transition maps {p.z €
0% (Ua NUg)} satisfies 6(Pqp) = 0.

If consider another local trivialization for £, given by 1, : L|y, — U x C, then we can
find holomorphic functions f, € 0% (Uy) such that ¥, = fopa. Hence, the transition maps

are

waﬁ = ¢a0¢51 - ';.(;Spoéﬁ, (452)

and therefore, two collections of transition maps {¢n3} and {pns} define the same line
bundle if and only if there are holomorphic functions f, € 0% (U,) satisfying (4.5.2). In
other words, the Cech 1-cocycles {1)n5} and {¢,s} define the same line bundle if and only
if their difference? {waﬁgogﬂl} is a Cech 1-coboundary:

Theorem 4.5.1. The map which sends a line bundle £ — X to the Cech 1-cocycle given
by its transition maps defines an isomorphism of groups:

Pic(X) ~ HY(X,0%).

Example 4.5.2. For any n € N,
Pic(P") ~ Z,
the generator given by the hyperplane bundle Opn (1).

2Since the sheaves are multiplicative, difference is understood to mean ratio.
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Remark 4.5.3. Let us briefly remark that the group H?(X, O%) is also of particular impor-
tance. Let X be a compact complex manifold (or, more generally, a complex space). The set
of isomorphism classes of holomorphic P*~bundles over X is denoted by Proj,(X). We have
an exact sequence of sheaves on X:

1 — O} — GLk(Ox) — PGLk(Ox) — 1,

from which we obtain an exact sequence

H'(X,GLy(0x)) —— H'(X,PGLy(0x)) —2— H*(X,0%)).
Identifying H'(X, GLy(Ox)) with the set of isomorphism classes of holomorphic rank k vector
bundles on X and H'(X,PGL;(0x)) with Proj,_,(X), we may write

Vecti(X) —— Proj,_;(X) —2%— H(X,0%).

4.6. INSIGNIFICANT BUNDLES

A projective bundle of the form P(€), for some vector bundle &, is said to be insignificant.
Hence, dj, is the obstruction to P € Proj,_;(X) coming from a vector bundle &, i.e., to P
being insignificant. Let

Proj(X) = [ Proj,(X).

keN

The composition law ® endows Proj(X ) with a natural monoid structure, which, on insignif-
icant bundles, is given by P(€) ® P(F) = P(€ ® F). Moreover, the involution P(E) — P(E*)
on insignificant bundles extends to an involution on Proj(X).
An equivalence relation on Proj(X) is then defined by declaring that

PrQ = PRPE) ~ QP(F).

4.7. THE BRAUER GROUP
Definition 4.7.1. The Brauer group (in the sense of Grothendieck) of X is the quotient
Br(X) := Proj(X)/ ~.

4.8. THE CORRESPONDENCE BETWEEN DIVISORS AND LINE BUNDLES

Let us briefly describe the correspondence between divisors and line bundles. Let X be
a complex manifold and D C X a divisor. Relative to an open cover {Uy}o of X, let
fa € M*(Uy) be the local defining functions for D. We construct the line bundle associated
to D, which we denote by Ox (D), by declaring the transition maps to be gag := fo/fs. It is
clear that the map D — Ox (D) is well-defined, and moreover, defines a morphism of groups
Div(X) — Pic(X).
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Example 4.8.1. An easy argument (see, e.g., [149, p. 134] for details) shows that Ox (D)
is trivial if and only if D is a principal divisor.
Let us also mention that if H = P"~! denotes the hyperplane divisor in P", then Opn(H) is
the hyperplane bundle Opn (1).

4.9. CHERN CLASSES
Let X be a complex manifold. The exponential sequence

0—7Z—0x — 0% —0

is an exact sequence of sheaves, which fails to be exact at the level of global sections. We,
therefore, have the corresponding long exact sequence on cohomology:

o — HY(X,0x) — Pic(X) =2 H2(X,Z) — -+ , (4.9.1)
where 4 is the coboundary map.

Definition 4.9.1. Let £ — X be a (holomorphic) line bundle. The first Chern class of
c1(£) of £ is the cohomology class given by c;(£) := §([£]) € H?(X,Z), where [L] is the
holomorphic equivalence class of £ in Pic(X).

Remark 4.9.2. Since § : Pic(X) — H?(X,Z) is a morphism of groups, if £* is the line
bundle dual to £, then £* ® £ ~ O, implies that

c1(£%) +er(£) = 8([£7]) +8([£]) = 6([£* ® £]) = §([0x]) = 0 € H*(X, Z).
In particular, the first Chern class reverses sign under inversion of line bundles in Pic(X):
a(L*) = —c(L).
Similarly, the first Chern class is additive:
a(LeA) = §([LA]) = §(L]) +0([A]) = c1(L) + c1(A).

Finally, if f: X — Y is a holomorphic map between complex manifolds, and £ — Y is a
line bundle, then the first Chern class commutes with pullback:

a(f*L) = ffa(L).
Example 4.9.3. Let us consider the sequence (4.9.1) with X = P". Since
HY(P",Opn) = H2(P",Opn) = 0,

it follows that § : Pic(P") — H?*(P",Z) ~ Z is an isomorphism. In particular, every line
bundle on P" is determined by its first Chern class. In other words, every divisor on P" is
linearly equivalent to some multiple of the hyperplane divisor H = P! c P,
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Example 4.9.4. If ¥ is a compact Riemann surface of genus g, then ¢;(Ky) = —x(X) =
2 — 2¢g. In particular, the first Chern class of a compact Riemann surface is homotopy-

invariant.

4.10. INTERSECTION THEORY

Let us now discuss the pairing between line bundles and curves in a complex manifold X.
Here, a curve in X is understood to mean a (not necessarily irreducible) analytic subvariety of
dimension 1. In the following definition, ©(*") denotes the curvature form of the Hermitian
metric h on £ (see §2.2 for the relevant theory).

Definition 4.10.1. Let C be a curve in a complex manifold X. Let £ — X be a holomorphic
line bundle over X. We define the intersection pairing

L£-C = /@WL),

where h is a Hermitian metric on £ and C° denotes the set of smooth points of C.

Remark 4.10.2. By Stokes’ theorem (see [149, p. 33] for the proof of Stokes’ theorem if €
is not smooth), the definition is well-defined, independent of the choice of Hermitian metric.

The above definition extends to a pairing between divisors D C X and curves € C X. Indeed,
let Ox (D) be the line bundle associated to the divisor D. Then we set

D-C := Ox(D)-C.

In fact, we can still further extend the definition to define a pairing between a curve € and
any cohomology class [a] € HV1(X,R) by setting

] € = /@a.

Definition 4.10.3. Let £L — X be a holomorphic line bundle over a complex manifold X of
(complex) dimension n. We define the top intersection number of £ to be

(L) = / (@WL))”.
X

Remark 4.10.4. We may sometimes
/ C1 (L)n,
X

which is understood to be the top intersection number of £ in the above sense.
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4.11. THE NAKAI-MOISHEZON CRITERION

Let £ — X be a holomorphic line bundle over a compact complex manifold X. If D is an

/Ycl(l))k >0

for any subvariety Y C X of dimension k, where 0 < k < n = dim¢ X. The Nakai-Moishezon

ample divisor? in X, then

criterion asserts that if X is projective, the converse is true [336, p. 205]:

Theorem 4.11.1. (Nakai-Moishezon criterion). Let X™ be a projective manifold which
supports a divisor D. Then D is ample if and only if for any 0 < k < n, and any irreducible

subvariety Y C X of dimension k, we have

/ycl(ﬂ)k > 0.

3That is, if the associated line bundle O x (D) is an ample line bundle in the sense of 18.6.



CHAPTER 5

Hermitian and Kahler Manifolds

From now on, unless otherwise stated, all complex structures are assumed to be integrable.

5.1. HERMITIAN METRICS

Definition 5.1.1. Let X be a complex manifold with an underlying complex structure J.
A Riemannian metric g on X is said to be Hermitian (or more precisely, J—Hermitian) if

g(Ju, Jv) = g(u,v),
for all u,v € TX.
Remark 5.1.2. That is, the complex structure J is orthogonal with respect to the Hermitian

metric g. If (gi;) denote the components of the Riemannian metric g, then the Hermitian
condition translates to

9i 1T = gre-

Definition 5.1.3. A complex manifold X endowed with a Hermitian metric g is referred to
as a Hermitian manifold. If the underlying almost complex structure is not integrable, then
we say (X, g) is an almost Hermitian manifold.

Proposition 5.1.4. Let X be a complex manifold with a complex structure J. Then X

admits a Hermitian metric.

PROOF. A manifold (by our definition) is paracompact, and hence, admits a Riemannian
metric. Call this metric g. If J denotes the complex structure on X, then the prescription

h(u,v) = g(u,v) + g(Ju, Jv)
defines a Hermitian metric on X. O

Suppose (M?", g) supports an almost complex structure .J : TR M — TR M compatible with
g in the sense that (by writing J for the complex-linear extension of .J)

g(Ju, Jv) = g(u,v), (5.1.1)

for all u,v € T°M. Let {z1,...,%n, Tpy1, ..., x2,} denote smooth (real-valued) local coordi-
nates on M. Introduce the notation I := ¢+ n to apply the Einstein summation convention.

78
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Assume the almost complex structure acts according to

0 0 0 0
J(ax) = our J(m) = T on

In these coordinates, the Riemannian metric reads

g = gipdr; @dry + gixdr; @ drg + grdry @ drg + grxgdry @ dxg.
From (5.1.1), we see that
9ik = 9IK; 9iK = 9Ki = —9kI = —YIk-
Introduce the following complex coordinates {z;, z;} on M, given by
zi = T+ \/jxf, z = x; —/—lay.
Then dz; = dx; + v/—1dx; and dZ; = dx; — \/—1dx;, and hence,

0 1/ 0 — 0 0 1/ 0 — 0
dz 2<333z‘_ _I&TI)’ oz 2<3l’i+ _13901)

Let us write h : TCM x T®M — C for the Hermitian form coming from the complexification
of g, i.e.,

h(u,v) := g(u,v),
for u,v € TCM. We observe that

o 0 o 0
w =0 (ga) =0 = (amag) = o

g 0
hg = h(@a’azj) = 9ij +V—1gis.

In particular, we see that Re(h) = ¢g and Im(h) = —w, where w is the (1, 1)—form

moreover,

w(u,v) = g(Ju,v).

Cautionary Remark 5.1.5. Let h be a Hermitian metric with underlying Riemannian
metric g and (1,1)—form w. We will often express this data by simply writing w; when we
wish to specify the additional data given by g, we write wgy. It is a ubiquitous tradition in
complex geometry to refer to the (1,1)-form w, as the Hermitian metric, and this tradition
will be maintained here. Let us also caution the reader that w, appears under a number of
names in the literature, most commonly referred to as the fundamental 2—form, fundamental
(1,1)—form, associated (1,1)~form, or Kéhler form'. We will also at times adopt the notation
{+,-}» in place of h(-,-).

1This name is maintained even if the Hermitian metric is not a Kéhler metric.
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In general, a Hermitian metric can be a rather ungodly object. As a consequence, great
success has been achieved by considering classes of Hermitian metrics which support some
additional structure, the most famous of which are the following;:

5.2. KAHLER METRICS

Definition 5.2.1. Let (X,w) be a Hermitian manifold. The Hermitian metric w is said to
be a Kdhler metric if the associated (1,1)—form is closed

dw = 0. (5.2.1)

A Hermitian manifold (X, w) is said to be Kdhler if w is a Kahler metric. A complex manifold
X is said to be Kdhler if it supports a Kahler metric.

Remark 5.2.2. It is clear from writing d = 9 + 0 and decomposing the Kdhler condition
(5.2.1) into types, that (5.2.1) is equivalent to dw = 0 or dw = 0.

Proposition 5.2.3. Let (X, w,) be a Kéhler manifold. Then in local coordinates (21, ..., zn),
the metric g = szzl gﬁdzl- ® dz; has the following symmetry:

%5 _ %9 995 _ 9z
0z, 0z; ’ 0Zy, 8§j '

PROOF. Let w = +/—1377",_, g;zdz A dz;. Then

99;; _ 995 _
0 = dw = \/—12 azgdzk Adzi A dZ; + \/—12 azljdzk Adz; A dZ;,
2,5,k 1,5,k
from which the statement readily follows. O

Remark 5.2.4. We will see in Chapter 2 that the above proposition states precisely that
the torsion of the Chern connection of a Kahler metric vanishes (and conversely).

Given the restrictive nature of the Kahler condition (5.2.1), it is surprising that Kéhler
metrics exist at all. One of the remarkable features of the subject, however, is that they
happen to exist in abundance:

Example 5.2.5. Let (z1,...,2,) denote the standard coordinates on C". The Euclidean
metric

wer = V-1 Z dzi N\ dZzp
k=1

is certainly closed, and thus (C™,wcn) is a Kéhler manifold.



5.3. THE BOOTHBY METRIC 81

Example 5.2.6. Let [zp: 21 : --- : 2,] be homogeneous coordinates on P". Let Uy = {zp =
1} ~ C". The Fubini-Study metric wrg affords the following description in the open affine
chart Uy:

wps = V—100log(1+ |z|?),
where |22 = Y"1 |22

To see that this metric is globally defined, let U; = {w; = 1} ~ C™ be another open affine
chart on P™. On the overlap Uy N U;, we have z1 = w%] and z; = g—é for all # > 2. Hence,

/)

wps = V/—1001log(1 + |z|?)

_ 1 n
V=190 log (1 T T >
0 =2

w;
wo
= V-1991log(1 + [w[*) — V=188 log |wo|?
= /—=100log(1 + |w|?).
Example 5.2.7. The Bergman metric
wp = /=109 log(1 — |z|?)
on the ball B” C C” is certainly a Kahler metric.

Example 5.2.8. Any Riemann surface is Kéhler. This is immediate from the fact that a
(2,2)—form dw vanishes identically on a Riemann surface.

5.3. THE BOOTHBY METRIC

Example 5.3.1. Let X := S?"~! x S! denote the Hopf manifold. Then X is diffeomorphic
to the quotient of C™\{0} by the cyclic group generated by z — %z. The Boothby metric (or
standard metric) on X is the Hermitian metric induced by the Euclidean metric on C™\{0}:

4
wy = \/—1ZWdzi/\d§j.
Z’j

It is easy to show that wg is Hermitian but not Kahler.

Example 5.3.2. The Kéahler condition is preserved under holomorphic immersions. More
precisely, let f : Y — (X,w) be a holomorphic immersion with w a Ké&hler metric. The
pullback of w to Y is given by (f*w)(u,v) = w(df(u),df(v)). Since f is holomorphic, the

complex structure is preserved, and since f is an immersion f*w will be non-degenerate.

An important specific case of this is the following:
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Example 5.3.3. The Kahler property is preserved under restriction to complex submani-
folds. In particular, all projective manifolds are K&hler (being complex submanifolds of P™),
and all Stein manifolds are Kéhler (being complex submanifolds of C").

Remark 5.3.4. Not all compact Kéhler manifolds are projective, however. Indeed, a suffi-
ciently generic complex torus is not projective.

Historically, although non-Kéahler metrics are quite easy to produce (for instance, deforming
a Kéhler metric w within its conformal class w — e2%w will violate the K&hler condition, in
general), finding explicit complex manifolds which do not support Ké&hler metrics are not so
easy to find.

We will see in Chapter 1.7 that for compact complex surfaces, the Kéahler condition is deter-
mined entirely by the topology of the underlying manifold:

Theorem 5.3.5. A compact complex surface is Kahler if and only if its first Betti number

by is even.
The above theorem can be used to exhibit the first non-Kéhler complex manifold:

Example 5.3.6. The Hopf surface S* x S!, discovered by Hopf [171], has b; = 1, and thus,

does not support a Kéhler metric.

5.4. THE KAHLER CONE

There are now many known examples of non-Kéahler manifolds, which we will progressively
encounter. To describe another readily-available obstruction to the existence of a Kéahler

metric on a complex manifold, we make the following important definition:

Definition 5.4.1. A cohomology class in H3g(X,R) is called a Kdihler class if it can be
represented by a Kéhler metric. The set of all Kéhler classes on X is denoted by X(X), and
is called the Kdhler cone.

Proposition 5.4.2. Let (X,w) be a compact Kédhler manifold. Then the cohomology class
[w] € HAR (X, R) is non-trivial. In particular, if bo(X) = 0, then X does not support a Kéhler
structure.

PROOF. Suppose [w] = 0 in H3z(X,R). Then w = da for some o € A'(X), and we may

write
W =da Aw" L

Observe that

dlahw™™) = danw™ ' —ando™ = da AW  —a A (n—1)(dw) Aw" 2
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Since w is closed, we see that

dlanw™™) = danw™t = W"
By Stokes’ theorem,
/ wh = / dla Aw™™ ) =0,
X X
since X is compact without boundary. O

Remark 5.4.3. The above argument was communicated to me by Ramiro Lafuente. If one
has access to the 99-lemma, then we can also argue as follows?: If [w] = 0 in H2 (X, R), then
w = da for some 1-form a. By the 0-lemma, we can write w = v/—199¢ for some smooth
strictly plurisubharmonic function ¢ : X — R. By compactness, the maximum principle
shows that this is not possible.

Remark 5.4.4. The above proposition is certainly false if X is not compact — take the

cohomology class represented by the Euclidean metric on C”.
An immediately corollary of 5.4.2:

Corollary 5.4.5. No Kihler structure exists on a complex manifold homeomorphic to SS.

5.5. WIRTINGER’S THEOREM

One beautifully transparent instance of the contrast between the real and complex-analytic
categories is the Wirtinger theorem — an elementary (but striking) consequence of the inter-
play between the real and imaginary parts of a Hermitian metric [266, p. 101]:

Theorem 5.5.1. (Wirtinger’s theorem). Let Y be a k—dimensional complex submanifold of
a Hermitian manifold (X,w). Then

1
vol(Y) = k:!/YWk'

PrOOF. Let X be a complex manifold with a Hermitian metric h. In a neighborhood U
of a fixed point, let {¢!, ..., "} be a holomorphic unitary frame for the tangent bundle Qﬁéo.

h=>Y "o
k

Decompose the Hermitian metric into real and imaginary parts h = g —+/—1w, where g is the

In U, write

Riemannian metric and w is real (1,1)-form. Write ¢* = o + /=18 for the decomposition
of the (1,0)—forms into real and imaginary parts. Then

g = Re(h) = Z(ak@)ak—i—ﬁk@ﬁk), and w = Zak/\ﬂk.
k k

2This was the original argument I had in mind.



84 5. HERMITIAN AND KAHLER MANIFOLDS
The Riemannian volume element dV} is then computed to be
dVy=a' AB A~ Aa™ A B
On the other hand, the top exterior power of w is
W = nlat ABLA AR A BT = nl avy.

Now for any complex submanifold Y C X of dimension d. The (1,1)-form associated with
the metric on Y (induced by restriction) is given by restricting w to Y. Applying the above
to the induced metric on Y proves the theorem. O

Remark 5.5.2. The principle that the volume of a complex submanifold Y C X is computed
by integrating a differential form defined on all of X, in contrast to the computation of arc
length, surface area, etc., in the Riemannian setting, is of fundamental importance.

Remark 5.5.3. It is worth emphasizing that the Kéhler condition is not used in the proof of
Wirtinger’s theorem. The Kahler condition does yield further mileage, however. Indeed, the
Wirtinger theorem states that for Kahler manifolds, a suitable normalization of the exterior
power of the Kéhler form defines a calibration.

5.6. CALIBRATED MANIFOLDS

To remind the reader, let (M™,g) be a Riemannian manifold. We understand an oriented
tangent k—plane V to be a k-dimensional subspace of some tangent space T, M, endowed with
an orientation. Since V supports an orientation, the restriction of the Riemannian metric g
to V induces a volume form (i.e., a k—form) on V, which we write as voly.

Definition 5.6.1. Let (M, g) be a Riemannian manifold. A closed k—form « on M is said
to be a calibration on M if, for any oriented k—plane V, we have

Oz’v < VOlv.
A Riemannian manifold with a calibration is said to be a calibrated manifold.

Example 5.6.2. Let (X,w) be a Kdhler manifold. The (normalized) exterior powers

Ly

of the Kahler form define calibrations.

Let N* be an oriented submanifold of a calibrated manifold (M, g, ). Then each tangent
space T, N, p € N, is an oriented tangent k—plane.
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Definition 5.6.3. We say that N is a calibrated submanifold (with respect to the calibration
a) if
alr,ny = volr,n,
for all p € N.

Example 5.6.4. The Wirtinger theorem asserts that complex submanifolds of K&hler man-
ifolds are calibrated submanifolds (with respect to the calibrations defined in 5.6.2).

The theory of calibrated geometry gives a useful context for understanding several results in
Kahler geometry. One such example that we will make use of later is the following;:

Theorem 5.6.5. Let N be a compact submanifold of a calibrated manifold (M, g, «). Then

N is volume-minimizing within its homology class.

PROOF. Let dimg N = k, and write [N] € Hy(M,R) for the corresponding homology

class. Since the calibration is, by definition, closed, « represents a de Rham cohomology
class [a] € HER (M, R). Write - : HEp (M, R) x Hy(M,R) — R for the dual pairing. Then,
since N is a calibrated submanifold,

[a] - [N] = / eNa\T,,N = / ENVOITPN = Vol(N).

Let N be a compact k—dimensional submanifold of M, homologous to N. Then, since « is a
calibration,

O

Corollary 5.6.6. Let (X,w) be a K&hler manifold. Compact complex submanifolds of X

are volume-minimizing within their homology classes.

5.7. BALANCED AND PLURICLOSED METRICS

There are several ways to relax the Kéhler condition. One wants to form classes of Hermitian
metrics, which adequately uniformize the wilderness of Hermitian manifolds. In this respect,
two natural classes of metrics readily emerge:

Definition 5.7.1. Let (X,w) be a Hermitian manifold of (complex) dimension n. We say
that w is

(i) a balanced metric if dw™ 1 = 0.
(ii) a pluriclosed metric if 00w = 0.



86 5. HERMITIAN AND KAHLER MANIFOLDS

Remark 5.7.2. It is worth noting that the balanced condition is the only non-trivial d—closed
condition one can place on a power of the metric w. Indeed, it easy to see that dw® = 0 for
1 <k <n— 2 implies that dw = 0.

Example 5.7.3. It is clear that for complex surfaces, the balanced condition is equivalent to
the Kéahler condition. On the other hand, we will see momentarily that pluriclosed metrics
always exist on compact complex surfaces. To see this, we make the following definition:

5.8. GAUDUCHON METRICS

Definition 5.8.1. Let (X,w) be a Hermitian manifold of (complex) dimension n. We say
that w is a Gauduchon metric if

20w = 0.
The following theorem of Gauduchon [137] shows that Gauduchon metrics always exist:

Theorem 5.8.2. Let (X,w) be a compact Hermitian manifold. Then there is a smooth

2

function u : X — R such that w, := e“%w is a Gauduchon metric. Moreover, the Gauduchon

metric is unique in its conformal class.

Corollary 5.8.3. Any compact complex surface admits a pluriclosed metric.

5.9. THE FINO—VEZZONI CONJECTURE

Remark 5.9.1. There is a curious duality between balanced and pluriclosed metrics. We
will see in Chapter 2 that a straightforward argument shows that a Hermitian metric which is
simultaneously balanced and pluriclosed is Kéhler. On the other hand, we have the following
conjecture:

Conjecture 5.9.2. (Fino—Vezzoni [127]). Let X be a compact complex manifold. If X
supports a balanced metric and a pluriclosed metric, then X admits a Kéhler metric.

There is a growing amount of evidence for this conjecture:

Example 5.9.3. Michelsohn [215] showed that all twistor spaces admit balanced metrics.
By an older result of Hitchin [170], twistor spaces never admit Ké&hler metrics, with two
exceptions P? (the twistor space of S*), and the flag space (the twistor space of P?). Verbitsky
[303] showed that the twistor space of a compact anti-self-dual Riemannian manifold of
dimension 4 which admits a pluriclosed metric must be Kahler.

Example 5.9.4. A very interesting example is given by k—copies X := #;(S? x S3) of the
connected sum of S* x S3. It is clear that X is not Kihler. Further, since the Aeppli
cohomology group Hil’l(X ) = 0 vanishes, any pluriclosed metric w on X is of the form
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w = 0¢ + Oy, for some ¢ € Qﬁéo. Suppose, in addition, that « is a balanced metric on X.
Then

0 < /o.:/\oz"_1 = /(&ﬁ—l—&p)/\an_l = 0.
X X

Fu-Li—Yau [132] showed (via conifold transitions) that for £ > 2, X} admits balanced met-
rics. It is known that X does not support pluriclosed metrics. At present, the following

question remains open:
Question 5.9.5. Does S? x S? admit a balanced metric?

The relationship between balanced and pluriclosed metrics is particularly curious given their
vastly different nature. It was elucidated in the seminal work of Michelsohn [215] that bal-
anced metrics are, in a very precise sense, dual to Kéhler manifolds. Pluriclosed metrics
are more complex-analytic in nature, however, since the operator 90 is a primarily complex-

analytic operator.

Recall that in 5.3.2, we saw that the Kéhler condition was preserved by holomorphic immer-
sions. For balanced manifolds, we have the following dual statement:

Proposition 5.9.6. Let f: X — Y be a holomorphic submersion. If X is balanced, then Y
is balanced.

Definition 5.9.7. A complex manifold M"™ is said to be homologically balanced if every
closed de Rham current of dimension 2n — 2 whose (n — 1,n — 1)—component is positive and
non-zero represents a non-zero class in Ha,_o(M,R).

Theorem 5.9.8. A compact complex manifold M admits a balanced metric if and only if it

is homologically balanced.

Remark 5.9.9. Observe, therefore, that the existence of a balanced structure imposes a
non-trivial constraint on the complex manifold, i.e., there is an obstruction: On a compact
complex balanced manifold, no complex hypersurface can be homologous to 0. Of course, on
a Kahler manifold, no complex subvariety can be homologous to zero.

Example 5.9.10. Note that a complex manifold can certainly admit compact hypersurfaces
that are homologous to zero: Consider the Calabi-Eckmann complex manifold S%+1 x St
for k > 0. The complex structure is given by identifying S?**1 x S! as C**! — {0} modulo
the action of scaling by 2. The image in S?**1 x S! of a complex dimension k complex linear
subspace of CF*! is a compact complex hypersurface homologous to 0. In particular, no
Calabi—Eckmann manifolds support balanced metrics.
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5.10. HIRONAKA’S EXAMPLE

One surprising feature of balanced manifolds is their behavior under bimeromorphic maps.
Note that the following example (Hironaka’s example) illustrates that Kéhler manifolds are
not closed under bimeromorphic map:

Example 5.10.1. (Hiroanka). The following example of Hironaka [165], however, shows
that the same statement cannot be made for a general modification: Consider the projective
space P? with coordinates (z,y, ), and in it, the curve € given by the equation 3? = 22 + 3,
z = 0. In a little ball near zero, blow up one branch of € first, then the other; outside of the
origin, blow up €— {0}. Then glue together to obtain the compact complex manifold X with
holomorphic map f : X — P3. In particular, the Kihler property is not a bimeromorphic

invariant.

Remark 5.10.2. We note that Hironaka’s example necessarily occurs in dimension at least
3. Indeed, for compact complex surfaces, Kodaira showed that the existence of a Kahler
structure is preserved under bimeromorphism. He shows that the blow-up of a compact
Kahler surface at one point remains Kéhler. Every compact complex surface is obtained by
blowing up one of the minimal models. Therefore, it suffices to check that blowing up points
on a non-Kéhler surface does not yield a Kéahler surface. This can be done explicitly.

Remark 5.10.3. We caution the reader that Hironaka’s example does not assert that blow-
ups of Kahler manifolds are not necessarily Kéhler. Indeed, this is always true. Hironaka’s
example illustrates that a non-Kéahler complex manifold may blow up to a Kahler manifold.

5.11. THE ALESSANDRINI-BASANELLI THEOREM

The fact that the class of (compact) balanced manifolds is large enough to be closed under
bimeromorphic maps is due to Alessandrini-Basanelli [5]:

Theorem 5.11.1. Let f : M — N be a bimeromorphic map. If M supports a balanced
metric, then N supports a balanced metric.

5.12. MOISHEZON MANIFOLDS AND MANIFOLDS IN THE FUJIKI CLASS C

The above theorem yields the existence of balanced metrics on some important classes of

complex manifolds:

Definition 5.12.1. Let X be a compact complex manifold. We say that X is

(i) Moishezon if X is bimeromorphic to a smooth projective variety.
(ii) in the Fujiki class € if X is bimeromorphic to a compact Kéhler manifold.
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5.13. A MOISHEZON NON-KAHLER MANIFOLDS

Example 5.13.1. Hironaka’s example (Example 5.10.1) provides an example of a Moishezon
non-Kéhler manifold.

Example 5.13.2. Any compact complex manifold X which supports a big line bundle £ —
X is Moishezon. Indeed, if £ is big, the sections of £ furnish a bimeromorphic map ® :
X --» Y ¢ PV with dim¢ X = dim¢ Y.

5.14. THE CHIOSE AND BiswAs—McKAY THEOREMS

Theorem 5.14.1. Let X be a compact complex manifold in the Fujiki class C.

(i) (Chiose). If X admits a pluriclosed metric, then X is Kahler.
(ii) (Biswas—McKay). If X does not contain any rational curves, then X is Kéhler.

PROOF. The proof of (i) is given in [100]. The proof of statement (ii) makes use of a
number results and is not present in the existing literature. Suppose X is in the Fujiki class
€ with no rational curves. By [29, Corollary 8] every bimeromorphic map between compact
complex manifolds with no rational curves is a biholomorphic map. O

Corollary 5.14.2. Let X be a compact Moishezon manifold.

(i) If X admits a pluriclosed metric, then X is projective.
(ii) If X does not contain any rational curves, then X is projective with Kx nef.

PRrROOF. The first statement follows from Chiose’s theorem [100] together with Moishe-
zon’s theorem [220] — a Moishezon Kéhler manifold is projective. The second statement
follows from [81, Theorem 3.1] and Mori’s theorem [223]. O

Remark 5.14.3. Since complex maniflds in the Fujiki class € admit balanced metrics,

Chiose’s theorem provides evidence for the Fino—Vezzoni conjecture 5.9.2.

5.15. FURTHER DIRECTIONS

Recall that in 2.4.5 we discussed an old observation of Hirzebruch, linking the existence of
an integrable complex structure on S to an exotic complex structure on P3. If it exists,
we showed that this exotic P3 structure could not support a balanced metric. Can such a
structure support a pluriclosed metric?
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CHAPTER 6

Harmonic Theory

6.1. THE HODGE—* OPERATOR

Let V be a real vector space endowed with a scalar product (-, -). There is an induced scalar
product on the pth exterior power AP(V') given by (the bilinear extension of)

(Vi A= Avp,wr A== Awp) = det((v;, w;)).

If e, ..., e, is an orthonormal basis for (V/ (+,-)), then an orthonormal basis for AP(V') is given
by

{eil/\---/\eip:1§i1<i2<---<ip§n}.

An orientation for a vector space V is given by declaring a given basis as ‘positive’. Any
basis obtained from this distinguished ‘positive basis’ via an invertible matrix with a positive

determinant is similarly declared ‘positive’.

Definition 6.1.1. If (V, (-,-)) is endowed with an orientation, define the Hodge x—operator
to be the linear extension of the map

*: AP(V) — A"P(V), *(ey N---Neiy) =ejy N+ Nej,_,

where the indices ji, ..., jn—p are those such that e;,,...,e;,, €;, ..., €;,_, is a positive basis for
V.

Remark 6.1.2. The Hodge x—operator does not depend on the choice of positive orthonormal
basis of V. Given a square matrix A € R"*", and vectors vy, ...,v, € V, we see that

*(Avy A= NAvp) = (det A) x (v A--- Avp).

Since any two positive orthonormal bases are related by a matrix with determinant 1, this
verifies the claim.

Example 6.1.3. The image of the O—form 1 € €°°(M) under the Hodge x—operator yields

the volume form of g:
*(1) = y/det(gij)dz1 A -+ A day,.

91



92 6. HARMONIC THEORY

6.2. THE SPACE OF SQUARE-INTEGRABLE SECTIONS

Remark 6.2.1. Let € — M be a smooth vector bundle over a Riemannian manifold (M™", g).
The space of smooth sections of € are denoted by H"(€). We denote the space of compactly
supported sections by H{(€). If € is a Hermitian vector bundle, endowed with a bundle
metric he, we denote by L?(€) the Hilbert space of square-integrable sections o € H(E).

6.3. LINEAR DIFFERENTIAL OPERATORS

Definition 6.3.1. Let & and F be two vector bundles over M. A map D : H(&) — HY(9)
is said to be linear differential operator of order k if it is of the form

Z AL0%,
| <k

where A, € Hom(&,¥F) is a bundle morphism, and « is a multi-index.

Example 6.3.2. A general differential operator of second-order is of the form

n

L(f) = Z 1]8 8$C]+Z k7+cf7

i,j=1

where f,a;;, by, c: U — R are functions on an open set U C R".

6.4. ELLIPTIC DIFFERENTIAL OPERATORS OF SECOND-ORDER

Definition 6.4.1. The second-order differential operator L is elliptic if the matrix (a;;) is
positive-definite. We say that L is uniformly elliptic if

n

Mol* < Zaij(x)vivj < Av]?

ij=1

for all z € U, all vectors v, and some constants A, A > 0.

Although we typically assume the coefficients of the operator L are smooth, in constructing
solutions it is typically easier to first obtain weak solutions: A weak solution is defined in
terms of the formal adjoint L* of L, i.e., the operator

n 92
L*(f) = ‘ZI ax18$ zyf Z a bkf + Cf

A locally integrable function f : U — R is said to be a weak solution of the equation L(f) =g

) /qu*(sO)du = /ugtpdu,

for all compactly supported smooth functions ¢ on U.
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Definition 6.4.2. Let w,n € QF (M) be compactly supported smooth p—forms on M. Define
the L?-scalar product (-, )72 : Q5(M) x Qb(M) — R by the formula

@)= [ ways() = [ wr

Definition 6.4.3. Let (M", g) be an oriented Riemannian manifold. Let (€, he) and (F, hy)
be two complex vector bundles over M (endowed with bundles metrics). Let P : HO(M, &) —
H°(M, ) be a differential operator. We say that a differential operator Q : HO(M,F) —
H°(M, €) is the formal adjoint of P if

[ hetPapyav, = [ heta.Qajav,
M M
for all compactly supported smooth sections o € HJ(M, €) and 3 € HJ(M, F).

Remark 6.4.4. The formal adjoint is unique: Given a differential operator P : H°(&) —
H°(F), suppose that Q1 # Q2 are formal adjoints of P. If Q := Q; — Q2, then for all
a € HY(€) and B € HJ(F), we see that

/hg(a,Qﬂ)dVg = 0. (6.4.1)
M

Assume there is a section o € H?(F) such that the restriction of Q(c) to the fiber over a
point a point p € M is non-zero. Let p be a smooth bump function that is identically 1 in a
neighborhood of p and vanishes identically outside of a compact set. Since @) is a differential
operator, the value of (o), depends only on the germ of o at z. Hence, Q(fo) is compactly
supported with Q(fo), = R(0),; #0. With o = Q(fo) € HJ(E) and B = fo € HJ(F), from
(6.4.1), we have

0 = [ he(QUe). QU = [ QU
Hence, Q(fo) = 0, contradicting Q(fo). # 0.

Remark 6.4.5. Consider the exterior derivative d : € (M) — Q!(M) acting on functions.
Choose local coordinates (x71,...,2,) in an open set U C M, and suppose that f € € (U)
and o = ajdr; € QY(U). Let dV, = p(z)dx = p(z)dzy A -+ A dz,, denote the volume form
associated to the metric, in these coordinates. Integrating by parts, we observe that

/(df,a>dVg = / 99, fajpdx
M

= /fagagpdx— /fplgajp)V
Hence,

d'a = —ptoi(pg”ay). (6.4.2)
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6.5. THE FORMAL ADJOINT OF THE EXTERIOR DERIVATIVE

Theorem 6.5.1. Let d : QP(M) — QPH1(M) denote the exterior derivative. The formal
adjoint d* : QP(M) — QP~L(M) is defined by the formula

JF = (_1)n(p+l)+l wd%.
PROOF. Let o € QP~1(M) and 3 € QP(M). We calculate
dlaAxB) = daAxf+ (—=1)PraAdxp.
Since 3 is p—form, d x 5 is an (n — p + 1)—form, we see that
*xdxf = (=1)rpH==ptD))g, g = (—1)P=D=PH) g, .

Hence,
da AxB+ (1P rand*B = daAxf+ (—1)P H=1) PP A wwdx
= daAxfS+ (=1)PDOF2P) g A xdx B
= daN*p—(—
B) —

)
DMPEDH A sk d x 3
(=" (a0, xd x B)).
Integrating the formula
d(a AxB) = 2% ((da, B) = (=1)""F  (a, xd + B)),

and applying Stokes’ theorem completes the proof. O

6.6. THE LAPLACE-BELTRAMI OPERATOR

Definition 6.6.1. The Laplace—Beltrami operator (or Hodge Laplacian) is defined
Ay = dd* + d*d.

The forms n € QP(M) which are annihilated by the Laplace—Beltrami operator, i.e., An = 0,
are called harmonic p—forms. The space of harmonic p—forms is denoted by HP(M).

Example 6.6.2. On functions, A = d*d. Hence, from (6.4.2), we have the following local
coordinate expression:
1

A= e (g” det(gij)ajf)'

Example 6.6.3. The Laplace—Beltrami operator is elliptic and, moreover, self-adjoint with

respect to the above L?-pairing, i.e.,

(Adavﬁ) = (a’Adﬁ)a
for all a, 8 € QOP.
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Lemma 6.6.4. Let a € QP(M). Then « is harmonic if and only if da = 0 and d*a = 0.

PROOF. The if statement is obvious. For the non-trivial part of the lemma, write

(Aa,a) = ((dd*+d*d)a,a) = (dd*a,a)+ (d*da, a)

= |d*alfz + [ldollZ..

6.7. THE HODGE THEOREM

Theorem 6.7.1. Let (M",g) be a compact orientable Riemannian manifold. Then every

cohomology class in H]’;R(M ,R) can be represented by a unique harmonic p—form.

PROOF OF UNIQUENESS. Uniqueness is straightforward: Let w,& € QP(M) be two co-
homologous harmonic p—forms on M. If p = 0, there is nothing to prove, so assume p > 0.
Then @ = w + da for some (p — 1)-form a. Compute

[B-wl? = @-wd-w) = @-wda) = (6@ w),a).
Since @ and w are harmonic, §(&@ — w) = 0 and uniqueness follows. O

SKETCH OF EXISTENCE. The proof of existence is more delicate but extends the classical
variational approach of solving Laplace’s equation (for functions) via the Dirichlet principle.
That is, fix a cohomology class [0] € HE (M, R), and consider the Dirichlet energy

1
ew) = 5 [ lwlav,
M
where w ranges over all p—forms in [@]. The key point is to show that the infimum of € is
achieved by a smooth form £. The resulting minimum will then be harmonic: & must satisfy
the Euler-Lagrange equations for €, i.e., for all a € QP~1(M),

0 = (€ +eda, & +eda) = 2(&,da) = 2(&, ).

a
de

e=0

6.8. SOBOLEV SPACES

To make this sketch more precise, we start by reminding the reader of the Sobolev space
H?5(R™) of tempered distributions f on R™ such that the Fourier transform satisfies

2 — i 2 2\s n )
ey = [ IFOPQ+IERIlE < o0
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Equivalently, H*(R") is the space of functions f € L?(R") which admit s weak derivatives
in L?, and

£ sy ~ D 10afll72mn)-

laf<s

Remark 6.8.1. These definitions coincide when s € Ny, but the first definition is more
general: it can be defined for any s € R.

Remark 6.8.2. Let € — M be a smooth vector bundle over a compact manifold M. We
denote by CF(M, ) the space of sections of € of regularity C*. In any local trivialization of
€ and any coordinate chart of M, the coefficients of the section are C*. We similarly define
H?*(M, &) to be the space of sections of & whose coefficients have regularity in the Sobolev
space H®.

If M is covered by a finite number of charts (U,) with trivializations of €|y, given by a basis
of sections o, 1, we may choose a partition of unity (p,) subordinate to (U,). Then a section
u of € can be written as
U = Z Palla, k0o ks
a,k
where paug i is a function with compact support in U, C R™. As a consequence, we define
2 2
luller == sup|[|patiaillermny; lullfre == llpatiakl|Fs(n)-
ok a,k
Up to equivalence of norms, the result is independent of the choice of coordinate charts and

trivializations of €.

Example 6.8.3. If M is a torus T", the regularity can be seen at the level of Fourier series:
We see that f € H*(T") if and only if

F ey = D> A+IEPIFEP < oo

cezn

From the inverse formula f(z) =}, F(€)eY~1&2) and the Cauchy-Schwartz inequality, we
have for s > 3:

@ < D IFON < Iflmsmy | D_A+EP ] < oo

gezn 3

In particular, we see that there is a continuous inclusion H*(T") «— CO(T") if s > 2. It

5.
similarly follows that H*(T™") C C*(T") if s > k + %.
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6.9. SOBOLEV EMBEDDING THEOREM
Using the Fourier transform, we see that the same results are true on R", therefore:

Lemma 6.9.1. (Sobolev). Let M be a compact manifold and k& € N. There is a continuous
and compact injection

H < e, ifs>k:—|—g.

6.10. RELLICH COMPACTNESS

The fact that the inclusion is compact follows from the following lemma:

Lemma 6.10.1. (Rellich). If M is a compact manifold, then the inclusion
H® — H' for s >t

is compact.

The above lemma is obvious on the torus; hence, the general case easily follows by using the
Fourier transform.

6.11. ELLiPTIC REGULARITY

Let P : H°(€) — H°(F) be a differential operator of order d. By looking at P in local
coordinates, it is clear that P induces continuous operators

P:H*"Y(M, &) — H*(M, 7).

In general, a weak solution of the equation Pu = v is an L? section u of € such that for any
p € CF(M,F), we have
(u, P*@)p2 = (v, )2

Lemma 6.11.1. (Local elliptic estimate). Let P : H%(&) — H%(F) be an elliptic opera-
tor.Fix a ball B in a chart with local coordinates (z;) and a smaller ball B(3). Suppose that
u € L*(B, &) and Pu € H*(B,F), then u € H*"4(B(3), &) and

lull garasy < C (1Pullms@) + lullrzg) -

Remark 6.11.2. We will not prove the above lemma, but let us mention that there are
effectively two approaches to its proof: The first meth is to approximate the operator locally
on small balls by an operator with constant coefficients on R™ or T", where an explicit
inverse is available using the Fourier transform. These inverses are then glued together to
get an approximate inverse for P, which will give what is needed on u. The details of this
approach can be found in [309]. A modern approach is via microlocal analysis: one inverts
the operator “microlocally”; i.e., fiber by fiber on each cotangent space, using the theory of
pseudo-differential operators. The details of this approach can be found in [108].
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Corollary 6.11.3. (Global elliptic estimate). Let p : H°(€) — HY(F) be an elliptic operator.

If u € L?(M,€) and Pu € H*(M,F), then u € H*T4(M, &) and
lullgs+a < C[|[Pullgs + llull2)-

From the elliptic estimate and the fact that (), H® = €, we have:

Corollary 6.11.4. If P is an elliptic differential operator and Pu = 0, then u is smooth.
More generally, Pu € C*° — u € C*°.
6.12. THE HODGE DECOMPOSITION THEOREM

Let HP be the space of harmonic p—forms.

Theorem 6.12.1. Let (M™, g) be a compact oriented Riemannian manifold. Then the space
HP of harmonic p—forms is finite-dimensional and there is a decomposition

O, ~HP @A)
which is orthogonal for the L? inner product.
Remark 6.12.2. It is clear that ker(A) is orthogonal to Im(A), since A is formally self-

adjoint. Moreover, the general theory of unbounded operators gives (almost immediately)
that L2(M, OF,), the space of p—forms with L?regularity decomposes as

LA(M, Q%)) ~ HP? @ Im(A).

The non-trivial components of the Hodge theorem are the finite-dimensionality of HP, closed-
ness of Im(A), and the fact that smooth forms in the L? image of A are images of smooth

forms.
The proof of 6.12.1 is a consequence of the following theorem on elliptic operators:

Theorem 6.12.3. Suppose (M",g) is a compact oriented Riemannian manifold. Let P :
HY(&) — H°(F) be an elliptic operator with rank(€) = rank(F). Then

(i) ker(P) is finite-dimensional.

(i) There is an L? orthogonal direct sum decomposition

H(F) ~ ker(P*)® P(HY(E)).

PROOF. Let X := ker(P) and consider the identity map id : (X, - ||z2) = (5, || - | grs+4)-
From the elliptic estimate, this map is continuous. From the Rellich compactness lemma,
the identity map id : (X, ] - ||gs+a) — (2, - ||2) is compact. The composition

- llze) — G- Mlgsea) — (3 M1 - ll22)

is a compact operator. Hence, the closed unit ball in ¥ is compact, and ¥ is finite-dimensional.



6.12. THE HODGE DECOMPOSITION THEOREM 99

For the second statement, let us first show that
H*(M, ) ~ ker(P*) @ Im(P). (6.12.1)

Assume that for any & > 0 there is an L?-orthonormal sequence (v1,...,vy) in H*T? such
that

N 2
Jull2 < 5”“||HS+¢+<Z|(UkaU)|2> :
k=1

Combining this with the elliptic estimate, we see that

=z
N

(1= Co)ullgs+a < CllPullps +C (ZI Uk U )
k=1
Choose ¢ = (2C)~! and let A be the subspace of sections in H*+¢(M, &) which are orthogonal
to the (vg). Then for any u € A, we have

2|ul|gs+a < C||Pu|lgs.

It follows that P(A) is closed in H*(M,J). Since Im(P) is the sum of P(A) and the image
of the finite-dimensional space generated by the (vg), it follows that Im(P) is closed in
H?3(M,J). The statement for the Sobolev spaces H* is sufficient to imply the decomposition
on C*®. Indeed, if v € HY(M,JF) is a smooth section which is L?-orthogonal to ker(P*), by
fixing any s > 0 and applying (6.12.1) in H®, we can find u € H*T%(M, €) such that Pu = v.
By 6.11.4, u is smooth.

It remains to prove the claim: To this end, let (v;) be an L?-orthonormal basis of L2.
Proceed by contradiction and suppose the claim is not true. Then there is a sequence (uy) €
H*+4(M, &) such that ||uy| 2 =1 and

1
2

N
5||uN|H5+d—|—<Z|vk,uN ) < 1.
k=1

This second condition implies that (uy) is bounded in H*T9(€), and therefore admits a

weakly convergent subsequence in H5+%4(€), with limit satisfying
ellu|| grsra + ||u||go < 1.

By the compact inclusion H51% ¢ L2, this subsequence converges strongly in L?(€). From the
first condition, this implies that the limit u satisfies ||u||p = 1, which is a contradiction. [
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6.13. FINITE-DIMENSIONALITY OF DE RHAM COHOMOLOGY

Corollary 6.13.1. Let M be a compact, oriented, Riemannian manifold. The de Rham
cohomology groups H{ (M, R) are finite-dimensional.

PROOF. Proceed by contradiction, and assume that H} (M, R) is not finite-dimensional.
Then there exists an orthonormal sequence of harmonic forms (wy)reny in HY i (M, R). By
the Rellich compactness lemma, there is an L?-convergent subsequence, which converges to
some w € H;’Q(M). Since the wy, are orthonormal, however, (wg,wy) = dg¢ for any k, ¢ € N.
In particular, if k£ # ¢, then

lwr, = well* = (wr = wewp —we) = Jlwrl® + wel® > 1,
and the sequence (wy) is not Cauchy with respect to the L?>-norm. (]
Remark 6.13.2. Note that the orthogonality of ker(A) and Im(A) is immediate from the
fact that A is self-adjoint. Moreover, the general theory of unbounded operators gives
L*(M,P) = HP®im(A). The non-trivial part of the Hodge theorem is the finite-dimensionality

of HP, the fact that the image of A is closed, and the fact that smooth forms in the L? image
of A are images of smooth forms.

6.14. HODGE THEORY FOR COMPLEX MANIFOLDS

We now want to extend these results to the complex-analytic category. To this end, let (X, w)
be a Hermitian manifold. Recall that the exterior derivative d splits into a sum of Dolbeault
operators 0 : QP4(X) — QPTL9(X) and 9 : QP(X) — QP9TL(X). The inner product (-, -)
on Q°(X) extends to a Hermitian inner product on QP4 by the demanding the formulae:

(aa+b8,7) = ala,7) +b(8,7), (a,ay +be) = a(a,7) +blae),
where a,b € C, o, 8,e,0 € Q*(X).

The C-linear extension of the Hodge x—operator to complex-valued forms (which we abusively

write as x) satisfies

n

PO = QUIRX), aAsB = ()
where a, 8 € QP4(X). Observe that
W@ o= K@), ) = (CD)Pa, (xaukB) = (a,8).

Example 6.14.1. Let w be the (1,1)—form of a Hermitian metric. Then

k! _
*wk = 70\)” k.

(n—k)!
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The following lemma is straightforward:

Lemma 6.14.2. The formal adjoints 9* and 0* of the Dolbeault operators 0 and O are
specified by the formulae

0 = — %0, O = —x0*.

Remark 6.14.3. We will see in Chapter 2 that an important role is played by 7 = —v/—10*w,
where w is the (1,1)-form of a Hermitian metric. These (1,0)-forms 7 are referred to as the

torsion 1-forms of the Chern connection.

6.15. THE DOLBEAULT LAPLACE OPERATORS

Definition 6.15.1. The Dolbeault Laplace operators are defined
Ay = 00" + 970, Ay = 00"+ 0%0.

Definition 6.15.2. A (p,q)-form 7 is said to be d-harmonic if Agn = 0. The space of
O-harmonic (p, ¢)-forms is denoted HP(X).

It is straightfoward to see that a form 1 € QP4(X) is O-harmonic if and only if 9y = 0 and
5*77 = 0.

6.16. THE LEFSCHETZ OPERATOR

Definition 6.16.1. Let (X,w) be a Kéhler manifold. The Lefschetz operator is defined to

be the linear map
L:OF(X) = QF2(X), La) =wAa.

The adjoint of the Lefschetz operator is denoted A : QF(X) — QF2(X).

Recall that if M is a smooth manifold of (real) dimension 2n, then M has the homotopy
type of a CW-complex of (real) dimension < 2n. The following theorem asserts that Stein

manifolds have half the topology than one would expect:

Theorem 6.16.2. Let S C C" be a Stein manifold of dimension m. Then S has the

homotopy type of a CW-complex of real dimension < m. As a consequence

H*(S,7) = H,(S,Z) = 0, Yk > m.



102 6. HARMONIC THEORY

6.17. THE LEFSCHETZ HYPERPLANE THEOREM

Theorem 6.17.1. (Lefschetz hyperplane theorem [248]). Let X be a smooth projective
variety of dimension n. Let Y C X be a hyperplane section. Then the maps

r : H¥(X,72) — H*(Y,Z)
induced by the restriction X — Y is an isomorphism for k£ < n—2 and injective for kK =n—1.

Theorem 6.17.2. Let (X,w) be a Kahler manifold. Then we can find local holomorphic

coordinates (z1, ..., z,) such that
95 = 6ij +O(|2*).

That is, a Kéahler metric affords (holomorphic) coordinates in which the coefficients coincide

with those of the standard Fuclidean metric up to second-order.

PRrOOF. For (z1,...,2,) local holomorphic coordinates centered at some point p € X,
make a linear change of coordinates if necessary to ensure that dzi,...,dz, yields a local
unitary frame for Q}( near p. In this frame, write

n
w = V-1 Z gﬁdzi Ndzj,
ij=1
where g,z = d;; + O(]z|). to first order, the Taylor development of 9,7 reads:
n
95 = O+ Y (Agezk + Bgzr) + O(|2%).
k=1

Since the metric is Hermitian, B+ = A

ijk jik*
Aﬁk =A For each 1 < j < n, introduce the holomorphic functions

The Kéhler condition 8;995 = 0igi; implies

1 n
G = z+ 3 Z Agp7i%k-
ik=1
Compute

1 n
dij = dzj+5 D Ag(zida + zdz)
ik=1

1™ n
= de + 5 Z (Azjk + Akﬁ)zkdzk = de + Z Aﬁkzkdzi.
i,k=1 ik=1
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Hence,
V=LY dGadG = V= Zdzj/\cf +v-1 Z Agzandz; A dZ;
7=1 i,5,k=1
+v/-1 Z A Zrdzi A dzi + O(|2]).
i,j,k=1
Further,

v—1 Z Aﬁkzkdzj/\dz = -1 Z Akﬁfkdzj'/\dfi

1,5,k=1 1,7,k=1

n
= Z Bijkzkdzj Adz;.
i7j7k:1

Coalescing the above, we have

v—1 Zd(j A dzj = -1 Z ((57;3' + ZAiijk + Bijk.zk) dz; Ndz; + O(|z!2),
j=1

ij=1 k=1

as required. 0

Remark 6.17.3. The coordinates in the above theorem are sometimes referred to as normal
coordinates. This is unfortunate since the Riemannian normal coordinates (i.e., geodesic
normal coordinates) are, in general, not holomorphic (even in the Kéahler category). Indeed,
let (X", w) be a Hermitian manifold, and p € X a point. Suppose the exponential map
exp,, : T X — X is holomorphic. Pass to the universal cover X to get a holomorphic map
C" — X. If X is a bounded domain in C" (for instance, if X is Kobayashi hyperbolic),
we are gifted a bounded entire function, which is, of course, constant. It is clear, however,
that if the exponential map is holomorphic in a neighborhood of every point, then the metric

coincides up to second-order with the Euclidean metric and is, therefore, Kahler.
6.18. THE KAHLER IDENTITIES
Theorem 6.18.1. (Ké&hler identities). Let (X,w) be a Kéhler manifold. Then
0°,L) = V=10, [0*,L] = —/—19, [A, 8] = —v/—10*, [\, 8] = V—15.

PROOF. The Lefschetz operator L, and its adjoint A, are both real (i.e., invariant under
conjugation). Hence, the second identity follows from the first, and the fourth identity
follows from the third. Assuming the first identity holds, we prove the third identity: Let
a, 8 € QP4(X) be smooth (p,q)-forms. Then with respect to the L?-scalar product, we have

(A0, B) = (a,[07,L]B) = (a,V/=19B) = (—V—10"a, B).
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It suffices, therefore, to prove the first identity. The key point is that the operator L uses the
coefficients of the metric only up to order zero, while v/—10 and 8 = — x 9 use only the
1-jets of the metric coefficients. Therefore, it suffices to prove the identity for the Euclidean
metric on C". To this end, let w = /=137, dz; Adz; denote the standard Euclidean metric
on some open subset U C C". Let o € QF(U) be a compactly supported smooth p—form on
U. We have

0" Lla = =) 0r0hwha)+wA Y Ok
k=1 k=1

= = FpawA k) +wA > Fdha
k=1 k=1

I
M=

(_(aE—‘W) A O — w A %J@ka) +w A O¢a0ka

i

1
n

= =) (Ofaw) NOpa = Z\/jldzkAaka = /—10a.
k=1

k=1

6.19. THE LAPLACIAN OF A KAHLER METRIC
Theorem 6.19.1. Suppose (X,w) is a Kdhler manifold. Then
%Ad = Ay = Ay
PROOF. Use the Kéhler identities 0* = —/—1[A, 9] and 0* = v/—1[A, 9]
Ay = (0+9)(0°+9)
= 99" + 00 + 00" + 99"
= —V—19[A,0] — V-19[A, 0] + V—19[A, 0] — V—19[A, 9]
= —/—10[A, 0] — V—10A0 + vV—10A0 — /—10]A, 0]
= V—100A — V/—10AD — V—10A0 + vV/—10A0 — V/—10A0 + v/ —100A
= —V/—10A0 — V—10A0 + vV—19A0 — v/—10A0
= V—1(AD — ON)O + V/—10(AD — OA)
= 2473
In particular, since Ay is real, and Tg = Ay, this completes the proof. O

Since Ay and Ay preserve the type decomposition of a form, the Laplace-Beltrami operator
inherits this property:
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Corollary 6.19.2. Let (X,w) be a Kahler manifold. If o € QP9(X), then Aja € QP9(X).

Remark 6.19.3. More can be said: Let (X,w) be a Kdhler manifold. Write a7 for the
(p, q)—part of . The above corollary tells us that « is harmonic if and only if each aP? is
harmonic. Indeed, the corollary implies

Ada = E Adap’q.
pta=k

The converse if given by

Aga = Npga = Aza = Apa = 0.

6.20. THE HODGE DECOMPOSITION FOR KAHLER MANIFOLDS

In the compact Kéhler case, we have now established the following well-known theorem:

Theorem 6.20.1. (Hodge decomposition theorem). Let (X,w) be a compact Kéahler mani-
fold. Then we have the Hodge decomposition

H*(X,C) = &5 H(M),
p+q=k

with the Hodge duality HP4(X) = H9P(X).

6.21. THE BETTI NUMBERS OF A KAHLER MANIFOLD

Immediate from the above theorem is the following corollary:
Corollary 6.21.1. The odd Betti numbers of a compact Kahler manifold must be even.

This generalizes the well-known fact that the first Betti number of a compact Riemann surface
is always even, equal to twice its (topological) genus.

Example 6.21.2. Since the first Betti number of the Hopf surface X := S x S!is b1 (X) = 1,
we see that X is not Kéhler. Similarly, the Inoue surfaces (compact complex surfaces with
universal cover C x H) have b;(X) = 1 and are thus not Kéhler. In the next section, we will
discuss the compact complex surfaces of class VII. These are defined by kK = —oo and b; = 1.

Remark 6.21.3. The Hodge decomposition theorem extends to compact complex manifolds
in the Fujiki class € (in particular, for Moishezon manifolds).

Remark 6.21.4. Observe that, a priori, there is only an isomorphism between H*(M,C)
and @p gk P4(M). The presence of a d0-lemma on compact Kihler manifolds, however,

grants a canonical isomorphism.
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6.22. THE LAPLACIAN OF A NON-KAHLER HERMITIAN METRIC

Remark 6.22.1. It was a long-standing problem whether equality of the Laplacians could
characterize Kéhler manifolds. An straightforward calculation (going back to Gauduchon
[138]) shows that

(A5 —Ap)f = —(dw)df,
for any smooth function f € €>°(X). In particular, we see that the equality of the Laplacians

is equivalent to the Hermitian metric being balanced. It is a theorem of Ogawa [234] that
the equality of Laplacians on functions and 1-forms implies Kéhler.

6.23. THE 00-LEMMA
Let (X,wy) be a compact Kéhler manifold. If {-, -} denotes the Hermitian form induced by wy,
and dV, = Lw™ is the volume form, we can define the formal adjoint 0y QLO(M) — (M)
of 0 by
/ (a,0f)dV, = / <8;a, [)dvy,
M M
where f € €°(M) and a € Q0(M).

Lemma 6.23.1. Let (X,w) be a compact Kéahler manifold, and let u : X — R be a smooth
function with vanishing average:
/ udVy = 0.
M

Then there exists a smooth function f: X — R such that Af = u on X.

PROOF SKETCH. Let H' denote the completion of C>°(X) with respect to the norm

112 = /X (V£ + £,

One approach to prove this result is to minimize the functional

er) = [ (5IVe8+ur) av,

over all f € H! such that [ « fdVy = 0. The Poincaré inequality gives constants £,C > 0
such that

e(f) = elflm -C

for all such f. Hence, a minimizing sequence is bounded H', and a subsequence converges
weakly in H' to some F. The lower semi-continuity of the H'-norm implies that F is a
minimizer of €, and the weak convergence ensures that |  F'dVy = 0. Since the average of I’
vanishes, computing the variation of € at F, we find that F' is a weak solution to AF = w.
Since A is elliptic, weak solutions of the Poisson equation are smooth. O
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Lemma 6.23.2. (00-lemma). Let (X,w) be a compact Kahler manifold. Let w,n be two
cohomologous real (1,1)—forms on X. Then there is a smooth function f : X — R such that

n=w+v—190f.

PROOF. Since [w] = [] € HAz(X,R), there is a real 1-form « such that n = w + da.

01 since « is real. Since w,n are

Decompose a = a''? + a®! into types, noting that ol = o
of (1,1)-type, we see that

n = w40 +9al?, 9% =0, o0 = 0.
The divergence theorem shows that 0*a has average zero. Hence, by the existence theorem
for Poisson’s equation, there is a function f such that

grat = Ayf = —9:0f.

Therefore, (o + df) = 0 and 9} ("’ + 0f) = 0, ie., &"® + f is d-harmonic. The J-
Laplacian coincides with the d-Laplacian if the metric ¢ is Kahler. Hence, a''? + 9f is also
d-harmonic. Since d(a'?+df) = 95 (a0 +8f) = 0, it follows that g5V V4(a;” +0;f) = 0.
Integrating by parts shows that d(a'® + df) = 0. Hence,

n = w+0a" +9a = w—-00f —00f = V—190Im(f),
where Im(f) denotes the imaginary part of f. O

6.24. MANIFOLDS SATISFYING THE 90— LEMMA

Definition 6.24.1. Let X be a compact complex manifold. We say that X is a 00-manifold
if for any d-exact, O—closed, and 0—closed form is 90-exact.

Proposition 6.24.2. ([11, 107]). Let f : X — X be a bimeromorphic modification between
compact complex manifolds. If X is a d9-manifold, then X is also a d9-manifold. In
particular, Moishezon manifolds and manifolds in the Fujiki class € are 09-manifolds.

Remark 6.24.3. Ceballos-Otal-Ugarte—Villacampa [82] have produced an example of a
compact complex manifold with the symmetry of the Hodge diamond h?? = h?P, but is not
a 00-manifold.



CHAPTER 7

The Enriques—Kodaira Classification of Complex Surfaces

This section describes the classification of compact complex surfaces due to Enriques and

Kodaira.

7.1. RIEMANN-KOEBE UNIFORMIZATION THEOREM

By the Riemann—Koebe uniformization theorem, the geometry of compact Riemann surfaces
Y is determined, to a large extent, by its (topological) genus g := %bl(E). This leads to the
well-known trichotomy:
(i) g=0 <= Z~PY
(ii) g=1 <= ¥ ~C/A, where A ~ Z + 77 is a lattice of maximal rank, Im(7) > 0;
(i) g > 2 <= Y. ~D/T, where I' is a discrete group of automorphisms acting freely.

This trichotomy incarnates in several ways:

(a) The existence of metrics of constant (Gauss) curvature K =c¢: ¢ =0 < ¢ > 0;
g=1 <<= c=0;9>22 <= c<0.

(b) The fundamental group: g =0 <= m((X) =0,9g=1 <= m(X) =Z&Z;
g >2 <= m(Y) is large, highly non-commutative, and grows with the genus.

(c) The set of rational points: P! has a large number of rational points; by Falting’s
theorem, the space of rational points on T? is finitely generated; Falting’s theorem

states that there are only a finite number of rational points on X >o.

Remark 7.1.1. If the genus is fixed, there are still many curves within each class: In case
(i), there is only one object in the class: The complex structure on P! is unique. For case
(ii), there is a one-parameter family, parametrized by the j—invariant. For curves in class

(iii), there is a (coarse) moduli space M, of dimension 3g — 3.

The remarkable fact that the geometry of compact Riemann surfaces is determined primarily
by its genus is not maintained by compact complex manifolds of higher dimensions. Further,
the problem of understanding complex manifolds up to biholomorphism is tremendously for-
midable. In the non-compact case, Poincaré’s discovery that the bidisk D x ID and unit ball
B2 C C? are not biholomorphic already hints at the complexity of the problem. Serre’s exam-
ple (see, e.g., [159, p. 440]) further illustrates the dire nature of the quest for biholomorphic
classification. In place of biholomorphic classification, one can relax the identification to

108



7.2. MINIMAL MODELS 109

bimeromorphic classification.

For complex manifolds of dimension > 2, there is no unique smooth representative in a
bimeromorphic isomorphism class. This is due to the existence of blow-ups. We need to
understand and determine canonical representatives of a bimeromorphic isomorphism class
to solve the classification problem. Let X be a compact complex surface, and p € X is a
point. The blow-up ¢ : X — X of X at p € X is a bimeromorphic map with an exceptional
divisor & = 77 1(p) C X. The exceptional divisor is a rational curve with self-intersection
—1.

Definition 7.1.2. Let X be a compact complex surface. A curve € in X is said to be a
(—k)—curve, for k € N, if the intersection number

C-C = —k.

7.2. MINIMAL MODELS

We saw from the above discussion that the exceptional divisor of the blow-up (at a point)
of a complex surface yields a (—1)-curve. The following theorem of Castelnuovo (see, e.g.,
[21]) asserts that this is the only way in which (—1)—curves arise:

Theorem 7.2.1. Let X be a compact complex surface. Let € C X be a (—1)—curve. Then
there exists a smooth surface ¥ and a bimeromorphism ¢ : X — Y such that X = Bl,(Y)
and € = ¢~ 1(p) is the exceptional divisor of (.

In particular, (—1)—curves can be blown down. Blow-downs are paid for by the second Betti
number in the sense that if ¢ : Bl,(X) — X is the blow up of X at a point p € X, then
(see, e.g., [21, p 28])

H*(BlL,(X),Z) ~ H*(X,Z)® Ze,

where e := ¢1(Opy,(x)(€)) is the first Chern class of the line bundle associated to the excep-
tional divisor €.

Hence, blowing down (—1)—curves terminates after a finite number of steps. We, therefore,
have the following candidate for a canonical representative of a bimeromorphic isomorphism
class:

Definition 7.2.2. Let X be a compact complex surface. We say that X is a minimal model
if X does not contain any (—1)—curves.
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7.3. NEF LINE BUNDLES

We can define minimal models in all dimensions, but we require an alternative description.
To this end, let us define:

Definition 7.3.1. Let £ — (X,w) be a holomorphic line bundle over a compact Hermitian
manifold (X,w). We say that £ is nef (or numerically effective) if for every ¢ > 0, there is
a smooth Hermitian metric h. on £ such that O&hs) > gy,

Here, ©%") denotes the curvature form of a Hermitian metric k on £ (see §2.2 for details).

Remark 7.3.2. Let L — X be a nef line bundle over a compact complex manifold. In
general, it is not possible to extract a smooth limit ko such that ©%"0) > 0. That is, a nef
line bundle is not, in general, semi-positive! (of course, the converse is certainly true). The
first example showing that a nef line bundle was not necessarily semi-positive was constructed
by Demailly—Peternell-Schneider [112]: Let € be an elliptic curve and € a vector bundle given
by a non-split extension

0-0—-&E—-0—=0.

Then € is nef, but it is easy to show that € cannot be semi-positive. Otherwise, the curvature
of & would vanish, and & would be Hermitian-flat. In particular, the exact sequence would
split.

Remark 7.3.3. Let £ — X be a holomorphic line bundle over a projective manifold. Then
L is nef if and only if

L@ = /cl(a) > 0
e

for every closed curve € C X. The only if direction is clear; for the only if, we invite the
reader to consult [110, p. 50].

Definition 7.3.4. Let X be a compact complex manifold. We say that X is minimal if the
canonical bundle K x is nef.

Example 7.3.5. A complex manifold with K x semi-positive is certainly minimal. A compact
Kéhler manifold with Kx holomorphically torsion (i.e., Kg?e ~ O for some ¢ € N) is said to
be Calabi-Yau. Hence, Calabi—Yau manifolds are certainly minimal. The Kahler assumption
is not required here: A compact Hermitian manifold X with Kx holomorphically torsion
is said to be non-Kdhler Calabi—Yau. There are many non-Kéhler Calabi—Yau manifolds

(hence, many non-Kéhler compact minimal complex manifold), see [295].

L\ holomorphic line bundle £ — X is said to be semi-positive if there is a Hermitian metric h such that
oL.h) > 0.
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7.4. BIMEROMORPHIC MODIFICATIONS

Definition 7.4.1. Let ¢ : X — Y be a meromorphic map between compact complex
manifolds. We say that ¢ is a modification if there is a proper analytic subvariety S C Y
such that ¢ : X\ f~1(S) — Y\ S is a biholomorphism.

Example 7.4.2. If 3 C Y is a complex submanifold of codimension at least 2, then the
blow-up ¢ : X — Y of the compact complex manifold Y along ¥ yields a modification.
Conversely, if ¢ : X — Y is a modification, by applying the embedded resolution of sin-
gularities to the graph of ¢, we obtain a compact complex manifold Z together with two
holomorphic maps p1 : Z — X and ps : Z — Y such that pfl and py 1 are the composition
of finitely many blow-ups along compact complex submanifolds. For surfaces, this yields the
following:

Proposition 7.4.3. Let ¢ : X — Y be a modification between compact complex surfaces.
Then ¢ is the composition of a finite number of blow-ups of points and blow-downs.

Remark 7.4.4. In particular, if we wish to understand the properties of compact complex
surfaces that are invariant under modification, it suffices to understand invariants of blow-ups
of points and blow-downs. Let us first observe that the (topology) genus g = %bl is one such
invariant: Let ¢ : X — X be the blow-up of X at a point p € X. Then X is diffeomorphic
to the connected sum X#P2. Hence,

9(X) = Jhi(X) = Shi(X) = g(X).

Since a blow-down contracts a (—1)—curve, and this does not contribute to b1 (X), it follows
that the genus is invariant under modification.

7.5. THE PLURIGENERA AND KODAIRA DIMENSION

To build further invariants, we observe that the (topological) genus g can be identified with
the dimension h°(K x) of the space of sections of the canonical bundle Kx. In light of this,

we make the following definition:

Definition 7.5.1. Let X be a compact complex manifold. The mth plurigenus pp, = pm(X)
is defined

pm = dim HO(X, K¢™).

The Kodaira dimension kx is then defined as a measure of the growth of plurigenera:

o log(pm)
kx = limsup ———-.
m—00 10g(m)

If pp, = 0 for all m > 0, then kx := —o0o, and we say that X has negative Kodaira dimension.
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Theorem 7.5.2. The plurigenera, and hence, the Kodaira dimension of a compact complex

surface, are invariant under modification.

PROOF. Let ¢ : X —» X be the blow up of X at a point p € X. We will show that

pn(X) = HY(X, KZ™) = HO(X, K{™) = p(X). (7.5.1)
Let € be the exceptional divisor of ¢. Then the canonical bundles are related by
K)Z' = ﬂ'*KX + 8

Let D be an effective divisor in the linear system \K§m|, we claim that the map
|K§~?m| 5D = D—-mé € |mKg—mé|=|r"Kx]|

yields an isomorphism of linear systems (and hence, proves (7.5.1)). It suffices to show that
D — mé is an effective divisor. To this end, for D € |mK 5|, write D = Dg + k€, for k > 0
and Dg an effective divisor such that € is not one of its irreducible components. Then

0 < Dyp-& = (D—-kE)-&
= D-E-kE-&E = mKg-E+k = —m+k.

Hence, D — mé is an effective divisor, and the map D — D — mé yields the desired isomor-
phism of linear systems. U
The above result is true in higher dimensions, but we need only consider the case of surfaces.
Example 7.5.3. Let ¥, be a compact Riemann surface of genus g. Then x(2,) = —c0 <=
g=0;k(3y) =0 <= g=1k(Ey) =1 < g>2.

Example 7.5.4. Since the canonical bundle of P is Kpn ~ Opn(—n — 1), we see that

Pm(P™) = 0 for all m > 0. In particular, the Kodaira dimension of P" is negative.

Example 7.5.5. Let X; C P" be a smooth hypersurface of degree d. Let Ox,(1) :=
Opn (1)| x, be the restriction of the hyperplane bundle to X4. The adjunction formula® implies
that

Kx, ~ Ox,(d—n—1).

Hence,

(i) if d < n, the plurigenera vanish and kx, = —oc.
(ii) if d = n+1, the canonical bundle is holomorphically trivial Kx, ~ Ox,. Hence, the
plurigenera p,,(X) =1 for all m > 0, and kx, = 0.

2Let X be smooth projective manifold. Let Y C X be a smooth hypersurface. Then the canonical
bundles are related by
Ky ~ (Kx®OX(Y))|y.
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(iii) if d > n + 2, then Kx, is ample, and we will see in a moment that this implies
kx, = dimc Xg.

Example 7.5.6. It is easy to see that the Kodaira dimension splits additively on the product
of complex manifolds, i.e., kxxy = kx + Ky (see, e.g., [301, p. 69]). Let ¥, be a compact
Riemann surface of genus g. Then

(i) w(P! x = —00.
(i) k(X1 x Zl) =0.
(i) (

) K(E

K 21 ng>2)—1

(iV K(2g>2 X Eg>2) = 2.

Remark 7.5.7. Suppose kx > 0. Let 0g, ..., o, be a basis for the vector space H(X, K¢™).
We define a meromorphic map

B, X — PV D, (x) = [oo(x):---:0p, ()] € PVm,

We call ®@,, the mth pluricanonical map. The ®,, will not be holomorphic, in general, since

the base locus
N,
= (o' (0)
k=0

will be non-empty, in general. Further, since a change of basis of H%(X, Kg?m) is specified
by a unitary matrix, the pluricanonical maps are well-defined.

Proposition 7.5.8. Let X be a compact complex manifold. The Kodaira dimension kx is
the maximal rank of the pluricanonical maps

= maxrank(®,,).
fix = maxrank(®pm)

In particular, if kx > 0, then kx is a non-negative integer 0 < kx < dimg(X).

Remark 7.5.9. The same construction holds for any holomorphic line bundle, not just the
canonical bundle. In this greater level of generality, the Kodaira dimension is referred to as

the litaka dimension.

Returning to the classification problem, we note that for complex surfaces of negative Kodaira
dimension, minimal models are not necessarily unique: For instance, P? is bimeromorphic to
P! x P!, and both are minimal. For surfaces of non-negative Kodaira dimension, however,
we have [336, p. 134]:

Theorem 7.5.10. Let X be a compact complex surface with kx > 0. Then there exists a

unique minimal model bimeromorphic to X.
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7.6. MANIFOLDS OF GENERAL TYPE

Definition 7.6.1. Let X be a compact complex manifold. If kx = dim¢(X), we say that
X is of general type.

Example 7.6.2. A compact Riemann surface ¥ is of general type if and only if ¢ > 2.
Since the Kodaira dimension splits additively on the product of complex manifolds, i.e.,
Kxxy = kx + Ky (see, e.g., [301, p. 69]), the product of two manifolds of general type
will also be of general type. If X is a compact complex manifold with Kx ample (i.e., X is
canonically polarized), then by definition, the sections of a suitably high power of Kx furnish
an embedding ® : X — PV, for some N € N. In particular, dimc ®(X) = dim¢ X, and thus,
X is of general type.

The Kodaira dimension will provide the first stratification of the landscape of compact com-
plex surfaces. We start with the surfaces of negative Kodaira dimension kx = —oo, and
systematically work through the classification, concluding with surfaces of general type.

7.7. KAHLER SURFACES WITH K = —00

We saw previously that P has negative Kodaira dimension. From 7.5.2, we see that the
following class of complex manifolds have negative Kodaira dimension:

7.8. RATIONAL SURFACES

Definition 7.8.1. Let X be a compact complex manifold. We say that X is rational if there
is a modification ¢ : X — P™.

Example 7.8.2. Obviously, P? is rational, and any surface obtained from blowing up points
on P? is rational. Observe that since C x C C P! x P! is isomorphic to C? C P?, it follows
that P! x P! is rational.

To describe the remaining rational surfaces, we recall that if & — P! is a holomorphic vector
bundle of rank k, then

& ~ Opi(ny) @ ® Op1(ng).
In particular, any rank 2 holomorphic vector bundle over P! is isomorphic to Opi (n1)®Op1 (n2)

for some pair of integers ni,no € Z. The projectivization of this vector bundle is invariant
under the twisting by a line bundle £, i.e.,

P(Op1(n1) ® Opi(ng) @ L) ~ P(Op1(n1) & Op1(ng)).
Hence, by twisting Op1(n1) ® Op1 (n2) with Op1 (—n2), and letting n := ny — ng, we may write

P(Op1(n1) ® Op1(ng)) ~ P(Opi1(n) ® Op1).
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7.9. HIRZEBRUCH SURFACES

Definition 7.9.1. The nth Hirzebruch surface F, is the P!-bundle over P! whose total space
is isomorphic to F,, := P(Op1(n) © Op1).

Example 7.9.2. We observe that 5 ~ P! x P!, F; is the blow up of P? at one point, Fy is
the blow up of the Fermat conic 23 + 27 + 25 = 0 in P?, blown up at the node.

Remark 7.9.3. Let &, = P(Op1(n) ® Op1) ~ P(Op1(—n) & Op1) denote the nth Hirzebruch
surface. Let € be the zero section of the line bundle Opi(—n). The zero section C is a
rational curve with self-intersection €2 = —n. This is the only curve in JF, with negative
self-intersection. In particular, F; is not minimal (which we know, since F; is the blow-up of
P2 at one point), but all other F,, are minimal.

Remark 7.9.4. The diffeomorphism-type of Hirzebruch surfaces is completely understood.
If n € N is even, then the Hirzebruch surface J,, is diffeomorphic to P! x P!. If n is odd, then
F, is diffeomorphic to P?4P2. From developments in Gauge theory (see, e.g., [21, Chapter
IX]), if §? x S? or P?§P? is endowed with a complex structure, then it is biholomorphic to a
Hirzebruch surface F,,.

Proposition 7.9.5. The Hirzebruch surfaces F,, are rational and hence, have negative Ko-

daira dimension.

An important property of the Hirzebruch surfaces &, are that they are rational surfaces
which (for n > 2) do not have positive first Chern class. More precisely, let us first recall the
following result which appears implicitly in [169]:

Lemma 7.9.6. Let X be a compact complex surface. Let ¢ : X — X be the blow-up of
X at a point p € X with exceptional divisor €. Then

(i) al(Kg) = pra(Ky') - [€].
(ii) If € is a non-singular curve passing through p, then C lifts to a non-singular curve
€ with self-intersection

e =ce*-1.

(iii) If a point p € € has multiplicity m, then the cohomology classes of € and € are
related by

7.10. SURFACES WITH POSITIVE FIRST CHERN CLASS

The above lemma is used to prove the following (see [169]):
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Proposition 7.10.1. Let X be a compact complex surface. Then ¢; (K ') > 0 if and only if
X ~ P! x P! or is obtained from P? by blowing up k < 8 distinct points in general position®.

This gives the very important corollary:

Corollary 7.10.2. Let F,, denote the nth Hirzebruch surface. Then ¢; (K;nl) > 0 if and
only if n=0o0rn=1.

We have now seen all the (minimal) Kéhler surfaces of negative Kodaira dimension:

Theorem 7.10.3. Let X be a minimal compact Kéahler surface with kx = —oco. Then X is
bimeromorphic to P? or a Hirzebruch surface F, for n € N\{1}.

A proof of the above theorem is exhibited in [21, p. 250].

7.11. CASTELNUOVO’S CRITERION

A significant consequence of the above theorem is the following rationality criterion due to
Castelnuovo:

Theorem 7.11.1. (Castelnuovo’s criterion). An algebraic surface X is rational if and only

if pp=¢q=0.

PROOF. Since ¢q and py are birational invariants, it suffices to assume that X is a smooth
minimal surface. Moreover, since pz(P?) = ¢(IP?) = 0, we need only show that X is rational
if pp = ¢ = 0. To this end, since p = 0, we see that p, = 0. Therefore, the holomorphic
Euler characteristic x(Ox) =1 — ¢ + pg = 1. By Riemann-Roch, this implies that

REY) = WK +r(Ky') > Ky Kx + 1.

If Kx-Kx >0, then hO(K;(l) > 1. Since pgy = 0, it follows that Kx cannot be trivial, and
in particular, Kx cannot be nef. On the other hand, if Kx - Kx < 0, then Kx cannot be
nef. The previous theorem, therefore, implies that X is biholomorphic to P? or one of the

Hirzebruch surfaces. As a consequence, X must be rational. O

3That is, no three points are collinear, no six lie on a conic, and no eight of them lie on a cubic with one
of them a double point.

“Let X be a complex manifold of (complex) dimension n. The holomorphic Euler characteristic x(Ox)
is defined to be the alternating sum

n

X(0x) = Y (=D"r"H(X).

k=0
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7.12. UNIRATIONALITY

There are a number of relaxations on the rationality condition. Two important relaxations

are the following:

Definition 7.12.1. A complex manifold X is said to be unirational if there exists a dominant
meromorphic map PV — X,

Example 7.12.2. It is clear that if X is rational, then X is unirational. For algebraic
surfaces, the notions coincide. Indeed, if PV — X is a dominant meromorphic map, then we
may assume that X is smooth by resolving singularities if necessary. Then q(X) < q(PY) =0
and p2(X) < p2(PN) = 0. Hence, by 7.11.1, X is rational.

Remark 7.12.3. The implication rational = unirational is strict for manifolds of di-
mension greater than two. Artin and Mumford [14] constructed examples, making use of
the Brauer group. Iskovskikh—Manin [178] produced examples of smooth quartic surfaces
X C P* which are unirational but not rational. Their technique exploits the birational
automorphism group of a rational variety is large; their examples have a finite birational
automorphism group.

7.13. RATIONALLY CONNECTED MANIFOLDS
The second relaxation of the rationality criterion is the following:

Definition 7.13.1. A complex manifold X is said to be rationally connected if any two
points of X lie in the image of a rational curve.

Example 7.13.2. By [197, Theorem 0.1], every projective Fano manifold (i.e., a projec-
tive manifold X with K)zl ample) is rationally connected. In particular, P" is rationally
connected, and any smooth hypersurface Xy C P" of degree d < n is rationally connected.

The property of being rationally connected is preserved under modification:

Theorem 7.13.3. Let ¢ : X — X be a modification of X. If X is rationally connected,
then X is rationally connected.

Example 7.13.4. The above theorem implies that any rational variety is rationally con-
nected. In particular, the Hirzebruch surfaces JF, are rationally connected. In fact, for
compact algebraic surfaces, the properties of rationality, unirationality, and rationally con-
nectedness all coincide. The proof of this fact relies upon the following theorem (see, e.g.,
[106)):

Theorem 7.13.5. Let X be a rationally connected projective manifold. Then
H(X,0%) = 0



118 7. THE ENRIQUES-KODAIRA CLASSIFICATION OF COMPLEX SURFACES
for all p > 0. In particular, Hg’O(X) =0 for all p > 0.

An important (but not immediate, see, e.g., [106]) consequence of this is the following

corollary:

Corollary 7.13.6. Let X be a rationally connected projective manifold. Then X is simply

connected.

Remark 7.13.7. In a similar manner to 7.12.3, the notions of rationality and rationally
connectedness diverge in dimensions > 2. Clemens—Griffiths [101] showed, by considering
intermediate Jacobians, that smooth cubic hypersurfaces in P* are rationally connected but

not rational.
Remark 7.13.8. We know that for projective manifolds,
rational = unirational = rationally connected.

In dimensions < 2, the reverse implications hold. The examples of Artin-Mumford [14],
Iskovskikh—-Manin [178] show that the first implication is strict, while the examples of
Clemens—Griffiths [101] show that the implication rational == rationally connected is

strict:

Artin—Mumford &
Iskovskikh—Manin

Rational =>Unirational = Rationally connected

Clemens—Griffiths

At present, the following question remains open:
Question 7.13.9. Do there exist rationally connected varieties which are not unirational?

Remark 7.13.10. The main stumbling block concerning the above question is unirationality
— there are no robust techniques for showing that a variety is unirational. For instance, is a
hypersurface of X, C P" of degree n > 5 unirational?

7.14. THE MRC FIBRATION

Campana and Kollar-Miyaoka—Mori [197] gave a useful construction, which measures the
failure of a variety being rationally connected:
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Definition 7.14.1. For a variety X, the maximal rationally connected fibration (MRC fi-
bration) associates to X a (birational isomorphism class of a) variety Z and a rational map
® : X — Z with the following properties:

(i) the fibers ®~!(z) are rationally connected; and conversely,
(ii) almost all the rational curves in X lie in the fibers of ®: for a very general point
z € Z, any rational curve in X meeting ®~1(z) lies in ®~1(z).
The variety Z and morphism ® are unique to birational isomorphism and are called the MRC
quotient and MRC fibration of X, respectively.

Remark 7.14.2. The MRC quotient and MRC fibration measure the failure of X to be
rationally connected: If X is rationally connected, then Z is a point; on the other hand, if
X is not uniruled, then Z = X.

7.15. COMPLEX SURFACES WITH k = 0

Let X be a compact complex surface with kx = 0. Then the plurigenera py, ps € {0,1}, with
at least one being non-zero. We observe that

pi(X) = dimH(X,Kx) = dimH(X,0%) = dimH.’(X) = h*°(X).

Hence, either h2%(X) = 0 or h2%(X) = 1. Moreover, the vanishing of the Kodaira dimension
implies that the canonical bundle has vanishing self-intersection, and therefore, ¢? = 0.

Noether’s formula now tells us that

C%‘i‘CQ = 12y = ¢ = 12x
= bp—by +by—b3+by = 12(h°0 — pO1 4 p92)
—  —2by + by = 10+ 12(h%% = hOh),

where the last line follows from Poincaré duality. Assume X is Kéhler, then Hodge theory
implies that b; = 2h%!. Inserting this into the above formula, we see that

8h% + by = 10+ 12h°2.
We now consider the two cases constrained by the vanishing of the Kodaira dimension:
RPO=p"?=0 = 8r'+bh=10 = A" =00rh® =1
If K% =0, then by = 10, while if K%' = 1, then by = 2. Similarly,
RPO=p"2=1 = 20"+ =22 = K"'=00r % =1

If K91 = 0, then by = 22, while if h%! = 1, then by = 2. It follows that the only possibilities
for compact Kéahler surfaces with x = 0 are given by:
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Proposition 7.15.1. Let X be a compact Kéhler surface. Then X is one of the following
four types:
(i) R?Y =1, A0 =0, and by = 22.
(ii) h%0 = A9 =0 and by = 10.
(iii) h?0 =0, K'Y =1, and by = 2.
(iv) h%0 = pt0 =1, and by = 2.

The class of complex surfaces of type (i) in 7.15.1 were given the name K3 surfaces by André
Weil: “Dans la seconde partie de mon rapport, il s’agit des variétés kdhlériennes dites K3,
ainsi nommeées en ’honneur de Kummer, Kdhler, Kodaira et de la belle montagne K2 au
Cachemire.”® [310, p. 546]:

Definition 7.15.2. A compact complex surface is said to be a K3 surface if h%' = 0 and
the canonical bundle Kx ~ Ox is holomorphically trivial.

Since Kx ~ Oy, it is clear that h?" = 1, hence K3 surfaces provide examples of surfaces of
type (i) in 7.15.1.

Example 7.15.3. The simplest example of a K3 surface is a degree 4 hypersurface in P3.
By adjunction, the canonical bundle is holomorphically trivial.

Remark 7.15.4. Siu showed that every K3 surface is Kéhler [269], which was a significant
gap in the general classification theory. Moreover, there is only one diffeomorphism-type for
K3 surfaces (i.e., all K3 surfaces are diffeomorphic).

The class of complex surfaces of type (ii) in 7.15.1 were discovered by Enriques:

Definition 7.15.5. A compact complex surface X is called an Enriques surface if h%!' =0,
the canonical bundle Kx is not holomorphically trivial, but K}‘?Q ~ Ox is holomorphically

trivial.

In other words, Enriques surfaces have a holomorphically torsion canonical bundle. Observe
that it is clear from the definition that Enriques surfaces are examples of type (ii) in 7.15.1:
if KS‘?Q ~ Ox, then p; = h%? = 0.

7.16. FIBRATIONS
To describe the surfaces of class (iii) in 7.15.1, we recall the following definition:

5In the second part of my report, we deal with the Kéahler varieties known as K3, names in honor of

Kummer, Kahler, Kodaira and of the beautiful mountain K2 in Kashmir.
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Definition 7.16.1. Let f : X — Y be a surjective holomorphic map between complex
manifolds. We say that f is a fibration or a fiber space if the fibers of f are connected.

Remark 7.16.2. The term fibration in the above sense is standard in both algebraic and
complex geometry. However, it is not to be confused with the use of (Serre) fibration in
homotopy theory. See the example given by Francesco Polizzi here [247].

7.17. THE F1SCHER—GRAUERT THEOREM

The following theorem of Fischer—Grauert [128] gives an important characterization of fibra-

tions that are holomorphically locally trivial:

Theorem 7.17.1. (Fischer-Grauert). Let f : X — Y be a holomorphic fibration between
complex manifolds. Then f is a fiber bundle if and only if all the fibers of f are biholomorphic.

We now describe the surfaces of class (iii) in 7.15.1:

Definition 7.17.2. A bielliptic surface is a compact complex surface X with b; = 2 which
is the total space of a locally trivial holomorphic fibration f : X — T over an elliptic curve
with fiber an elliptic curve T.

Remark 7.17.3. The assumption that the holomorphic fibration is locally trivial is superflu-
ous in the above definition. Indeed, since elliptic curves are parametrized by the j—invariant,
if f: X — T is a holomorphic fibration with elliptic curves for fibers, then the j—invariant
defines a holomorphic map j : T — C. Since T is compact, j is constant, and all fibers are
biholomorphic. By a theorem of Fischer—Grauert [128], the fibration must be locally trivial.
Note, however, that if the fibration is permitted to have singular fibers, then the fibration is
not necessarily locally trivial.

The surfaces of type (iv) in 7.15.1 are simply the complex tori: C2/A, where A is a lattice in

C? of maximal rank.

We may now rephrase 7.15.1 more qualitatively:

Theorem 7.17.4. Let X be a compact Kahler surface kx = 0. Then X is either a K3
surface, an Enriques surface, a bielliptic surface, or a torus.

Assume now that X is a compact non-Kéahler complex surface with xx = 0. From Noether’s
formula, we have
by —2by = 10+ 12(h%? — 1),

For non-Kihler complex surfaces, by = 1 + 2h%!, therefore

by =12 +12R%2 — 8% —  2p%1 < 34 3n92
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The two cases constrained by the vanishing of the Kodaira dimension imply that
2?2 =0 = nt<i, or 2 =1 = n%t < 3.

Definition 7.17.5. Let X be a compact complex surface. We say that X is a

(i) primary Kodaira surface if b1 (X) = 3 and X is the total space of an elliptic fibration
f X — T over an elliptic curve.
(ii) secondary Kodaira surface if X is not a primary Kodaira surface but there is an

unramified covering p : X — X with X a primary Kodaira surface.

7.18. COMPLEX SURFACES OF GENERAL TYPE

Recall that the Kodaira dimension is either —oo or a non-negative integer which is at most
the (complex) dimension of the manifold. The complex manifolds of general type are those
for which the Kodaira dimension is maximal:

Definition 7.18.1. A compact complex manifold X is said to be of general type if kK(X) =
dim(X), or equivalently, if Kx is big.

In particular, if X is of general type, the Iitaka map ® : X — P has maximal rank with
zero-dimensional fibers. That is, if X is of general type, X is bimeromorphic to a projective
variety ®(X) C PV. We, therefore, have the following:

Proposition 7.18.2. Let X be a compact complex manifold of general type. Then X is
Moishezon and therefore balanced. If, in addition, X is pluriclosed, then X is projective.

ProOOF. From the preceding discussion, X is Moishezon. The balanced condition is
preserved under bimeromorphism [5], so X supports a balanced metric. By [100], if a
Moishezon manifold admits a pluriclosed metric, it is Kahler. Finally, if X is both Kéhler
and Moishezon, then X is projective by [220, Chapter 1, Theorem 11]. U

Example 7.18.3. Let X be a compact Riemann surface. If the genus of ¥ is > 2, then
k(X) =1, and X is of general type. More generally, if X is a compact complex manifold with
Kx ample, then x(X) = dim(X), thus, of general type.

Remark 7.18.4. Let X be a compact complex manifold. We say that X is polarized if
there exists a positive holomorphic line bundle £ — X. In this case, we say that (X, L) is a
polarized manifold or X is polarized by L — X . Note that this already implies the manifold
X is Kéhler: If £ — X is positive, then there is a Hermitian metric h with positive® curvature
form ©%h) ¢ le. Since O is locally d—exact, it is certainly closed, and gives a Kéhler
metric on X. Conversely, given a Kithler metric w with integral Kihler class [w] € H?(X,Z),

6Here7 positive is understood in the sense of (1, 1)—forms.
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we may find a Hermitian line bundle (£, h) — X with such that ©%") = . Hence, we may
define a polarization to be a Kahler class’.

Definition 7.18.5. We say that X is canonically polarized if X is polarized by the canonical
bundle Kx.

Remark 7.18.6. By the Aubin-Yau [15, 329] solution of the Calabi conjecture, if X is
compact Kahler with Kx ample, there is a unique Kéhler—Einstein metric on X with Ric, =
—w. Hence, canonically polarized manifolds have a canonical polarization given by the Kéhler
class of the Kahler—Einstein metric.

Remark 7.18.7. 7.18.3 shows that if X is canonically polarized, then X is of general type.
The ampleness of the canonical bundle is not equivalent to the manifold being of general

type, however. Some examples of big non-ample line bundles are discussed in [199, p. 140].

7.19. KODAIRA’S THEOREM ON (—2)—CURVES
On the other hand, we have the following important theorem of Kodaira [196]:

Theorem 7.19.1. (Kodaira). Let X be a minimal surface of general type, then its canonical
bundle Kx ample if and only if there are no (—2)—curves.

7.20. KODAIRA FIBRATION SURFACES
Let us now discuss an important example of a surface of general type:

Definition 7.20.1. A compact complex surface X is said to be a Kodaira fibration surface
if X is the total space of a holomorphic fibration f : X — X over a compact Riemann surface
¥ such that f is a holomorphic submersion and the fibers are not biholomorphic®.

7.21. SURFACES OF CLass VII

A fundamental theorem in complex geometry states that a compact complex surface is Kéhler
if and only if b;(X) is even. This follows indirectly from Siu’s theorem [269] and directly
from the theorem of Buchdahl [69]. The non-Kéhler compact complex surfaces have minimal
models X, which belong to one of the following three classes:

(i) Primary and secondary Kodaira surfaces.
(ii) Non-Kahler properly elliptic surfaces.

7Oftentimes, when a polarization is defined in this manner, the K&hler class is not assumed to be integral.
8More precisely, the associated Kodaira—Spencer map 6, : Tp¥ — H'(X,,T°X,) is injective at each
point p € ¥. The right language for this condition is that the family is effectively parametrized. Note that, in

general, this condition is stronger than a family having mazimal variation (in the sense of Viehweg [305]).
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(iii) Minimal class VII surfaces.

Let us describe these three classes in more detail:

Definition 7.21.1. A primary Kodaira surface is a topologically non-trivial, locally trivial
principal elliptic fiber bundle over an elliptic base.

Remark 7.21.2. From [21, p. 197], the invariants of a primary Kodaira surface are by = 3,
by=4,e=0, %" =2 h%2 =1, and Kx ~ Ox.

In some cases, a primary Kodaira surface admits a finite group of automorphisms that acts
freely. The smooth quotients subsequently obtained are called secondary Kodaira surfaces:

Definition 7.21.3. A secondary Kodaira surface is a compact complex surface X which
admits an unramified covering X — X such that X is a primary Kodaira surface.

Definition 7.21.4. A compact complex surface X is said to be of Class VII if k(X) = —c0
and b1 (X) =1.

Remark 7.21.5. Since class VII surfaces have k = —o0, all plurigenera p,, = 0. Given that
b1 = 1, we know ([21, Theorem 2.7, p. 139]) that b* = 2p,, = 0. In particular, class VII
surfaces are interesting from the point of view of differential topology: they form a class of
(real) 4-manifolds with b; = 1 and negative-definite intersection form.

Definition 7.21.6. A compact complex surface is said to be a Hopf surface if its univeral
cover is biholomorphic to C% — {0}.

Remark 7.21.7. The original Hopf surface, defined by Hopf in [171], was the quotient of
C2?—{0} by the infinite cyclic group generated by the homothety (z1,22) (%zl, %22) This
surface H is diffeomorphic to S* x S! and has by (H) = 1. In particular, H does not support
a Kéhler metric. On the other hand, the surface H is an elliptic fiber bundle over P! and
is homogeneous. Hopf’s construction immediately generalizes to the case where C? — {0} is
quotiented by an infinite cyclic group generated by particular automorphisms:

7.22. PRIMARY HOPF SURFACES

Definition 7.22.1. A primary Hopf surface is the quotient of the punctured plane C? — {0}
by an infinite cyclic group H which acts properly discontinuously by holomorphic transfor-

mations:
(21,22) = (0121, 922), (7.22.1)
where 0 < |ai| < |ag| < 1.

Proposition 7.22.2. ([21, p. 226]). Let H, be the primary Hopf surface given by the
quotient of C2 — {0} by the cyclic group generated by (7.22.1). Then
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(i) H, is diffeomorphic to S* x S!.
(ii) h10 = h20 = p02 = pb! = 0 and KO = 1.
(iii) H, contains two elliptic curves.

It follows immediately from (i) or (ii) of 7.22.2 that a primary Hopf surface does not support a
Kaéhler metric. It follows immediately from (iii) that a primary Hopf surface is not Kobayashi
hyperbolic.

Proposition 7.22.3. A compact complex surface X is a primary Hopf surface if and only
if one of the following equivalent conditions hold:

(i) X is homeomorphic to S? x S*.

(ii) b2(X) =0 and m(X) ~ Z.

Remark 7.22.4. There are many Hopf surfaces which are not of the type H, or even
diffeomorphic to S? x S! (see page [21, p. 227)).

Proposition 7.22.5. Let X be a Hopf surface. Then there exists a finite unramified covering
Y — X such that Y is a primary Hopf surface.

7.23. INOUE SURFACES

Definition 7.23.1. An Inoue surface is a class VII surface which is the free quotient of
C x H by a properly discontinuous affine action.

By [37, 77, 202, 285], we can characterize Inoue surfaces as follows:

Theorem 7.23.2. A class VII surface X is an Inoue surface if and only if by = 0 and X has

no holomorphic curves.

Proposition 7.23.3. ([125, p. 3]). An Inoue surface X admits a non-singular holomorphic
foliation F whose leaves are the images of C x {29}, for every zo € H, under the quotient
map C x H — X.

Theorem 7.23.4. (Bogomolov’s theorem [36, 37, 285, 202]). A class VII surface with
by = 0 is biholomorphic to either a Hopf surface or an Inoue surface.

7.24. GLOBAL SPHERICAL SHELLS AND KATO SURFACES

There are many examples of class VIIj surfaces with positive second Betti number. By the
results of Kato [184, 185, 186], and Dloussky [117], these surfaces contain a global spherical
shell:

Definition 7.24.1. Let X be a compact complex surface. A global spherical shell is an open
submanifold ¥ which is biholomorphic to a standard neighborhood U of S? in C? which does
not separate X in the sense that X — U is connected.
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Definition 7.24.2. A Kato surface (or GSS surface) is a class VIIy surface with by > 0
containing a global spherical shell.

Kato surfaces are constructed as follows: Let B(r) denote the open ball of radius » > 0 in
C2. We consider a (finite) sequence of blow-ups ¢ : B — B, where B = B(1) is the unit ball
in C2. The sequence of blow-ups is subject to the following constraint: The first blow-up
is given by blowing up the origin, and the next blow-up is given by blowing up a point in
the exceptional divisor. Let o : B — B be a holomorphic (up to the boundary) embedding
which maps the origin to a point belonging to the last exceptional divisor created by (. Set
W.=B- o(B). We can glue the two boundary components of OW = OB U o(OB) using
the real analytic CR diffeomorphism o o ¢ : OB — o(0B). The result is a minimal compact
complex surface S with b;(S) = 1 and by equal to the number of blow-ups in .

Kato surfaces are well understood. For instance, we have the following theorem of Kato:

Theorem 7.24.3. (Kato). Every Kato surface contains by rational curves and is a global

deformation (a degeneration) of a 1-parameter family of blown up primary Hopf surfaces.

Corollary 7.24.4. All Kato surfaces with fixed second Betti number by > 0 are deformation
equivalent. Moreover, they are all diffeomorphic to (S* x S')#byP2.

The biholomorphic classification of global spherical shell surfaces is understood. The fol-
lowing conjecture of Nakamura [227], therefore, would, in principle, solve the classification
problem for class VII surfaces:

7.25. THE GLOBAL SPHERICAL SHELL CONJECTURE

Conjecture 7.25.1. (Global spherical shell conjecture). Every class VIIy surface with b > 0
has a global spherical shell.

A global spherical shell is difficult to work with, especially given that it is a non-compact
object. One can show that a surface X of class VI contains at most by(X) rational curves.
Further, if X admits a global spherical shell, there are precisely by(X) rational curves on X.
Kato conjectured that the converse should also be true. The following theorem of Dloussky—
Oeljeklaus—Toma [118] reduces the problem to the existence of sufficiently many rational

curves:

Theorem 7.25.2. If X is a compact complex surface of class VIIy with ba(X) > 0 rational
curves, then X admits global spherical shells.

Remark 7.25.3. It is customary to divide Kato surfaces into three classes:
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(i) Enoki surfaces [123] — Kato surfaces which support a non-trivial divisor D with
H°(X,0x(D))#0and D-D = 0.
(ii) Kato surfaces of intermediate type [117, 67, 12] — A Kato surface that contains a
cycle of rational curves with branches.
(iii) Inoue-Hirzebruch surfaces [177] — Kato surfaces with no meromorphic functions.

In [67], Brunella refers to the Kato surfaces of class (i) as parabolic Kato surfaces, and the

Kato surfaces of class (ii) and (iii) as hyperbolic Kato surfaces.

7.26. FURTHER DIRECTIONS

In light of 7.18.2, to produce examples of complex manifolds which support a big line bundle
but no ample line bundles, one can look at Moishezon manifolds that do not support pluri-
closed metrics. Further, it would be curious to explore the relationship between 7.18.2 and
the Fino—Vezzoni conjecture [127]. Perhaps there is a useful algebraic formulation of the
Fino—Vezzoni conjecture.

The role of geometric flows in the classification of compact complex surfaces is explored by
Streets and Tian in [275, 276, 277, 274]. The developments in §2.4 and §2.5 of the present
manuscript may be of some utility in better understanding the flow and hence, understanding
the classification problem.






Part 2

Curvature



This second part of the manuscript — Curvature — deals with the primary workhorse of the
results: the curvature of Hermitian metrics on complex manifolds. The opening chapter,
Chapter 8, revises the required theory from Riemannian geometry, surveying the main struc-
tural results from which one obtains some intuition of what the various curvatures measure.
Each chapter has this in mind, many of the results presented in the chapters are exhib-
ited either out of necessity for later developments or played a pivotal role in the author’s
understanding of the nature of these curvatures.

Chapter 9 treats, for the most part, standard material concerning connections that preserve
a Hermitian structure, but the exposition is non-standard. In particular, significant effort
was given in the closing section of Chapter 9 which concerns the connections introduced by
Gauduchon. The treatment is hopefully much more transparent than existing expositions.
Chapters 10-12 systematically lay down the foundational material and results for the various
curvatures which are present in Hermitian geometry: The Ricci curvature, scalar curvature,
inherited from Riemannian geometry; the holomorphic bisectional curvature and holomorphic
sectional curvature; and more modern curvatures such as the real bisectional curvature, the
orthogonal bisectional curvature, the quadratic orthogonal bisectional curvature, and their
altered variants. These chapters contain a number of novel results due to the author (some
joint with collaborators).

The closing chapter, like the closing chapter of Part 1, serves to encapsulate the chapters
that came before it: The Schwarz lemma, an application of the Bochner technique to the
differential of a holomorphic map.



CHAPTER 8

The Curvature of a Riemannian metric

Let C be a curve in R" given by a parametrization « : (a,b) — R", a(t) = (x'(t),...,2"(t)).
Let V(t) = V(a(t)) be a vector field defined along C, i.e., to each ¢ € (a,b), we have a vector

Vt) = Za (t) <a$1> " S Ta(t)R .
a(t

i

We want to understand how to compute the derivative of V along the curve €. Of course,
in general, neither V(¢) nor its “derivative” need to be tangent to the curve. Since C sits
inside R™, however, we can exploit the natural parallelism which R™ possess (i.e., the natural
isomorphism between 7,R™ and T,R", for distinct p,q € R™). Making use of this, we can
identify V' (to + At) € Ty(to+a)R™ with a vector in T, )R", using this parallelism. We can
then make sense of the difference

V(to + At) — V(to)

by using the vector space structure on T, )R". Further, we may define the difference
quotient

V(to + At) — V(to) Z a'(to + At) —a'(to) (9
At N At oxt a(to) '

i
The equality is due to the fact that if we write vectors in terms of the basis 9/dz?, ..., 0/0x™,
which defines a field of parallel frames on R™, then vectors at distinct points are parallel if
and only if they have the same components. Permitting At — 0 yields the definition of the
derivative

v _ Vit +AY) ~ V(to)

— = lim
dt At—0 At

For a general smooth manifold M, however, there are no canonical means of identifying the

tangent spaces T, M and T;M for distinct points p,q € M. The object which allows us to

identify tangent spaces T),M and T,M for distinct p,q € M is given by a connection:

Definition 8.0.1. Let & — M be a smooth vector bundle over a smooth manifold M. An
R-linear first-order differential operator V : 2 (M) x H°(&) — HO(€) is called a connection®
if, for all f,g € C°(X,R), u,v € Z(X), o € H(€),

1Or more precisely, the covariant derivative associated to a connection.

131
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(i) it is C*°~linear in the first variable:
Viugrgu(o) = [Vuo+gVyo,
(ii) it satisfies the Leibniz rule:

Vulfo) = u(f)o+ fVyo.

A connection on the tangent bundle T'M is called an affine connection.

Remark 8.0.2. Property (i) ensures that the value of V0 at a point p € X depends only on
the value of u at p. Similarly, property (ii) ensures that the value of V,0 at p € X depends
only on the value of ¢ in a neighborhood of p.

Let 0 € H°(€) be a smooth section of €. With respect to a local frame {e,} of £, we write
o = 0%,. Let v : [to,t1] —> X be a smooth curve in X, whose image we denote by C. By
setting o(t) := vy*o, we define a section along €. Let us write §(t) := %'y(t), which in a local
coordinate frame 9,,, we may write as () = 4%(¢)0,,. Then

Vimo(t) = Vigo®(v(t))ea(r(t))
= 6 (v())ea(1(1) + 7 ()0 (TS, (v (D) (1(1))-

Hence, Vo = 0 represents a linear system of first-order ODEs for the coefficients ' (t), ..., o™ (t)

of o(t). Hence, for any given initial value o(0) € €, ,), there is a unique of
Vino(t) = 0. (8.0.1)
Definition 8.0.3. The solution o(t) of (8.0.1) is said to be the parallel transport of o(0)

along the curve C.

A choice of connection on €&, therefore, provides a means of identifying distinct fibers. In
light of this discussion, we make the following definition:

Definition 8.0.4. Let &€ — M be a smooth vector bundle over a smooth manifold M. Let
V be a connection on €. We say that a section o € HY(&) is parallel (with respect to V) if

Vo =0.

A section being parallel with respect to a connection is understood to mean that the connec-
tion preserves the section. For instance, we have the following:

Definition 8.0.5. Let (€, h) — M be a smooth vector bundle with bundle metric h over a
smooth manifold M. We say that a connection V on & is compatible with the metric h (or a

metric connection) if

Vh = 0.
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That is, for any vector field u € .2 (M) and sections o, 7 € HY(€) we have
uh(o,7) = h(Vyo,7)+ h(o, V7).

Remark 8.0.6. If V is a metric connection on T'M, then the operation of parallel transport

acts by isometries of the metric.

Remark 8.0.7. In the above discussion, we obtained a notion of parallel transport from (the
covariant derivative associated to) a connection. From a notion of parallel transport (i.e.,
an identification of the fibers of a vector bundle along curves), one can produce a covariant
derivative as follows: Let v € T, X, and let v : [tg, t1] — X be a smooth curve with v(0) = p
and 4(0) = v. For 0 € HY(€), we define

V.o = }g% Pv,t(a(’Y(t)i) - U(’V(O))’

where Py ;1 €,y — €,(0) s the identification by parallel transport along ~.
To see that the notions of parallel transport and covariant derivative are equivalent, let
{ea(t)} be a frame of parallel sections of € along 7, i.e.,

Vﬁ(t)ea(t) = O, azl,...,n.

Any section o € H?(€) along v can be written (locally) as o(t) = 0%(t)eq(t). Hence, with
v =4(0), we have
Vyo(t) = 6% (t)eq(t).

Therefore,

(V,0)(1(0) = lim Meam) =t Pc,t<a<t>t>—a<o>,

allowing us to define a connection if we have a parallel transport operator.

8.1. THE TORSION AND CURVATURE

From an affine connection, we can build two invariants: its torsion, and its curvature. The
torsion is a measure of the failure of the connection to parallel transport sections without
‘slipping’; this is a measure of the failure of the covariant derivative to commute up to first-
order. The curvature is a measure of the failure of the covariant derivative action to commute

up to second-order.?

Definition 8.1.1. Let V be a connection on the tangent bundle 7'M of a smooth manifold
M. The torsion T = TV of V is the (2, 1)-tensor defined by

T(u,v) =V — Vyu— [u,v].

2See also the notion of Cartan displacement [162].
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In Riemannian geometry, there is a strong aversion to the torsion of a connection. This is
because a Riemannian manifold supports a distinguished metric connection on its tangent
bundle whose torsion vanishes:

Theorem 8.1.2. Let (M, g) be a Riemannian manifold. There exists a unique metric con-

nection VXC — the Levi-Civita connection — whose torsion vanishes.

We invite the reader to consult [239, p. 53| for a proof of the above theorem.

From an affine connection V, we can build the torsion tensor 7V. This expression is mean-
ingless on a general smooth vector bundle, but the following (3, 1)—tensor can be defined on

any smooth vector bundle with a connection:

Definition 8.1.3. Let &€ — M be a smooth vector bundle over a smooth manifold. Let V
be a connection on &. The curvature © = OV of V is the End(&)-valued 2-form defined by

O, no = VeVyo =V Veo — Vi o, (8.1.1)

where £,n € 2 (M) and o € HY(€). If V is the Levi-Civita connection on T'M, then the
curvature tensor is referred to as the Riemannian curvature tensor.

Notation 8.1.4. The curvature of a connection on an arbitrary vector bundle will typically

be denoted by ©. The curvature of an affine connection will typically be denoted by R.

Let &€ = M be a smooth vector bundle over a smooth manifold M. Endow € with a bundle
metric h. Using the bundle metric, the curvature © = OV of a connection V on € can be
considered scalar-valued by setting

@(67 777 0-7 T) = h((—)(€7 77)0-7 T)?
where £, € 2 (M) and o,7 € HY(€).

If we let {e;} be a smooth local frame for €. We write O;jpe = ©O(e;, ej, e, e) for the
components of © with respect to this frame. The connection coefficients Ffj are the functions
given by
Veiej = Fi-gjek.
From (8.1.1), we see that
R(ei ej)er, = Ve, Veer —V;Veep — Vieie;)€k
- v, (Fﬁkee) -V, (ka€g> ~T? e

¢ ¢ ¢ £
- <aiij> eo + T Thep — (Bjrik) e = Tiler = T e



8.1. THE TORSION AND CURVATURE 135

Let now V denote the Levi-Civita connection on T'M, take (z1,...,zy) to be (smooth) local

coordinates near a point p € M, then 6%1, vy % yields a (smooth) local frame for T'M near
p. Then
ot art
e _ Jk k ¢ 1P 0 TP
B = o~ omy T Zp:(rjkrw —T4TT,).
Since
1
Iy = 59” (0igje + 95gic — Oegij) »

we see that in a local coordinate frame, the Riemannian curvature tensor reads:

pot L gje n Pgir Pgiu g
ik 2 \Ox;0xy,  Ox;0xy Ox;0x),  Ox;0xy

)+ lCRTE, ~ TR,

From (8.1.1), we have the following immediate symmetries:

Proposition 8.1.5. Let (M,g) be a Riemannian manifold. The Riemannian curvature
tensor R has the following symmetries:

(i) Rijkg + Rjikg = 0.
(i) Rijre + Rjkie + Ryije = 0.
(iil) Rijke + Rijer = 0.
(iv) Rijre = Riuij-
From the symmetries of the Riemannian curvature tensor, we can define a symmetric bilinear

form:

Definition 8.1.6. Let (M, g) be a Riemannian manifold. Let R denote the Riemannian
curvature tensor. The Riemannian curvature operator is the symmetric bilinear form fR :
A2(M) — A%(M) defined by

RuNv,zAw) = R(u,v,z,w).
Constraints on the curvature operator are very restrictive. For instance, we have:

Example 8.1.7. B6hm-Wilking [39] showed that manifolds with positive curvature operator
R > 0 are diffeomorphic to spherical space forms. A compact simply connected Riemannian
manifold with nonnegative curvature operator R > 0 is isometric to a Riemannian product
of spheres with metrics of nonnegative curvature operator, P" endowed with a Kéhler metric
with nonnegative curvature operator (when acting on real (1,1)—forms), and compact irre-
ducible Riemannian symmetric spaces with their natural metrics of nonnegative curvature

operator.
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Given the restrictive nature of the curvature operator, we want to build weaker invariants

from the curvature.

Remark 8.1.8. An element of A%(T,M) is said to be decomposable if it can be written as
uAv for some u,v € T,M. Let ¥ C A%*(T,M) denote the set of all decomposable elements. It
is easy to show that X forms a cone, and its projectivization P(X) is exactly the Grassmannian
of 2-planes in T}, M. The restriction of the curvature operator R to the set of decomposable

elements defines the following;:

Definition 8.1.9. Let (M, g) be a Riemannian manifold. The sectional curvature of g is

defined
R(uAv,uAv) R(u,v,v,u)

junol? o Julgluly = (u,0)

Secy(u ANv) = 5

The sectional curvature measures the extent to which the exponential map distorts distances.

Remark 8.1.10. It is easy to show that Sec,(u,v) is independent of the choice of tangent
vectors u, v, and depends only on the two-plane II C T'M spanned by u,v. In particular, the
sectional curvature descends to a function on the Grassmannian of two—planes in T'M:

Secg : Gra(TM) — R.

An important feature of the sectional curvature is that it determines the curvature tensor

completely:

Theorem 8.1.11. Let (M, g) be a Riemannian manifold. The sectional curvature completely

determines the curvature tensor R. In particular,

1 i - 1 - .
Rijre = SSecg<(e +ek)/2\(61+e€)>+3secg<(€ ek);\(ej ee))

1 <(ej+ek) (ei—i—eg)) g ((ej —ek);\(ei—eg)>

>

— 38669 3

D~ o

1 1 1
—8Secg(ej N eg) — —Secq(e; Aex) + ESecg(ei Aeg) + éSecg(ej A eg).

Example 8.1.12. The model spaces R, S", and H" (endowed with their standard metrics)
have isometry groups that act transitively on the orthonormal frames and therefore act
transitively on the 2—planes in the tangent bundle. It follows that each of these Riemannian
manifolds has constant sectional curvature, i.e., the sectional curvatures are the same for all

planes at all points.

Example 8.1.13. The classical examples of smooth manifolds which support metrics of posi-
tive sectional curvature are the spheres S”, the complex projective space P", the quaternionic
projective space HP", and the Cayley plane CaP?. These are precisely the simply connected
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rank one symmetric spaces. Other examples of compact smooth manifolds with metrics of
positive curvature are known in (real) dimensions 6 (there are two), 7 (there is an infinite

number), 12 (there is one), 13 (there is an infinite number), and 24 (there is one).

Remark 8.1.14. All constructions of positively curved manifolds essentially rely on quo-
tient or metric projections. In particular, one needs a good source of non-negatively curved

manifolds (e.g., Lie groups) in order to produce manifolds with positive curvature.

Although weaker than constraints on the curvature operator, constraints on the sectional
curvature are still very restrictive (albeit, there are not many known obstructions). Let us
mention some of the important structural results concerning the sectional curvature [119, p.
200]:

Theorem 8.1.15. (Bonnet-Myers). Let (M, g) be a complete n—dimensional Riemannian
manifold with Sec, > 1. Then
diam<M7g) < diam(Sn7ground) = .

In particular, the fundamental group 71 (M) is finite.

In other words, the Bonnet—Myers theorem asserts that a manifold curved as much as the
round (unit) sphere has a diameter bounded by the round (unit) sphere.

Remark 8.1.16. It is worth remarking that, at present, there is no obstruction to any finite
group being the fundamental group of a manifold with a (complete) Riemannian metric
of positive sectional curvature. Completeness is essential since Gromov’s H-principle [153]
asserts that any open manifold has a (possibly non-complete) metric of positive sectional

curvature.
The second main structure theorem for the sectional curvature is due to Synge [119, p. 203]:

Theorem 8.1.17. (Synge). Let (M™, g) be a compact n—dimensional Riemannian manifold
with Secy > 0.

(i) If n is even, then 7 (M) =0 or w1 (M) = Zs.
(ii) If n is odd, then M is orientable.

In particular, RP" x RP" does not admit a metric with positive sectional curvature.

Essentially the same argument used to prove Synge’s theorem yields the following [130]:

Theorem 8.1.18. (Frankel). Let (M"™, g be an n—dimensional Riemannian manifold with
Secg > 0. Let U and V' be two closed totally geodesic submanifolds. If dim(U)+dim(V) > n,
then UNV # (.
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Negative (or non-positive) sectional curvature also places severe constraints on the topology
of the manifold [119, p. 149]:

Theorem 8.1.19. (Cartan-Hadamard). Let (M",g) be a complete Riemannian manifold
with Sec, < 0. Then the universal cover is diffeomorphic to R".

An easy consequence of the Cartan—Hadamard theorem is the following;:

Corollary 8.1.20. A complete Riemannian manifold (M, g) with Secy < 0is a K (I', 1)-space
(i.e., an Eilenberg—Maclane space).

If the sectional curvature is strictly negative, we have [119, § 12.3]:

Theorem 8.1.21. (Priessmann). Let (M, g) be a compact Riemannian manifold with Sec, <
0. Then any non-trivial abelian subgroup of 71 (M) is cyclic.

Priessmann’s theorem implies, in particular, that M cannot be homeomorphic to a product
manifold; otherwise, 71 (M) would contain Z @& Z as a subgroup. From [239, Exercise 6.7.20]
(see also [119, p. 263]), Priessmann’s theorem can be generalized to Any solvable subgroup
of the fundamental group of a compact negatively curved manifold must be cyclic.

Remark 8.1.22. The compactness assumption is necessary, as shown by the main theorem
in [9].

Remark 8.1.23. In the late 50s, Chern conjectured that the same phenomenon occurs for
compact Riemannian manifolds with positive sectional curvature. At the time, one only knew
the compact rank one symmetric spaces. The conjecture was shown to be false, there are
examples of Riemannian manifolds (M, g) with Sec, > 0 having fundamental group Zs @ Zo
or Zs ® Zs.

The Bonnet—Myers theorem asserts that positive sectional curvature bounds the number of
generators on the fundamental group. The following result of Gromov achieves this for the
Betti numbers (in any coefficient field):

Theorem 8.1.24. (Gromov). Let (M", g) be a compact Riemannian manifold with Secy > 0.
Then there is a universal constant C' = C(n) > 0 such that

bp(M,F) < ¢(n),

for all £ and any field of coefficients F'. Moreover, the fundamental group has a generating
set with at most ¢(n) elements.

Besides the results stated here for Riemannian manifolds with positive sectional curvature,
there are no other known obstructions. There are several important conjectures, most notably
the following conjecture of Hopf:
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Conjecture 8.1.25. (Hopf). There is no metric of positive sectional curvature on S? x S2.

More generally, one can ask whether the product of two simply connected manifolds with
positive sectional curvature supports a metric with positive sectional curvature. The example

of RP" x RP" shows that we cannot entirely drop the simply connectedness assumption.

Theorem 8.1.26. (Soul theorem). Let (M,g) be a complete non-compact Riemannian
manifold with Sec, > 0. Then there exists a compact totally convex submanifold S C M
such that M is diffeomorphic to the (total space of the) normal bundle of S. Moreover, S
supports a Riemannian metric with nonnegative sectional curvature, and if Secy > 0, then S
is a point.

Remark 8.1.27. The Soul theorem [86] gives us a structure (or reduction) theorem for
complete noncompact Riemannian manifolds with nonnegative sectional curvature: They
are all total spaces of a vector bundle over a compact manifold with nonnegative sectional
curvature (up to diffeomorphism). It gives a complete classification of complete noncompact

Riemannian manifolds with positive sectional curvature: the manifold is diffeomorphic to
R™.

The converse problem is the following:

Question 8.1.28. Let (M, g) be a compact Riemannian manifold with Sec, > 0. Let € — M
be a smooth vector bundle over M. Does there exist a Riemannian metric § on the total
space of & with Secy > 07

It is known that the answer to the above problem is negative, in general. All known examples
have infinite fundamental group. No counterexample is known for finite (in particular, trivial)
fundamental group. The first examples were given by Ozaydin-Walschap [238].

Remark 8.1.29. There are a number of variants that bridge the gap between the sectional
curvature and the curvature operator. One such instance is the notion of strongly positive
curvature, coined in the paper of Grove—Verdiani—Ziller [154], though the concept stems from
earlier work of Thorpe [287, 288]. Observe that any 4—form o € Q%, induces a symmetric
operator & : 93, — Q2, by g(a(€),¢) = g(a, € A¢). The quadratic form associated to &

vanishes on o € Gra(T'M). Hence, the sectional curvature can be written as
Secg(0) = g(R(0),0) = g(R+a)(9),0).

This observation, which is referred to as Thorpe’s trick, implies that if there exists a € Q‘}w
such that the modified curvature operator R + & is positive-definite, then Sec, > 0. A
Riemannian manifold (M, g) is said to have strongly positive curvature if there is a 4—form
a € Q%/[ such that R + & is positive-definite at all points of M. For more in this direction,
see [25].
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8.2. THE Ricci CURVATURE OF A RIEMANNIAN METRIC

From the curvature tensor, we can produce less restrictive curvatures by taking averages:

Definition 8.2.1. Let (M", g) be a Riemannian manifold. The (Riemannian) Ricci curvature
Ric, is the (2,0)-tensor given by the (metric) trace of the Riemannian curvature tensor:

n
Ricg(u,v) = ZR(u,ek,v,ek), u,v € TM,
k=1

where {ej} is a local frame for T'M.

We write
n
. . i
Ricy(es,er) = Ricik = > ¢ Rijre
J=1

for the components of the Ricci curvature with respect to the frame {ey}.

Remark 8.2.2. The above definition for the Ricci curvature can apply more generally to

the curvature of any affine connection.

The (Riemannian) Ricci curvature measures the extent to which volumes along geodesics
are distorted under the exponential map. Indeed, let (zy,...,x,) denote geodesic normal
coordinates defined on a neighborhood of a point in M. In these coordinates, the Riemannian

volume form is given by
dVy = 1/det(gij)dzi A - N dxy,.

Computing the Taylor expansion of dV,, we see that
1
dVy = [1 — éRicjkxj:rk + O(]:):\S)] dxy A« A dxy,.

In particular, if Ric, > 0, the volume along geodesics decreases, while they it increases if
Ricy < 0.

The Ricci curvature is significantly weaker than the sectional curvature. The most strik-
ing example of this is the following well-known theorem of Gao [135], Gao—Yau [136] (in
dimension 3), and Lohkamp [211] (in all dimensions):

Theorem 8.2.3. (Gao—Yau, Lohkamp). Let M be a smooth manifold of dimension n > 3.
Then there exists a complete Riemannian metric g on M with

—cg < Ricg < —cy,

for positive constants cg, c; > 0.
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In particular, there are no obstructions to a Riemannian manifold of dimension > 3 admitting
a complete Riemannian metric with negative Ricci curvature. Of course, for (compact)
surfaces, the Gauss—Bonnet formula restricts the existence of metrics of negative curvature
to surfaces of genus g > 2.

Remark 8.2.4. It should be emphasized that the main content of the above theorem is
that the metric with negative Ricci curvature is complete. Indeed, by Gromov’s H-principle
[153], any smooth open manifold admits a (possibly non-complete) Riemannian metric with
sectional curvature pinched between two negative constants.

Remark 8.2.5. Gromoll-Meyer [151] constructed examples of Riemannian manifolds with
Ric > 0 but do not admit metrics with Sec > 0. These examples all have finite homotopy
type. Abresch—Gromoll [1] showed that a complete Riemannian manifold with Ric > 0 has
finite homotopy type under some growth assumptions on the diameter. These assumptions
on the diameter are necessary, as the examples of Sha—Yang [265] illustrate.

The (both compact and non-compact) examples of Sha—Yang [265] of simply connected Rie-
mannian manifolds of dimension > 7 with Ric > 0, which do not support metrics with
Sec > 0 also show that Gromov’s Betti number theorem does not hold with Sec > 0 replaced
with Ric > 0.

Let us mention some important structure theorems for the Ricci curvature. By the theorem
of Gao and Lohkhamp, there are no structure theorems for Riemannian metrics with negative
Ricci curvature. We have the following extension of the Bonnet—Myers’ theorem, which was
originally stated for the sectional curvature [119, p. 200]:

Theorem 8.2.6. (Bonnet—Myers). Let (M"™,g) be a complete Riemannian manifold of di-
mension n. Suppose Ricy > (n — 1)k > 0. Then

NG

In particular, a compact Riemannian manifold with positive Ricci curvature has finite fun-

diam(M,g) < (8.2.1)

damental group.

Remark 8.2.7. Cheng [95] extended the Bonnet—Myers theorem, showing that equality in
(8.2.1) is achieved if and only if (M, g) is isometric to the round sphere of constant curvature
k.

An important problem within Riemannian geometry is the search of metrics of constant Ricci

curvature:
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Definition 8.2.8. Let (M, g) be a Riemannian manifold. A Riemannian metric g is said to

be Einstein with Einstein constant \ if
Ricy = Ag.

Example 8.2.9. Besides metrics of constant curvature, Einstein metrics have been dif-
ficult to find, in general. Jensen [180] showed that the sphere S¥+3 k > 1, have an
Sp(k + 1)-homogeneous Einstein metric. Bourguignon-Karchar [44] showed that S sup-
ports a Spin(9)-homogeneous Einstein metric. Ziller [339] showed that these were the only
homogeneous Einstein metrics on spheres. Béhm [38] constructed infinite sequences of non-
isometric Einstein metrics of positive scalar curvature on S* for k = 5,6,7,8,9. Bohm’s
metrics are of cohomogeneity one and were the first inhomogeneous and non-classical Ein-
stein metrics to be found on even-dimensional spheres. Boyer—Galicki-Kollar [48] showed
that on S° there are (at least) 68 inequivalent families of (Sasaki—)Einstein metrics; and all
28 oriented diffeomorphism classes on S7 admit inequivalent families of (Sasaki—)Einstein

metrics.

8.3. THE SCALAR CURVATURE OF A RIEMANNIAN METRIC

Just as we obtained the Ricci curvature tensor from taking a trace of the curvature tensor,
the scalar curvature is given by taking a trace of the Ricci curvature:

Definition 8.3.1. Let (M", g) be a Riemannian manifold. The (Riemannian) scalar curva-
ture is the (metric) trace of the Ricci curvature

n
Scaly := tryRic, = E R(ei, ej,e5,€;),
ij=1

where {e;} is a local frame for TM.

The (Riemannian) scalar curvature measures the extent to which volumes of balls are dis-
torted under the exponential map. Indeed, if we look at the distortion of the volume of a
small ball BM (¢) ¢ M of radius € > 0, compared with the volume of the corresponding ball
BR"(¢) in R", we see that

vol(BM () = 1—me2+0(54) vol(BRX" (¢)).

Remark 8.3.2. We observe that an immediate consequence of 8.2.3, every Riemannian

manifold admits a complete Riemannian metric with negative scalar curvature.

On the other hand, like all the curvatures we have exhibited thus far, the existence of metrics
with positive scalar curvature is obstructed:
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Theorem 8.3.3. (Lichnerowicz). Let D be the (Riemannian) Dirac operator on a spin
manifold M. Then

1
D? = V'V + ZScalg,

where V is the covariant derivative on the spinor bundle induced by the Levi-Civita connec-

tion.

Recall that a Dirac operator is a self-adjoint elliptic first-order differential operator which
acts on sections of the spinor bundle. If M is a spin manifold of dimension n, there is a
version of the Dirac operator which commutes with the action of the Clifford algebra C,. In
particular, its kernel is a (graded) €,—module which represents an element a(M) in the real
K—theory group KO,, = KO™"(pt) (see [168, 206, 252] for more details).

Theorem 8.3.4. (Lichnerowicz, Hitchin). If M™ is a compact spin manifold for which
a(M) # 0 in KO,,, then M does not admit a metric of positive scalar curvature.

Example 8.3.5. Let
X = {0+ +25+23=0CP®

denote the Fermat hypersurface of degree 4 in P3. Then, from [168], we know that X is
spin and has E(X ) = 2. Therefore, by 8.3.4, X does not support a metric of positive scalar

curvature.

Theorem 8.3.6. (Gromov-Lawson [152]). Let (M, g) be a compact Riemannian manifold
with Sec, < 0. Then there is no metric on M with positive scalar curvature.

Although we saw that the pinching of the sectional curvature and the Einstein condition
was very restrictive, the corresponding conditions are much less restrictive for the scalar
curvature. Indeed, the so-called Yamabe problem asks whether a metric of constant scalar
curvature exists in each conformal class. More precisely, we have:

8.4. THE YAMABE PROBLEM

Let M be a smooth manifold. For any Riemannian metric g on M does there exist a confor-
mally related metric g, := e?“g such that Scaly, = ¢ for some constant ¢ € R?

The Yamabe problem was solved positively by Yamabe [319], Trudinger [299] on compact

Riemannian manifolds:

Theorem 8.4.1. Let M be a compact smooth manifold. For any Riemannian metric g on
M, there exists a conformally related g, := €?“g¢ such that Scalg, = c for some constant

¢ € R. Moreover, the constant scalar curvature metric is unique in the conformal class.
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Remark 8.4.2. The Yamabe problem for complete noncompact Riemannian manifolds was
posed by Kazdan [188]. A counterexample in the noncompact case was given by Zhiren
[337]. For more discussion on this, see [16].

There is a result of Kazdan-Warner [189] which classifies the functions which can be real-
ized as the scalar curvature of a Riemannian metric on compact Riemannian manifolds of

dimension n > 3.

Theorem 8.4.3. (Kazdan-Warner). Let (M™,g) be a compact Riemannian manifold of
(real) dimension n > 3. The scalar curvature Scaly is a function of three possible types:

(i) There is no restriction on the possible scalar curvatures — every function can be
realized as the scalar curvature of some metric.
(ii) A function is the scalar curvature of a metric if and only if it is negative somewhere.
(iii) A function is the scalar curvature of a metric if and only if it is identically zero or
negative somewhere.
From this, on a compact manifold, any negative function is the scalar curvature of some metric
— In particular, spheres S support metrics of negative scalar curvature. Some manifolds,
however, do not admit metrics of strictly positive scalar curvature — like the torus T".

Remark 8.4.4. There is a similar story for the Ricci curvature of a Riemannian manifold,

which remains a very active area of research — the so-called prescribed Ricci curvature problem.



CHAPTER 9

Generalities on Hermitian Connections

Let (M?", g) be a smooth Riemannian manifold of (real) dimension 2n. Let T® M denote the
tangent bundle of M. Suppose M supports an almost complex structure J : TRM — TRM
compatible with ¢ in the sense that

g(Ju,Jv) = g(u,v) (9.0.1)

for all tangent vectors u,v € TR M. We can extend ¢ and J complex-linearly to the complex-
ified tangent bundle 7€M, abusively denoting the C-linear extensions by the same symbols,
such that (9.0.1) holds for all u,v € T°M. As we did in §1.5, we write h : T*M x T*M — C
for the Hermitian form given by the (complexification of) g, i.e.,

h(u,v) = g(u,v), Vu,v € TCM.

If R denotes the Riemannian curvature tensor of the Riemannian metric g (defined on T® M),

then we can similarly extend R complex-linearly to a complex-linear quadrilinear form
R:T°M xT°M x T°M x T*M — C

retaining all the symmetries of the usual Riemannian curvature tensor. If {e;} defines a local
frame for THOM, and {e;} defines a local frame for T%! M, then we write

Rz;k? = R(Ei, E_]) €k, éﬁ)

The Levi-Civita connection will not be the most appropriate for a general Hermitian manifold.
To make this transparent, let us make the following definition:

Definition 9.0.1. Let (M, g, J) be an almost complex manifold. An affine connection V on
TRM is said to be almost Hermitian if

Vg = VJ = 0.
If the almost complex structure J is integrable, we say that V is a Hermitian connection.
The following shows how restrictive the (almost) Hermitian requirement on V%C is:

Theorem 9.0.2. Let (M, g,J) be an almost complex manifold. Then the Levi-Civita con-
nection V is almost Hermitian if and only if (g, J) is Kéahler.

145
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ProoOF. Fix a point p € M and extend u,v € T, z} O M to vector fields which are V—parallel
at p. The Nijenhuis tensor is then
N (u,v) = [u,v] + J[Ju,v] + J[u, Jv] — [Ju, Jv]
= J(VyJ)v—J(Vy)u — (Vi J)v + (V).
Hence, if VJ = 0, the Nijenhuis tensor vanishes N/ = 0. By 2.19.2, the almost complex
structure J is integrable. Let wy(-,-) := g(J-,-). Then for vector fields u, v, w, we have
dwg(u,v,w) = Vug(Ju,v) = g(Vuw(Ju),v) +g(Ju, Vi)
= g((VuJ)u,v) + g(J(Vyu),v) + g(Ju, Vo)
= —g(Jv,Vyu) + g(Ju, Vyv)
= —wy(v, Vyu) + wy(u, Vyv) = 0.

v)
) +

The converse is straightforward (see, e.g., [224]). O

Remark 9.0.3. In particular, if the Levi-Civita connection is compatible with an almost
Hermitian structure, then the almost Hermitian structure must have an integrable complex
structure and a compatible symplectic structure. Given the restrictive nature of the compati-
bility of the Levi-Civita connection with the Hermitian structure, the Levi-Civita connection
is not the most natural connection on the tangent bundle of a complex manifold. To de-
scribe the replacement for the Levi-Civita connection, we will need to further explore the
discrepancy between complex vector bundles and holomorphic vector bundles.

We recall that in 2.9.2, we saw that a holomorphic vector bundle is very far from a complex
vector bundle. The obstruction to a complex vector bundle having fibers that vary holomor-
phically can be encoded in a first-order differential operator, which satisfies an integrability
condition®.

Definition 9.0.4. Let £ — X be a complex vector bundle over an almost complex manifold
X. A first-order C-linear differential operator

& HY' &) — 0% @ HOE)

is said to be a CR-operator (i.e., a Cauchy—Riemann operator or Dolbeault operator) if it
satisfies the following variant of the Leibniz rule:

(fo) = df o+ fdo,

where f € €°(X,C), 0 € H°(€) is a smooth section, and 9 : €°(X,C) — Qg&l is the
standard Dolbeault operator acting on functions (given in 2.22.1).

IThis is, in effect, a linear version of the Newlander—Nirenberg theorem (2.19.1).
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Notation 9.0.5. We will denote by Diffcg (&) the space of CR-operators on the complex
vector bundle €.

Definition 9.0.6. Let & — X be a complex vector bundle endowed with a CR-operator
0% over an almost complex manifold X. A smooth section o € H?(€) is said to be quasi-
holomorphic (relative to 9¢) if 3%o = 0.

Example 9.0.7. The Dolbeault operator 9 : € (X,C) — Qg&l acting on (complex-valued)
functions on an almost complex manifold X defines a CR—operator on the trivial bundle
XxC—X.

The exterior derivative defines a flat connection on the trivial bundle, and the Dolbeault
operator O is the (0, 1)-part. In particular, we construct a CR-operator from the (0, 1)-part
of a connection. This special case turns out to illustrate most of the story for CR—operators:

Proposition 9.0.8. Let € — X be a complex vector bundle over an almost complex manifold
(X,J). For any complex-linear connection V on &, we obtain a CR-operator 9¢ via the
prescription:

ot = vOl,

Proor. Let V be a C-linear connection on €. For any vector field v on X and smooth
section o € HY(€), we define

1 1
V}}’OU = i(VUJ— V=1V j,0), V?,’la = §<VUU+\/—1VJUU).

Then V = V10 + V01 and V%! is a first-order C-linear differential operator satisfying
Vol(fo) = @) 2o+ fVylo
O

From 9.0.8 we obtain a map from the space of C—linear connections on & to the space of
CR-operators Diffcg(€). In general, this map will be far from injective. However, we may
recover injectivity of this map by placing an additional compatibility requirement on the

connection:

Proposition 9.0.9. Let (€, h) — (X, J) be a complex vector bundle endowed with a Hermit-
ian metric h over an almost complex manifold (X, J). Let V be a complex-linear connection
compatible with A in the sense that Vi = 0. Then there is a unique CR-operator 0¢ such
that

vl = o,
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PRrOOF. To construct V, let ¢ denote the CR-operator induced on the (complex) dual
bundle &*, specified by the formula

{58*04,0} = (79{04,0}—{0,580},

where {-,-} denotes the dual pairing between € and £*, and a € H°(E*), 0 € H(E), are
smooth sections. Let H denote the Hermitian duality (i.e., the musical isomorphism coming
from the Hermitian metric) from € to £* defined by

{61, H (&)} = h(&1, ).
Define

Vo = H Y H(0))+ d%.

This connection is uniquely determined by the Hermitian metric and 9. Indeed, if two C—
linear connections have the same (0, 1)-part, their difference A is an End(€)-valued (1,0)—

form. In particular,
A(Jv) = v —1A(v) (9.0.2)

for all v. On the other hand, if both connections are compatible with the metric, then A(v) is
skew-Hermitian with respect to this Hermitian metric. This holds in conjunction with (9.0.2)
if and only if A =0. O

The CR-operator measures the failure of a complex vector bundle to be holomorphic. To
state this precisely, define:

Definition 9.0.10. Let &€ — (X,J) be a complex vector bundle over an almost complex
manifold X. We say that a CR-operator 0°¢ is integrable if

90dt = 0.

Theorem 9.0.11. (Koszul-Malgrange). Let & — X be a complex vector bundle over a
complex manifold. Then € is a holomorphic vector bundle if and only if € supports an
integrable CR-operator 9¢. Moreover, the holomorphic vector bundle structure on & is
uniquely determined by 9°.

The proof of the Koszul-Malgrange theorem is a linear version of the argument given to
prove the Newlander—Nirenberg theorem (2.19.1). The crux of the Newlander—Nirenberg
theorem is that if an almost complex structure J satisfies an integrability condition (i.e.,
N’ = 0), then there is a coordinate system in which J is locally constant, equal to the
complex structure on C". The Koszul-Malgrange theorem is proven by first completing
0% to a Hermitian connection V (relative to some auxiliary Hermitian metric) such that

VOl = 9¢. The condition that 9¢ o 9° = 0 translates to an integrability criterion on V%1,
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specified by the Cartan structure equations. The crux of the proof is then in showing that
one can find a suitable gauge transformation such that for any point € X, there is a local
frame for &€, given by quasi-holomorphic sections.

Lemma 9.0.12. Let (§,0%) — X be a complex vector bundle of rank r. Then € is a
holomorphic vector bundle if and only if, for each x € X, there is an open neighborhood U
containing x and r quasi-holomorphic sections which yield a frame for € over U.

PROOF. The only if direction is clear: If ¢ : 7= }(U) — U x C" is a holomorphic
trivialization of €, then the pseudo-holomorphic frame, in the neighborhood U of x, is given
by op(x) := ¢ 1(z,e;), where e, is the kth standard basis vector of C". Conversely, let
{o} and {7;} be two pseudo-holomorphic frames defined on open neighborhoods U and U
of two points x and Z, respectively. If U and U intersect non-trivially, then there are bundle
transition maps (Af ) such that o; = Ag 7. From

0 = i = (AT + Ald*r; = (DA,
we see that the bundle transition maps are holomorphic. 0

PROOF OF KOSZUL-MALGRANGE THEOREM. Let 9¢ be an integrable CR-structure on
the complex vector bundle €. Let V be the Hermitian connection given by completing 9%
according to0 9.0.9. Fix a local frame for €, with respect to which we write ¥ for the connection
matrix. Write A := 9% for the (0, 1)-part of 9. The integrability of 9¢ = V%! then translates
to

0 = VO (VOe) = VO (Nej) = (ON)ej + X ANe, = (0N + X A NE)ey..

The proof is complete if we can find a gauge transformation A = (Af ), defined on a possibly
smaller neighborhood U C U of x € X such that

AL + AN = 0. (9.0.3)
Indeed, suppose such a gauge transformation exists. Define sections over u by the formula
o; == Alej. Then
Foi = (0AD)e; + Aldbe; = (9A])ej + Al(Nee) = (9A] + AFX))ey.
Then (9.0.3) implies that the o; are quasi-holomorphic, and 9.0.12 completes the proof. For

the existence of the gauge transformation, we invite the reader to consult [224, Lemma
3.3]. O

Remark 9.0.13. In light of 9.0.11, it is natural to refer to an integrable Cauchy—Riemann

operator as a holomorphic structure.
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From 9.0.11, a holomorphic vector bundle supports a canonical first-order differential opera-
tor. We may therefore encode the compatibility of a connection V on a holomorphic vector
bundle & — X by demanding that the (0,1)-part of the connection V%! coincides with the
CR-operator 9¢. We therefore make the following (non-standard) definition:

Definition 9.0.14. Let &€ — X be a holomorphic vector bundle over a complex manifold X.
Denote by 9¢ the integrable CR-operator on &. A complex-linear connection V on €& is said

to be complex-analytic (or compatible with the holomorphic structure) if
Vol = 9%

Remark 9.0.15. 9.0.14 is non-standard in that we do not require the connection to be
compatible with a Hermitian structure. Complex-analytic connections (as defined in 9.0.14)
are independent of any metric structure. The complex-analyticity of a connection on a
Hermitian vector bundle (€, k) — X is not to be confused with a connection being Hermitian
in the sense that Vh = 0. If & = T19X | this coincides with 9.0.1.

Here, the reader may think that the distinction between Hermitian and complex-analytic
connections is for the birds and that only Hermitian connections (or Hermitian complex-
analytic connections) are worthy of consideration. Both classes of connections have appeared
in the literature, however. Of course, the Gauduchon connections we will consider, in general,
are Hermitian, but not complex-analytic. Connections that are not metric have appeared
in Yang—Mills theory and conformal geometry (in particular, in locally conformally Kéhler
geometry). Most notably the Weyl connection [73, 121, 139, 236]. In future work, we
intend to investigate the geometry of complex-analytic non-Hermitian connections.

If one requires a complex-linear connection on a Hermitian vector bundle (€,h) — X to be
both complex-analytic and Hermitian, then we discover the following uniqueness theorem:

Theorem 9.0.16. Let (€,h) — X be a Hermitian vector bundle over a complex manifold
X. There is a unique complex-analytic Hermitian connection V on €.

Definition 9.0.17. Let (X,w,;) be a Hermitian manifold. The unique complex-analytic
Hermitian connection on T1°X given by 9.0.16 is called the Chern connection.

Remark 9.0.18. The term Chern connection is sometimes extended to refer to the unique
complex-analytic Hermitian connection on an arbitrary holomorphic vector bundle.

To prove 9.0.16, we will make use of the Cartan theory of connections, which grew to promi-
nence because of the work of Chern.
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9.1. CARTAN—CHERN THEORY OF CONNECTIONS

Let € — X be a holomorphic vector bundle, endowed with a complex-linear connection V,
over a complex manifold. By linearity, to understand how V acts on an arbitrary (locally-
defined) smooth section of &, it suffices to understand the action of V on a local frame {e,}
for €.

Definition 9.1.1. Let V be a complex-linear connection on a holomorphic vector bundle
& — X. The connection matriz for V (relative to a local frame {e,} for €) is the matrix

Ve, = Zﬁgej.
J

If we identify e = (eq, ..., e,;)! with a column vector (where r denotes the rank of €), then in

9= (195) of 1-forms given by

matrix notation we have Ve = Je.

Remark 9.1.2. If V is a complex-analytic connection, the connection 1-form 9 is a (1,0)—
form. For a general Hermitian connection, however, ¥ will have a non-zero (0, 1)—part.

Let o be a smooth section of €. With respect to the frame {e,}, write 0 = Y 0%n. The
connection V then acts by

Vo = Z (do™ + 0a93) ey, (9.1.1)
v

where d is the exterior derivative acting on functions.

Remark 9.1.3. The connection V on € is, a priori, only defined on sections of €. We
can extend V to a complex-linear map (which we abusively denote by the same symbol)
V Q5 (&) — QR (E) by forcing the Leibniz rule

Viewa) = (Vo)ANa+o®da,
where o € H°(&) and o € OX..

Definition 9.1.4. Let V be a complex-linear connection on a holomorphic vector bundle
€ — X. The curvature matriz for V (relative to a local frame {e,} for &) is the matrix
© = (07) of 2-forms given by
Vi, = V(Ve,) = Z@gew.
g

Remark 9.1.5. In the special case that € is a holomorphic line bundle, the connection
matrix ¢ of a connection V on € is given by a (scalar-valued) 1-form ¢ € Q_lx Similarly, the
curvature matrix © is given by a (scalar-valued) 2-form © € Q3% in this case.
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Proposition 9.1.6. Let V be a complex-linear connection on a holomorphic vector bundle
& — X over a complex manifold X. Let © € Q3 ® End(€) denote the curvature form V. If
V is complex-analytic, then the (0,2)-part of © vanishes.

PrOOF. Since V%! = 9¢ and 9¢ 0 9¢ = 0, we see that
O = VoV = (V04 V"o (V0 4+ V0
_ Vl,O o Vl,O + vl,ﬂ ° vO,l + v071 o VLO + vO,l o vO,l
— Vl,O o Vl,O + vl,ﬂ ° 58 + 58 o VI,O + 53 o 58

— vl,O o Vl,o + vl,O o 58 + 58 ° vl,() )
= 020 — QL1

O
On the other hand, for Hermitian (not necessarily complex-analytic) connections we have:

Proposition 9.1.7. Let V be a complex-linear connection on a Hermitian vector bundle
(€,h) — X over a complex manifold X. Let © € Qﬁél ® End(€) denote the curvature form
V. If V is Hermitian, then the connection 1-form ¥ € Q% ® End(€) and curvature 2—form
O € Q% ® End(€) are skew-Hermitian in the sense that

9 = -9, and 6! = —06.

Hence, if V is Hermitian and complex-analytic, we see that 620 = —(6%2)! = 0. Therefore,
we have the following:

Corollary 9.1.8. Let V be the unique complex-analytic and Hermitian connection on a
Hermitian vector bundle (€,h) — X over a complex manifold X. The connection 1-form
¥ is a skew-Hermitian End(€)-valued (1,0)-form and the curvature 2-form © is a skew-
Hermitian End(&)—valued (1, 1)—form.

We can now give a proof of 9.0.16:

PROOF OF 9.0.16. Let us first show that the complex-analytic Hermitian connection V
is unique. To this end, let {e,} be a local holomorphic frame with respect to which we define
the connection 1-form . Write hoy := h(eq, e4) for the components of the Hermitian metric
relative to the frame e. Since V is both complex-analytic and Hermitian,

dhos = dhlea,ey) = > (9hs + 9%hap) .
1%
Decomposing the above equation into its (1,0) and (0, 1)-parts shows that Oh = Jh. Hence,
9 = (0h) - h~1, from which it follows that the Hermitian metric and the complex-analytic
structure d uniquely determine ¥ (and hence, determine V).
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Existence now follows readily, since we may define V to be the connection with connection
matrix ¥ = (Oh) - h~!. Since both dh and h~! are independent of the choice of local frame,
the connection is subsequently well-defined. The fact that this connection is complex-analytic
and Hermitian is straightforward. (]

9.2. THE CARTAN STRUCTURE EQUATIONS

Let {eo} be a local frame for a holomorphic vector bundle & — X over a complex manifold
X. Let ¥ and © denote the connection and curvature matrices of a connection V on €.
Observe that

> Oley = V(Vea) = V<Z§367> = ) (A9 + 95 A ey
ol

v vV

Hence, we recover the structure equation of Cartan:

O) = dil+ 9% AV

67

In matrix notation:
O = dv+IAND. (9.2.1)

Example 9.2.1. Let £ — X be a holomorphic line bundle over a complex manifold X. Let
V be the unique complex-analytic Hermitian connection on £ given by 9.0.16. The proof of
9.0.16 shows that the connection matrix is given by ¥ = (0h) - h~1 = dlog(h). Hence, by
(9.2.1), the curvature @ of the complex-analytic Hermitian connection on a Hermitian
line bundle is given by

OWh — gy +9In9 = d9 = ddlog(h) = —ddlog(h).

Remark 9.2.2. Since a Hermitian metric A on a holomorphic line bundle £ — X is given
by a non-negative function, we often write h = e~%, where ¢ is a smooth function on X. We
observe that the curvature form of the complex-analytic Hermitian connection associated to
h is then

Wl — _pdlog(e™?) = 8dyp.

In particular, the line bundle £ is positive if and only if the function ¢ is plurisubharmonic.

Moreover, if ©%:h)

by 00¢.

is positive, the complex manifold X supports a Kéahler metric given locally

Let us mention some important (albeit elementary to prove) properties of the curvature:

Proposition 9.2.3. Let (€,hg) — X and (F,hy) — X be two Hermitian vector bundles
over a complex manifold X. Then the curvature form
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(i) splits additively under tensor product
@(5®§,h8®h:¥) — @(S,he) ®Rid+id® @(?:h?).

(ii) is natural in the sense that it commutes with pullback

U &l he) —  prg(Ehe)
where f:Y — X is a holomorphic map.

Remark 9.2.4. The properties of the curvature form indicate that it defines a natural
group homomorphism from the space of isometric isomorphism classes of Hermitian line
bundles. It is difficult to make this more precise, however, since the target space of this

group homomorphism is not clear.

9.3. FRAME-DEPENDENCE

The connection matrix (as defined in 9.1.1) is not invariant under a change of a frame.
Indeed, let {ey} and {f,} be two local frames for the holomorphic vector bundle &€ — X.
Let A = (A4%) be the GL(C)-valued map incarnating the change of frame:

€a = ZAgfv.
g
From (9.1.1), we see that
Vea = Y (dA]+ALD)) f, (9.3.1)
v,V

Let 9(e) and 9(f) denote the connection matrices for V relative to the local frames {e,} and
{fa}, respectively. From (9.3.1), we see that

S ode)ley = Y De)IAUL = Y (dAL + ALI(F)) 5.
ol Vv

77”

Hence, in (the more transparent) matrix notation,
Ie) = dA-ATT+A-9(f) AL

Similarly, the curvature matrix © is not invariant under a change of frame, but transforms

by the adjoint action
Oe) = A-O(f)- AL,
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9.4. CURVATURE OF SUBBUNDLES AND QUOTIENTS

Let (€,h) — X be a Hermitian holomorphic vector bundle. Let ¥ C & be a holomorphic
subbundle and let Q := £/F denote the quotient. Let V¢, V7, and V2 denote the connections
on &, F, and Q, respectively.

Definition 9.4.1. The second fundamental form (of F in €) is the map

I1: H(F) — Q4(9), Il := Véy — V7.

Work in a local unitary frame & = {¢!,...,£7} for € such that {¢!,..., P} yields a local frame
for . With respect to this frame, the connection matrix ¥¢ can be written as

g 97 T
o\ o9/

d9¥ — 97 AT

Then

0 = d® —9°AY° = ;
dy® — 92 A e

and in particular,
07 = Ofy +1I AT, 02 = ¢y +IIATT.

The second fundamental form is a Hom(F, Q)—valued (1,0)—form. Hence, we may write

I = Z I5;dza ® §) @ €.
1<j<p,p<A<r
Hence,
—t o
MATT = Y TG00 dea Az ® & @6,
and so

—t B —
(MATL)(0a, 05) = Y HGIL & e = T > 0.

In summary, this implies the following (whose importance cannot be overstated):

9.5. SUBBUNDLE DECREASING AND QUOTIENT INCREASING PROPERTY

If F is a holomorphic subbundle of the Hermitian vector bundle (€, k), and Q := &/F is the

quotient, then

o7 < 6, 0? > efq. (9.5.1)
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9.6. CHERN—WEIL THEORY

The fact that the connection form and curvature form of a connection V on a holomor-
phic vector bundle & — X yield differential forms on X paves the way for a cohomological
study of vector bundles; or, conversely, this bridge offers a differential-geometric approach to
cohomology.

Theorem 9.6.1. Let (£,h) — X be a Hermitian line bundle on a complex manifold X.
Let ©%") be the curvature form of the Hermitian metric k on £. Tensoring with R defines
a map

H*(X,7) - H*(X,R) ~ H3z(X,R).
Under this map, the first Chern class ¢;(£) coincides with the de Rham cohomology class
represented by g@(ﬁ’h). In particular, the cohomology class represented by ©*%") is inde-
pendent of the choice of Hermitian metric.

ProOF. Let V be a complex-linear connection on £. With respect to a local frame
defined on an open set U, denote by ¥, and ©, the connection and curvature forms of V.
Since £ is a line bundle, ©, = di, for all «, by the Cartan structure equation. On any
overlap U, N Uy, we have

Do = Aoy 0y ALl +dAg, - ALL

Hence,
Oy =V = Uy —Agl Vo Aay

= Oy — Ayl (Aay -0y Al +dAay - ALY) Aoy

= —Ay -dAy, = —dlog(Aay),
that is, the connection forms differ by a d-exact form. In particular, ©, = 0, = di,, and
the connection form © is globally well-defined. Further, v/—10 represents a cohomology class
in H]%R(X ,R). To see that the cohomology class represented by +/—10 coincides with the
first Chern class ¢1(£) € H3g(X,R), recall: Let A, denote the bundle charts relative to an
open cover {Uy,} of X. We can choose a refinement of {U,} if necessary such that each U,

is simply connected. The Cech cocycle (relative to the covering {U,}) representing c;(£) is

then
1

2y —1 (log(Aap + log(Agy) — log(Aay)) -

From the considerations in §1.3, the results do not depend on the choice of covering. Let

now Zs denote the sheaf of d—closed k—forms and write Q’)“( for the sheaf of smooth k—forms
on X. We have exact sequences of sheaves

0—R-—0% — 25 —0, 0— 2) — Q% — 22 —0.
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On sheaf cohomology, these exact sequences furnish boundary morphisms
61 HO(X,23)/dH (X, Q) — HY(X,2Z)), 6o - HY(X,2)) — H*(X,R).

We will compute d261(0). To this end, relative to the covering {U, }, we can write ©, = di,.
The image of © under d; is then the Cech 1-cocycle represented by {0, —Ua}a,y € ZH(X, Z}).
The image of this Cech 1-cocycle under &, is then the Cech 2-cocycle represented by

{—log(Anp) —log(Ap,) +1og(Aay)}a,8,y-

Of course, this is precisely, —2mv/—1c¢1(£). O

Remark 9.6.2. We emphasize that defining the first Chern class of a holomorphic line

—1
6!

given in 4.9.1. Indeed, although [g@(ﬁih)} is an integral cohomology class, it is an integral

bundle as the cohomology class represented by £:h) is not equivalent to the definition

cohomology class within H]%R(X ,R), since it is defined via forms; in this process, torsion is
lost. To see this very explicitly, let X be an Enriques surface. Then K x is not holomorphically
trivial, but K%Q ~ Oy is. In particular, Kx represents a torsion element in Pic(X). The first
Chern class of Ky (according to 4.9.1) satisfies ¢1(Kx) # 0 and ¢1(K$?) = 2¢1(Kx) = 0.
On the other hand, if A is a Hermitian metric on Kx, then A ® h is a Hermitian metric on
K$? ~ Oy, and we may assume that ©"®* = 0. But ©"®" = 0" @ id + id ® ©", which
{ggmx,h)

implies that ©" = 0, and hence, } = 0. This illustrates that an integral class in

H2:(X,R) is different from a cohomology class in H?(X,Z).
Combining 9.6.1 with the properties of the curvature form 9.2.3, we see that:

Proposition 9.6.3. Let L — X and V — X be two holomorphic line bundles over a complex
manifold X. Then
(i) (L ®V)=c1(L)®id + id ® ¢1(V).
(ii) 1(£L*) = —c1(L), where £* denotes the dual line bundle.
(ili) e1(f*L) = f*e1 (L), where f:Y — X is a holomorphic map.

Remark 9.6.4. The above properties hold for the Chern class defined more generally as
the image of the boundary morphism ¢; : Pic(X) — H?(X,Z) as defined in 4.9.1 But these
properties do not follow from the properties of the curvature form, as we indiciated in 9.6.2.

There exist variants of the first Chern class which play a more suitable role in some contexts.
These are defined not as cohomology classes in de Rham or Dolbeault cohomology, but within
the following cohomology theories:

Definition 9.6.5. Let X be a complex manifold.
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(i) The Bott—Chern cohomology groups are defined
P {a e Q% : da = 0}
BC(X) = a0 . p—1,g—1"
{vV—=100p: 5 € Q% }
(ii) The Aeppli cohomology groups are defined
{a € QR : 90 = 0}
{0y + vy e i1}
If o € Q%7 is a d—closed (p, g)—form, we write [o]gc € HRE(X) (respectively, [a]a € HYY(X))

HY(X) =

for the corresponding Bott—Chern class (respectively, Aeppli cohomology class).

Definition 9.6.6. Let (£,h) — X be a Hermitian line bundle over a complex manifold
X. The first Bott-Chern class c¢BC(L) (respectively, first Aeppli-Chern class ¢¢(L)) is
the cohomology class in Héé (X) (respectively, Hi"l(X )) represented by the curvature form
QW) = %65 log(h).

Remark 9.6.7. The above definition is well-defined, independent of the specific choice of

Hermitian metric. Indeed, if h is another Hermitian metric on £ — X, then the difference

e _ glth) = V2_1aélog <h>

of the curvature forms
T h
is globally 90-exact.
An immediate consequence of the definition is that
ECLY=0 = q)=0 = £CKL)=0.

If X supports the 90-lemma (e.g., if X is Kihler, 6.23.2), then the converse implications
hold [209]:

Proposition 9.6.8. Let £ — X be a holomorphic line bundle over a complex manifold X.
If the 90-lemma holds on X, then
BCL)=0 = L)=0 = &CL)=0.
PROOF. Suppose c¢f€(L) = 0. Tt suffices to show that cP¢(L£) = 0. Then there is a
Hermitian metric h on £ such that
0¥ = §a + B,

where o, 8 € Qg;l. Differentiating this equation, do is 0—closed and 9 is O—closed. Since the
00-lemma holds, we can find smooth functions u and v such that da = 90u and 0 = d0v.
Then

OWh = 9d(u — ),

proving the claim. O
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Example 9.6.9. Let X = S x S! be the Hopf surface. From the Kunneth formula, the
second Betti number by(X) = 0, and therefore, ¢;(£) = ¢1*¢(£) = 0 for any holomorphic line
bundle £ — X. We will see in 10.4.16, however, that c}¢(K ') # 0.

9.7. HIGHER CHERN CLASSES

In light of 9.6.1, we can construct higher Chern classes by considering certain variants of the
curvature. The starting observation comes from the fact that the curvature of a Hermitian
metric on a (holomorphic) vector bundle € — X is an End(€)-valued (1,1)-form. The
(1,1)-part of the curvature is invariant under a change of frame, but the endomorphism
component transforms via the adjoint action of GL(C):

O — A-0-A7L

In light of this, let us denote by M, (C) ~ C" the space of n x n matrices with complex
entries.

Definition 9.7.1. A k-homogeneous polynomial f : M, (C) — C is said to be invariant if
f(M) = f(AMA™Y)
for all M € M,(C) and all A € GL,(C).

Example 9.7.2. The most important examples for our purposes are the elementary sym-
metric polynomials P¥(A) of the eigenvalues of a matrix A € M,(C), defined by

det(A+tId) = > P HA) -t~
k=0

For instance, P1(A) = tr(A) and P"(A) = det(A).

Lemma 9.7.3. For any invariant polynomial P of degree k, the form P(©,) is closed, and
the cohomology class it represents is independent of the choice of connection.

From [149], we have the following important theorem:

Proposition 9.7.4. Let P = 691@0 Pk denote the graded algebra of invariant polynomials.
There is a well-defined morphism of algebras
WP — P HNR(X,R), W(P) := [P(©)].
k>0

The morphism W is called the Weil morphism.

Definition 9.7.5. Let (€,h) — X be a Hermitian holomorphic vector bundle over a complex
manifold X. Let © denote the curvature form of h. The kth Chern class of € is

cr(€) = [Pk <‘/2j1®(37h>>] e H¥ (X, R)

™
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is called the kth Chern class of €.

Example 9.7.6. Let (€,h) — X be a Hermitian vector bundle over a complex surface X.
Let © = 0 ¢ Qﬁél ®End(&) denote the curvature form of the complex-analytic Hermitian
connection on (&, ). Then the two Chern classes

ci(&) = [\/Q?tr((%)}
() = [tr(@/\(:;;;tr(@)Q].

In particular, for o € R, the cohomology class ¢3(€) — acy(€) € Hpr (X, R) is represented by

(mtr (@)>2 . <tr(@ AO) — tr(@)2> _ (a—2)t(0)? —atr(© A ©)

o 872 82

9.8. THE TORSION OF HERMITIAN CONNECTIONS

Let (X,wy) be a Hermitian manifold. The torsion 7" of a Hermitian connection V is defined
by the standard formula

T(u,v) = Vyv—Vyu—[u,v],

where u,v € 219(X). For the Chern connection, the Christoffel symbols Ffj are given by
the formula

Ffj = gkgaigjz.
The components of the (Chern) torsion “T" are then specified by
k k k ke
CTij = Fij - Fji =49 (32‘9]-2 - 3j9¢z)

Write wy = /=130, g;7dz; A dZj. Then

0a.~
9ij dzi N dz; N Clzj,

owy = \/le 921

i k=1

and it is clear that dwy = 0 if and only if “T" = 0.

Definition 9.8.1. The (Chern) torsion 1-form of the Chern connection is the (1,0)-form 7
defined by

n

T = Zn:dezk = Zcﬂ’zdzk.
k=1

k=1

Remark 9.8.2. If A denotes the formal adjoint of the Lefschetz operator, then we can easily
see that 7 = A(Ow).
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The vanishing of the torsion 1-form 7 (which amounts to a vanishing of the trace of the
Chern torsion) is one of the two natural constraints one can place on the torsion of the Chern
connection. The other natural condition being that the torsion is analytic. We will discuss
this latter condition in the next section. From the (Chern) torsion (1,0)-form 7, we define
the following real 1-form:

Definition 9.8.3. Let (X,w) be a Hermitian manifold of (complex) dimension n. The Lee

form is defined
2

n—1

0 :=

Re(T),
where 7 is the torsion 1-form.

The (Chern) Lee form 6 and the (Chern) torsion (1,0)-form 7 are important objects in part
due to the following formulae:

Proposition 9.8.4. Let (X,w) be a Hermitian manifold of (complex) dimension n. Then

dwo™ = (n -1 Aw" L

In particular, the (2,1)-part of this equation yields Ow™ ! = 7 A w" 1.

ProOF. By the Leibniz rule for the exterior derivative, we have
do™l = )

)Ow AW+ (n —1)0w A w2

YL(A(Bw)) Aw™ 2 4 (n — 1) L(A(Ow)) A w™ 2

JA(Ow) AW 4 (0 — 1)A(Qw) A w™ !

)T AW+ (n— 1)T Aw™!

T +TF) AW = AWM

9.8.4 has the following important corollary:

Corollary 9.8.5. Let (X,w) be a Hermitian manifold. If the torsion (1,0)—form 7 vanishes,
or X is compact with 7 analytic, then w is balanced. In particular, a compact Hermitian
surface with analytic torsion (1,0)-form is Kéahler.

PROOF. It is clear from 9.8.4 that if 7 = 0, then dw™~! = 0. Hence, assume X is compact
with holomorphic torsion (1,0)-form 7. We will show that

T = —V/—-10"w.
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To this end, let a € Q;O and denote by {-,-} the inner product coming from w, extended to
Q57 Then

n n—1 n

Y A = N = 1
{a,0 w}n! = a/\T/\(n_l)! (a AT, w) (o, vV —17)

n! n!’
Suppose now that X is balanced and 7 is holomorphic. Then 07 = —/—190*w = 0. If (-, )
denotes the L?-pairing, then

Hé*wH%z(X) = (00*w,w) = 0.
Hence, 7 = —/—10*w = 0 and the metric is balanced. O

9.9. THE GAUDUCHON CONNECTIONS

If (X,w) is a Hermitian manifold, then by forgetting the complex structure, (X,w) can be
identified with an even-dimensional Riemannian manifold. In particular, 7® X supports the
Levi-Civita connection VC (compatible with the Riemannian metric underlying w). We
can complex-linearly extend VY to TCX, yielding a complex-linear connection V¢ @ C
on TCX compatible with the Hermitian metric w. The space of complex-linear connections
compatible with w can be identified with Q?X ® TCX, i.e., the sections of the Ag( RTCX.
The connections in Qg( ® TCX, which also preserve the complex structure, form an affine
subbundle. Therefore define a connection 'V at any point € X to be the orthogonal pro-
jection of the origin into the fiber of this affine subbundle at the point x.

In other words, with orthogonal projection understood in the above sense, we make the
following definition:

Definition 9.9.1. Let (X,w) be a Hermitian manifold. The Lichnerowicz connection 'V is
the Hermitian connection on 71X given by the orthogonal projection of the complexified

Levi-Civita connection of the underlying Riemannian metric.

Remark 9.9.2. The Lichnerowicz connection was first considered by Lichnerowicz in [205],
where it is referred to as the first canonical connection.

Let (X,wy) be a Hermitian manifold endowed with a Hermitian connection V on its tan-
gent bundle 719X, The torsion T = VT € Q% (TX) of V is a 2-form with values in the
(complexified) tangent bundle TX := TCX ~ TH0X @ T X and determines the Hermitian
connection uniquely. It was discovered by Libermann [204] and later expounded upon by
Gauduchon [140] that the Hermitian connection is determined entirely by the (1, 1)-part 7!
of its torsion. In particular, the space of Hermitian connections is modeled on the infinite-
dimensional affine subspace Qﬁgl (TX) of Q3(TX).
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The space Q% (TX) affords a type decomposition
03(TX) ~ OXUTX) o OYN(TX)® O¥(TX),

and therefore, T € Q% (TX) can be written 7' = T%0 + Th1 4+ 792 The (0,2)-part T2
is independent of the connection and recovers the Nijenhuis tensor N”. Indeed, for (0,1)-
tangent vectors u := ug + v/—1Jug and v = vy + v/—1Jvg such that Vug = Vuy = 0 at the
point where we compute T', we have

T2 (u,v) = T(ug,ve) + vV—1T(ug, Jvg) + vV —1T(Jug,vo) — T(Jug, Jvg)
= —[uo, vo] — J[uo, Jvo] + J[Juo, vo] + [Juo, Juo] = N (ug, vo).

Since the complex structure J is integrable, we see that the (0,2)-part T%2 of the torsion
vanishes identically. It therefore remains to understand the 7%° and 7" components of T

Let Q§é+ denote the space of 3-forms of type (2,1) + (1,2). In particular, if @ € Q% is a 3—
form, then we write o := a(>1) +a(1:2) ¢ Qi’-Jr for the ((2,1) + (1, 2))—part of a. There is an
isomorphism between Q%{r and Q?&O (TX) realized by the Bianchi projector B : Q% (TX) —
Q3 specified by the formula

B(a)(u,v,w) = = (g(a(u,v),w) + g(a(v,w),u) + g(a(w,u),v)),

LW =

for u,v,w € TX and a € Q% (TX). Let Q;’I(TX) := ker (B’Q;’l(TX)) denote the subspace

of T X-valued (1,1)-forms & € le (T'X) which satisfy the Bianchi identity B(£) = 0. With
respect to the metric on Q;l(TX) induced by the metric w, on 770X, we let Qe (TX)
denote the orthogonal complement of Qi’l(TX ) inside le(TX ). Therefore, we have a
further refinement of the type decomposition:

03(TX) ~ OF(TX) e QN (TX) © QNTX) © OR(TX),
and a corresponding refinement of the torsion
T =710+ T (9.9.1)

(recalling that 7%2 = N/ = 0). The Bianchi projector B, in addition, furnishes an isomor-
phism between Q¢ (TX) and Q?}Jr (in particular, Qg(’-o(TX) o~ Qg{r ~ Q&N (T X)) (c.f., [140,
Remark 3]). Therefore, to understand T*° or T, 1 it suffices to understand their images
B(T20) or B(T).

The (2,0)-part 7?0 is determined by the (1, 1)-part 7! of the torsion:

1
B(T?0 —ThY) = dw. (9.9.2)
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Indeed, for (1,0)-tangent vectors u,v,w € T19X, the definition of T and B informs us that
the (2,1)-part of 3B(T%0 — ') is given by

3B(T>0 — TV (w,0,@) = g(w, T*"(u,0)) = g(u, T (v, @)) — g(v, TH (@, w))
= u-g(v,w)—v-g(u,w)
—g([u, v}, w) + g(u, [v,@]) + g(v, [, u]),
where the last equality uses the compatibility of V with the metric. Expressing this with the

associated (1,1)-form w, the standard formula for the exterior derivative yields 3B(T?° —
Tcl’l)(Q’l)(u,v,ﬂ)) = —v/—10w(u,v,w). By conjugating, we see that

Br20 7ty — Y lg o1 = Lie,
3 3
Hence, the torsion of a Hermitian connection (and hence, the Hermitian connection itself) is
completely determined from the (1,1)-part T4 € Qﬁél (TX). Using the Bianchi projector B,
one can break this up into a prescription of Tb1 1 and T Indeed, if Tbl’1 =ogand Tp' = L4
then

1
T =741+ TH = 2u+ 53*1 (d°w) + 0.

Definition 9.9.3. Let (X,w) be a Hermitian manifold. A Hermitian connection V on 710X
is said to be Gauduchon (with Gauduchon parameter t) if the torsion T' = VT satisfies

t—1
T =0, B(THY) = (?’)dcw.
The scaling factor %(t — 1) is chosen such that ¢ = 1 recovers the Chern connection, ¢t = —1
recovers the Strominger-Bismut connection [278, 31|, and ¢t = 0 recovers the Lichnerowicz
connection [205]. Further, the declaration B(T) = @dcw appears to be made only to

recover these better-known distinguished connections. Moreover, the declaration 7, bl’l =0
is motivated by the absence of any bona fide representative of Q;’l(TX ). On the other
hand, one can consider more generally, B(T:) = a(t)dw + b(t)d°w, for R—valued functions
a,b: R — R. This recovers the Ehresmann—Libermann plane [204].

Example 9.9.4. For ¢t = 1, we recover the Chern connection, and for ¢ = 0, we recover
the Lichnerowicz connection. For ¢ = —1, we recover the Strominger—Bismut connection
bV discovered in the physics literature by Strominger [278] and later, independently in
the mathematics literature by Bismut [31], characterized by its torsion being totally skew-
symmetric. The Hermitian conformal connection [204], namely, the Hermitian connection
for which the torsion satisfies the Bianchi identity, is recovered from ¢ = % Moreover,
the Minimal connection [140], defined to be the unique Hermitian connection with smallest

pointwise norm squared of its torsion, manifests from ¢ = %
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Remark 9.9.5. The presence of a numerical value attached to a connection has led to some
curious ‘dualities’ in the behavior of these Gauduchon connections. For instance, it was
observed by Zhao—Zheng [333] that the Gauduchon connections come in dual pairs, with the

duality map specified by R\{3} > ¢ — 5. This map has fixed points ¢ = 1 (Chern) and

t = 0 (Lichnerowicz); curiously the map is undefined for the Hermitian conformal connection
(t = 1/2). We also observe that the Strominger-Bismut connection °V is ‘dual’ to the
minimal connection 3 V.

Lemma 9.9.6. (Gauduchon symmetries). Let (X,w,) be a Hermitian manifold. Let 7' =T
be the torsion of the t-Gauduchon connection *V. In any unitary frame, we have

(i) TZ'; = tcTi];, where “T" denotes the torsion of the Chern connection.

(ii) TE’; =(1- t)lT{;, where !T" denotes the torsion of the Lichnerowicz connection.
e k _ ;
(iii) ng = T%j.
: [
(iv) T3 = 57 Ty
PRrOOF. Let {e;} be a local unitary frame. Since the (1,1)-part of the Chern torsion,
and the (2,0)-part of the Lichnerowicz torsion vanish,
ch,l — lTQ,O -0
assertions (i) and (ii) follow immediately from the definition 'V = t°V + (1 —t)!V. For (iii),
we note that from (ii),

1t
T = —_brk and TE = —thTk.
i 2 i J )

Since the torsion of the Bismut connection °V is totally skew-symmetric,
k _ _ b (= —
2tng = 2tg(T(€;,ej),ex) = t(1—1t)g("T(e,e;),€x)
= t(t - 1)g(T(e ), e;) = (1—t)T},.
Similarly, for (iv), from the fact that T is totally skew-symmetric,

ok~ Y=t 1=ty
ij 9 i 9 kj kj?

as required. O

9.10. STRUCTURE EQUATIONS FOR THE COMPLEXIFIED LEVI-CIvVITA CONNECTION

Let (X,wy) be a Hermitian manifold. Let V¢ denote the Levi-Civita connection on TR X,
compatible with the underlying Riemannian metric g. Let {e,} be a local unitary frame for
T'OX. Then a unitary frame for T¢X ~ T1O0X @ T%1X is given by {eq,€s}. Denote by
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{p®, @*} the dual coframe. The action of V' on a member of this unitary frame is specified
by the connection forms ®, ¥ € Q% ® End(TX),

LC _ \TRa= LCS; _ 5
Ve, = ®le, + Ve, Ve, = Vle, + Ple,.

The corresponding matrices for the connection and curvature of VFC are therefore

go - (2 oo — (AT
v o)’ T A)

where
A = do—-—DdNDP—-TUAVY, (9.10.1)
T = dV-UADP-—DAV. (9.10.2)
Further,
dp = —dTAp—0T AG.

Let {fa, fo} be another unitary frame for TC X, given by transforming the frame {e,, €, } by
a unitary matrix A. It is straightforward to show that
O(f) = Ad(e)A'4dA-ATY
While the other terms transform like:
U(f) = A¥(e)A™, A(f) = AA(e)A™H, T(f) = AY(e)A™".
Let ¢ € Q;O ® End(T1°X) denote the connection (1,0)-form for the Chern connection
€V. Similarly, denote the curvature (1,1)-form for the Chern connection by °© € Q})él ®
End(T'°X). Define
v o= d— Y,
and note that v transforms like v(f) = AyA~!. We can express 7 in terms of the Chern
torsion “7. Indeed, from [320, Lemma 2|, we see that
B = e = TR T
Expressing (9.10.1) and (9.10.2) in terms of -, we see that

AP —cef = dvﬁ—vg/\'yéﬁ—vg/\cﬁ?—cﬁi/\’y{?—\i";/\\lig.

«

The Lichnerowicz connection 'V is the restriction of the complexified Levi-Civita connection
VEC to T1OX | and therefore,

Ve, = ®le,.
Denote by ¢V the t-Gauduchon connection 'V := t°V + (1 — ¢)!V. Write 'J and ‘© for the

connection 1-form and curvature 2—-form. Then

byl = 98 (1 -t = <08 4 (1 —1)4~.
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The Cartan structure equation then implies that
tof = dwi -9 Aol
Hence,
'OF -0 = (1—t)dyd — (1=t AO] — (L= 1)V) Arf — (1= 1)*94 Ay,
and moreover,
'8 — A = —tdyl A+ tyS ACOT 10 AL (2 — ) A+ WO AT

The (1,1)-part of the t-Gauduchon curvature tensor is given by tRk;Zij = t@g (ex, €r) ‘and the
(1,1)-part of the complexified Riemannian curvature tensor is given by szg = Al(ex, ep).
Hence,

)

‘Rigiz = Rugg+t (cTz‘]k,Z + CT;e,E) +1(t—2) (Cﬂ%@ - cTﬂchfe) — “I5°T;

where the comma indicates covariant derivatives with respect to the Chern connection V.

From the Bianchi identity 9.10.8, we have CTgﬁ = Cszﬁ - CRZ@@. Hence, we recover the
following (see [93, Lemma 2.2], [133, Proposition 4.2] also):

Theorem 9.10.1. Let (X, w,) be a Hermitian manifold. The (1, 1)-part of the t-Gauduchon
curvature tensor 'R is related to the Chern curvature tensor R and the (1,1)-part of the
complexified Riemannian curvature tensor R in any local unitary frame by

t —
Rz = Rygz+t (QCRkZﬁ — ‘R — CRk}iZ)
N
+t(t - 2) (CCZ—;TI;:CZZ;TE - CT'gchﬁﬁ) - CTijEW
where the comma indicates covariant derivatives with respect to the Chern connection V.
Remark 9.10.2. Note that the special case of ¢ = 0 for the above theorem was computed

by Liu-Yang in [209, Corollary 3.1] and [208, Proposition 4.2]. In [208, 209], the authors
denote the Lichnerowicz curvature tensor by R (see also [102, 210].

The curvature of the t~Gauduchon curvature tensor ! R expressed exclusively in terms of the
Chern curvature tensor °R is given by the following theorem:

Theorem 9.10.3. Let (X, w,) be a Hermitian manifold. The (1, 1)-part of the t-Gauduchon
curvature tensor 'R is related to the Chern curvature tensor R in any local unitary frame
by

1—t t—1)\2 __ —
t _
Rgi = Ry + 5 (CRJ'M + Rz — 20Rk2ﬁ) + < 2> (C 1 Ty —© lerTlgr) :
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Corollary 9.10.4. Let (X,wy) be a Hermitian manifold. The (1, 1)-part of the Strominger—
Bismut curvature tensor ’R is related to the Chern curvature tensor “R in any local unitary

frame by

b i i

Rijz = CRjZkE + CRkEjz Rkﬂjz (C s CTT ClerCTgr) '

Corollary 9.10.5. Let (X, w,) be a Hermitian manifold. The (1, 1)-part of the Lichnerowicz
curvature tensor 'R is related to the Chern curvature tensor “R in any local unitary frame

by

1 1 __ . .
l _ j
Ry = 56 it Ryt 1 <CT1:jCTZ% - CTércTer) ;
and related to the (1,1)-part of the complexified Riemannian curvature tensor R by
l _ ek el
szij - Rkhy CT CT‘ZT ’

If we choose local coordinates , the t-Gauduchon curvature tensor is given by [19]:

Corollary 9.10.6. Let (X, w,) be a Hermitian manifold. Choose coordinates (21, ..., 2,) near
a point p € X such that the metric g is Euclidean at p and the Christoffel symbols of the
Levi-Civita connection vanish at p. In these coordinates, the t—~Gauduchon curvature tensor
'R is given by

g =t Pg;  Pag gz | (1+1) gy
igkt 5

2 \020%z; 020z 02,0%; aziazj

(1_t)2 et k c q q
AL S T+ T
q

where ¢T is the torsion of the Chern connection.

For ¢t = 1, we recover the standard local expression for the Chern curvature tensor:

ep. — _ o zn: v 09 %95t (9.10.3)
ijkt 8218;, it 0z 0% o
P
Of course, a direct proof is equally elementary to deduce: Locally, write CRijkp = —%ng’f.
Then
CRZEIJ = _gpza?rg)k = - 78;( paaigkﬁ)

= —0,7(3;9"")(9i9xg) — 9,79""050i91q-
Differentiating the identify gP4qg i = = 0] yields (9.10.3).

Remark 9.10.7. From (9.10.3) we observe the following conjugate symmetry of the Chern

curvature tensor:
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For a general Hermitian metric, the Chern curvature tensor violently fails to have the sym-
metries of the Riemannian curvature. Indeed, we have the following:

Proposition 9.10.8. Let V denote the Chern connection on a Hermitian manifold (X, w).
If T"and R respectively denote the torsion and curvature of the Chern connection, then with
respect to any local frame, we have

(i) Ryzi — Rinz = ViTis-

.. k . o k _ &

() Ty = Bz + Ty + Tig e
where {i, 7, k} denotes cyclic summation.

Proor. We compute directly:

0
Rizi— R = —9;ViT +9:Vilh = —9,7V5(I% —T0) = VT
This proves the first statement. For the second statement, see [195, p. 135]. O

Of course, if the metric is Kéhler, the torsion of the Chern connection vanishes, and the
Chern curvature tensor has the symmetries of the Riemannian curvature tensor.
Unsurprisingly, there has been a growing interest in the study of Hermitian metrics whose
curvature tensors satisfy particular symmetries in recent years. The following class of Her-
mitian metrics is of particular interest [320]:

Definition 9.10.9. A Hermitian metric is said to be Gauduchon Kdhler-like if its Gauduchon

curvature tensor has the symmetries of the curvature tensor of a Kahler metric.

Example 9.10.10. Let

1 Z1 <3
G(k) = 0 1 2| :21,20,23€k
0 0 1

The Twasawa threefold is the quotient X := G(C)/G(Z + v/—1Z). From [215], X is a non-
Kéhler balanced manifold. The holomorphic 1-forms dx, dy, and dz — xzdy are left-invariant
by the group G(Z + /—17Z), yielding a global frame for the cotangent bundle. In particular,
X admits a Hermitian metric which is Chern-flat, and the metric is (Chern) Kéhler-like
(albeit for trivial reasons).
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CHAPTER 10

On the Curvature of a Hermitian Metric

Granted the theory of Hermitian (in particular, Gauduchon) connections developed in the
previous section, we want to extend the discussion of §2.1 to the Hermitian category.

10.1. THE Ricct CURVATURES OF A HERMITIAN METRIC

In contrast with the Riemannian curvature tensor, the presence of torsion in the Chern

connection produces distinct Ricci curvatures by taking various traces:

Definition 10.1.1. Let (X,w,) be a Hermitian manifold. Let 'R denote the ¢-Gauduchon
curvature tensor. The t-Gauduchon—Ricci forms of w, are defined in a local frame {ej} by

tRich) = J—iltRicfflz)ek Nep = \/—71927 (tszi3> er N\ €y,
tRicgg) = letRic;%)ek Nep = \/jgﬁ (tRz'ij> er N\ €y,
tRicg’g) = \/jltRicg)ek Nep = \/jgﬁ (tRkﬁz> er N\ €y,
tRicg? = \/TItRicg%)ek Nep = \/—7195 (tRz‘M) er N\ ey.

Remark 10.1.2. We refer to tRicEJkg) as the kth ¢t-Gauduchon-Ricci curvature (or kth t-—
Gauduchon—Ricci form). We also note that the above definition only considers the (1,1)—
part of the ‘Ricci curvatures’ obtained by taking various traces of the t—~Gauduchon curvature
tensor. In general, the Gauduchon—Ricci curvatures will not be of type (1,1), but for many

applications (e.g., the Schwarz lemma), only the (1,1)-part of the Ricci curvatures appear.

Let us consider first, the Ricci curvatures of the Chern connection °V. Because of the
conjugate symmetry (9.10.4) of the Chern curvature tensor, we have the following:
Proposition 10.1.3. Let (X, w,) be a Hermitian manifold.

(i) The first and second Chern-Ricci curvatures cRich) and CRicgg) are real.
(ii) The third and fourth Chern-Ricci curvatures are conjugate to each other:

Ric(;) = ‘Ric(!.

171
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PROOF. We omit the superscript ¢ for the moment and write

NG R Ik _ i@
Rlcij = gMRﬁkz = ¢ " Ryg = RICﬁ,
(2 = 7 . (2
RIC](CZ) = gURﬁkZ = gﬂRﬁ@ = RICEE).

This proves the first statement. For the second statement, we similarly argue:

o = EE)
— gkaﬁZ — g]leEH = Rlc@.

- (4)
Ric 17

O

Proposition 10.1.4. Let (X,wy) be a Hermitian manifold. The first Chern-Ricci form is
locally 00-exact, with

CRich) = —\/—laglog(wg).
(1)

In particular, “Ric,,, represents the first Bott-Chern class c]fC(K)_{l) of the anti-canonical
bundle K;(l.

PROOF. Write

n
_ 82 _
. @ g
CRch%) = — g™ 8'78]%-7
Pyl 2;0Z

n

gﬁ% %
| 0z; afj

S
Il

p,q=

" S 9 (09 & dgP1 09,5
_ gt (gke>+2 g pe

9. \ 9z, 9va 5 55,
] 0z \ 0%; ) 0z; 0%j
- _ - [gkea <8gké>+agk[89k£]
kim1 6z2 62]' 621 (%j
9 129937
- (e
821‘ ki1 6z]

0 0
= e 71
0z; (85] Ogdet(g)> ’

where the last equality follows from the formula

0 500,75
— loge det — ke~ Ikl
gz log det(s) D g
which can be deduced from Cramer’s rule. The final assertion follows from the fact that the
volume form wg defines a Hermitian metric on the canonical bundle K x. The curvature form

of this Hermitian metric is then \/—199 log(wy). The curvature of the induced metric on the
dual bundle is then —v/=109log(w!) = “Ricl,). O
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Remark 10.1.5. One can also realize the closedness of the Ricci form of a Kéhler metric w
as a consequence of the second Bianchi identity:

dRic(w) = V=T 3 (VaRicgdza Adzi A dz; + VaRicdza A dzi A dz)

ayi,j=1

= V=1 Y (ViRic,gdza A dzi A dz; + ViRicidza A dzi A dZ; )

a,t,j=1

= —V=1 Y (ViRic,jdzi A dzo A d; + V5Riciadz; A dzi A dz, )

a,i,j=1

n
= V=T > (VaRicjdza Adzi A dz + VaRicgdza A dz; A dz; )
a,t,j=1
Corollary 10.1.6. Let (X,w,) be a Hermitian d0-manifold. Then the first Chern-Ricci

form CRicg}g) represents the first Chern class ¢;(Ky') in H3g (X, R).

10.2. THE CALABI CONJECTURE

It is natural to ask whether any presentative of c]fC(X ) is given by the first Chern—Ricci
curvature of a Hermitian metric. For Kahler metrics, this is the famous Calabi conjecture:

Conjecture 10.2.1. (Calabi). Let (X,w) be a compact K&hler manifold. Given any
representative o of ¢1(K '), there is a smooth function ¢ € C*(X,R) such that w, :=
w4+ +v/—100¢ > 0 and Ricy,, = a.

The Calabi conjecture implies that if X is a compact Kahler manifold with definite or trivial
first Chern class, then X admits a Kahler metric with correspondingly definite or trivial
Ricci curvature. Calabi [71] showed that the problem reduces to a complex Monge—Ampére
equation. Indeed, let a = A[w] for some A € R. Then Ric,,, = Aw,, and
Ric,, = A, <= Ric,, —Ric, = Awy — Aw + Aw — Ricy,

<= Ricy, — Ric, = M —100¢ — /=100 f

= —/—=100 log(wy) + V—100log(w") = V/—109(Ap — f)

— wg = ef ey,
Hence, the resolution of the Calabi conjecture is equivalent to the solvability of the complex
Monge—-Ampere equation

wg = ef vy,

where f : X — R is a smooth function subject to the normalization condition

/ef_)‘“’w" = /wg.
X X
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For compact Kahler manifolds with cl(K;(l) > 0, there are obstructions to the existence of
Kéhler—Einstein metrics. The first obstruction was observed by Matsushima [214], noticing
that it was necessary for the Lie group of holomorphic automorphisms to be reductive, i.e.,
the complexification of a real compact Lie group. Later obstructions were found by Futaki
[134] who introduced a Lie algebra character for the Lie algebra of holomorphic vector fields,
which necessarily vanished for the existence of Kéahler—Einstein metrics on Fano manifolds.
This led to a folklore conjecture that the only obstructions were to arise from the Lie algebra
of holomorphic vectors. An example of Mukai (see, e.g., [291]), however, provides an example
of a Fano manifold with no non-trivial holomorphic vector fields but does not admit a Kahler—
Einstein metric. In [291], Tian proposed the notion of K-—stability which he showed to be
a necessary condition for existence, and conjectured that it was also sufficient. This so-
called Yau-Tian-Donaldson conjecture (YTD conjecture) was proved in 2012 by Tian [292]
and Chen-Donaldson—Sun [91]. We will discuss the Calabi conjecture and its resolution in
Chapter 3.3.

10.3. THE SECOND CHERN—RIcCI CURVATURE

We have seen that the first Chern—Ricci curvature of a Hermitian metric is intimately related
to the (anti-)canonical bundle Kx and has a cohomological nature. The second Chern—Ricci
curvature is not a cohomological object, in general, and is much more mysterious. We will
see that in the subsequent sections that the second Chern—Ricci curvature naturally appears
in the Schwarz lemma, but is unfortunately, not within the jurisdiction of a complex Monge—
Ampere equation. The second Chern—Ricci curvature, however, does support the subbundle

decreasing property:

Proposition 10.3.1. Let (X,w) be a Hermitian manifold. Let f : Y < X be an embedded
complex submanifold. Then

“Ric), < “Ric?.

PRrROOF. Since the curvature of the Chern connection satisfies the subbundle decreasing

property, and the trace commutes with restriction, the result is immediate. O

Example 10.3.2. A Stein manifold supports a Hermitian metric (induced by the ambient

Euclidean metric) of non-positive second Chern-Ricci curvature.

Remark 10.3.3. In general, the first and second Chern—Ricci curvatures are not comparable.
For instance, the standard metric on the Hopf manifold S?n—1 % S! has CRicE}O) > 0 and

“Ric?) > 0.

Question 10.3.4. Is there an example of a compact Hermitian manifold such that the first
Chern—Ricci curvature does not satisfy the subbundle decreasing property?
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Of course, the second Ricci curvature can be defined for any complex-linear connection on
a Hermitian vector bundle (€,h) — X. If we consider the Hermitian complex-analytic
connection on (&,h) with curvature form ©&"  the second Ricci curvature is defined by
tr, O, From [325, Theorem 3.7], we have:

Theorem 10.3.5. (Yang). Let (€, h) — X be a Hermitian vector bundle with quasi-positive
second Ricci curvature. Let L — X be a pseudo-effective line bundle. Then

HY(X,&*®L*) = 0.

Theorem 10.3.6. (Yang). Let (§,h) — X be a Hermitian vector bundle over a compact
complex manifold X. Suppose there is a smooth Hermitian metric w on X such that tr,© "
is quasi-positive. Then

(i) any invertible subsheaf £ of Ox(®FE*), for k > 1, is not pseudo-effective.

(ii) det(E*) is not pseudo-effective.

Remark 10.3.7. The key point in the above theorem is that the line bundle £ in statement
(1) is only required to be a subsheaf, not a subbundle. In the case that it is a subbundle, this
result was shown by Campana—Demailly—Paun [75].

Before proving the main theorem (due to Yang) concerning the second Chern—Ricci curvature,
we mention the following result of Boucksom-Demailly-Paun—Peternell [43]:

Theorem 10.3.8. (BDPP). Let X be a projective manifold such that Kx is not pseudo-
effective. Then X is uniruled.

The above theorem has a number of important consequences. For instance, we have:

Corollary 10.3.9. Let X be a projective Kobayashi hyperbolic manifold. Then the canonical
bundle Kx is pseudo-effective.

We will consider a number of more general statements relating the hyperbolicity of a complex
manifold to the positivity of the canonical bundle in Chapter 3. For the moment, we state
one of the main structure theorems for the second Chern—Ricci curvature:

Theorem 10.3.10. (Yang). Let X be a compact Kéhler manifold. Suppose X admits a
Hermitian metric with quasi-positive second Chern—Ricci curvature. Then X is projective
and rationally connected; in particular, X is simply connected.

PRrOOF. From 10.3.5, taking & = T19X, we see that HO(X, (Q;O)@)k) = 0. Since, for
1 < p < dimg(X), the pth exterior power AP(QQO) is a sum of (Q;’-O)(X)k for suitably large k,

we have

HPY(X) ~ HYX, Q%) = 0.
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In particular, h29(X) = 0 and by Kodaira’s projectivity criterion, X is projective. To show
that X is rationally connected, we observe that statement (ii) of 10.3.6 implies that Kx is
not pseudo-effective. Hence, by 10.3.8, X is uniruled. Let ¢ : X --» Z denote the MRC
fibration. By resolving the singularities if necessary, we may assume that Z is smooth and ¢
is a proper morphism. There are two cases: (i) Z is a point, or (ii) Z is a positive-dimensional
variety which is not uniruled. Proceed by contradiction and suppose that X is not rationally
connected. Then Z is a positive-dimensional variety which is not uniruled. Hence, by 10.3.8,
the canonical bundle K is pseudo-effective. Since Kz is a direct summand of the vector
bundle (23°)®* for some large k, and Oz((Q23°)®F) is a subsheaf of O x (Q25°)®F), we see that
Kz is a pseudo-effective invertible subsheaf of O X((Q;’p)@k). This contradicts statement (i)
in 10.3.6. O

Corollary 10.3.11. Let X be a compact Kahler manifold. If X supports a Hermitian
metric with quasi-positive first Chern—Ricci curvature, then X is projective and rationally
connected; in particular, X is simply connected.

PROOF. Let w be a Hermitian metric with quasi-positive first Chern—Ricci curvature.
By Yau’s theorem [329], there is a Ké&hler metric @ such that Ricy = “Ricl). Since the
Chern—Ricci curvatures of a Kéhler metric all coincide, the result follows. O

10.4. THE GAUDUCHON Riccl CURVATURES OF A HERMITIAN METRIC

Notation 10.4.1. Building from [209, p. 17], we introduce the following notation:

o e . G o7 kT v 7ol Tk
Tg = 09T T, T = 99" 959775 Ty T = ¢" g TigTy-

In particular, if g;; = 0i;, then

& mpkgk o __ i T O _ ik
TY = T,/T" Ti} = T}, T, Tﬁ = Tiqqu.
Note that T2 = (T'o T),7 in the notation of [209].

1] J

Lemma 10.4.2. ([209, Lemma 3.4]). Let (X,wy) be a Hermitian manifold. For any point

p € X, there are local holomorphic coordinates (z1, ..., z,) centered at p, such that
95p) = 0y and Ffj(p) = 0.

In particular, at p, we have

09~ 0g.=
k — ik — _ v
(p) 2, () 2, (p)-

For the remaining Chern—Ricci curvatures, we have the following [209, Theorem 4.1]:
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Proposition 10.4.3. Let (X,w) be a Hermitian manifold. The Chern—Ricci curvatures are
related by:

Ric? = “RicV) — V=1A(80w) — (80*w + 8D*w) + T,

Ric® = “Ric)) — §5*w
‘Ric = “Ric)) — §5*w

where ¢T¢ is the (1,1)form with components Tg = gpqgkéch CTZ

PROOF. We fix a point zg € X and work in the coordinates of 10.4.2. Then

e (D _ Py J o
Rlcﬁ - Z 8zzazj 5’
cpi@ P95 }

Rlcﬁ a Z 0z 8zp 4

Ric® = _Z gpj _Lero

ij 020z, 4 ij

epia(d) 0 9ip 70 <2
Rlcﬁ a Z 0z,0Z; 4 ij '

Moreover, we have

99,5 0?95 1
N pj PP Lepo
(007w);; Zp: (aziazp om0z | T2 i
50 P95 P9p \ | Leo
%) pap _ Ze?,
(997w);5 zp: <azpazj Gzi62j> Tl

We immediately see the relationship between the first Chern—Ricci curvature and the third
and fourth Chern—Ricci curvatures. To prove the relationship between the first and second

Chern—Ricci curvature, we note that a straightforward calculation gives

_ P95 | Pgp P 09y
A ~ _ ij 'pD o p _ pj .
(00w) ;5 ; <8zp82p + 02;0zZ;  02p0%Z;  02;0%

Combining these expressions, we deduce the relationship between the first and second Chern—

Ricci curvatures. O

Since 0*w = 0*w = 0 if w is balanced, we see that
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Corollary 10.4.4. Let (X,w) be a balanced manifold. Then the Chern-Ricci curvatures
are related by

‘Ric?) = “RiclV) — V=1A(88w) + °T°,

‘Ric® = “Ric® = °Ric}).

By taking various traces of the curvature formula for the Gauduchon connection, we have:

Corollary 10.4.5. Let (X,w) be a Hermitian manifold. In any unitary frame, the Gaudu-
chon Ricci curvatures are given by

1—
tRiCS) _ tCRicS) + <2) (CRc chC(4))

_l’_

Ric® = t°Ric? + ( ; 2 (CRIC + “Ric®

z (T3 - “TLFTE) &

(C I, — CJQ€CT,§T) el A el

Ric® = tRic® 4 1= > 2 ( Ric(! CRIC(2)>

vy
k,r
‘Ric§) = t°Ric{}) + Ly (CR' 1) 4 cR1(3(2)> + r(l — 1) Z

R
_ (T, — “TheT) ) e Al

To simplify these expressions, we introduce the following:

Notation 10.4.6. Building from [209, p. 17], we define the following (1, 1)-forms:
TO = VTR Th N, T° = V=ITY, cThe ned, TV = /=1°T] T} ¢! Aed,
where {e;}" ; is a unitary frame, {e’}!, the corresponding dual coframe, and CTZ]; =

g(°T(e;,ej),e) are the components of the Chern torsion in this frame. We note that T

and °T° are real (1,1)-forms.

Recall from [209], we know that CRIC(g) = CRico(}) — 00*w and CRicgl) = CRico(}) — 00*w. We
may therefore write the Ricci curvatures in the following form:

Corollary 10.4.7. Let (X,w) be a Hermitian manifold. The Gauduchon—Ricci curvatures

are given by

Ric) = °RicM) + (tgl)(aa*waa*w),

_ o _ +\2
Ric® = tRic® + (1 — )Ric) 1+ ¢ 5 Y (00°w + 95*w) + (14t) (CT<> - CTO) ,

1-— 1—1)?2
tRiCEUS) — tcRICS))) + ( t) (cRiCSJl) + CRiC£J2)> _ (4t) (CT<> 4 CTQ7> ’

_ _ 2 S
Ric® = Ric® + (1-1) (CRiCS) +CRic§J2)> _ % (cT<> +CTO>.
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Corollary 10.4.8. Let (X, w) be a compact Hermitian manifold. If tRic$’ > 0 or Ric{’ < 0
for some t € R, then X is in the Fujiki class € if and only if X is K&hler.

Proor. Corollary 10.4.5 shows that for all t € R, the first Gauduchon—-Ricci curvature
is 00-closed. Hence, if tRicS ) is definite, we can produce a pluriclosed metric by setting

(1) (1)

wy := 'Ricy,” or wy 1= —tRicS), depending on the sign of ‘Ricy,’. By a theorem of Chiose
[100], a compact complex manifold in the Fujiki class € admits a pluriclosed metric if and
only if it is Kéahler. O

Corollary 10.4.9. Let (X,w) be a Hermitian manifold. The Bismut-Ricci curvatures are
related by

Ricl) = “Ricl) — (90w + 80*w),

Ric? = PRicl) + (00w + 80*w) + V—1A(80w) — °T°,

bRic® = PRic() 4+ 88" w — V—1A(80w) + TV

bRic® = PRic) 4+ 88w — V—1A(80w) + °T°.

Corollary 10.4.10. Let (X, w) be a balanced manifold. The Bismut-Ricci curvatures afford
the relations

Ricl) = “RicV
Ric? = 'Ricl) + v=1A(90w) — °T®
Ric® = PRic® = PRic) — V=1A(80w).

From the positive-definiteness of “1°, we have the following immediate corollary:

Corollary 10.4.11. Let (X,w) be a balanced manifold.

(i) bRiC((f) < bRiCL(,Jl) + \/—1A(85w) with equality if and only if w is Kéhler.
(ii) bRiCL(US) = bRiCS) or bRicgjl) = bRicS) if and only if w is Kéhler.

Corollary 10.4.12. Let (X,w) be a compact balanced manifold. Then the Gauduchon-Ricci

curvatures are given by
Ricl) = “RicV,

1— 2
Ric® = tCRicg)Jr(l—t)cRic(l)qLi( 475) (CT<>JT°),

w

1—1t)? 1—1t)?
Ric) = tcRicg’)—I—i( 4t) (CRicS>+CRic53>) _ - 4” 79,

1— 1—1t)?
Ric® = #Ric® + (—Qt) (“Ricl!) + Ricel?)) — %CTQ.
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PROOF. It suffices to show that if w is balanced, then 99*w + d0*w = 0 and TV = 0.
The first assertion is well-known (see, e.g., [89, Lemma 2.3]). For the latter claim, we see
that if the metric is balanced, then

TIN, = D TETRN, = Y T, (Zzg;) = 0.
Pk 0.k p
O

Recall that for a Hermitian line bundle (£,h) — X over a complex manifold X, the first
Bott-Chern class ¢P¢(L) € Hé’é(X ) and first Aeppli-Chern class ¢;*C(L) € Hkl(X ) are
represented by the curvature form ©%" = /=190 log(h). This definition is well-defined,
independent of the specific choice of Hermitian metric. Indeed, if h is another Hermitian
metric on £ — X, then the difference of the curvature forms QL _gth) = %85 log (%)

is globally 00-exact.

Remark 10.4.13. Liu—Yang [209] defined the first Aeppli Chern class as the cohomology
class represented by the first Lichnerowicz Ricci curvature. The above result indicates that
the choice of t = 0 is unnecessary; the first Gauduchon—Ricci curvature tRicS) represents the

same cohomology class.

From 10.4.5, we observe that the results in [209] can be generalized substantially. For
instance, we have the following extension of [209, Theorem 3.14]:

Proposition 10.4.14. Let (X,w) be a Hermitian manifold. The first Gauduchon—Ricci form
‘RicV represents ¢i'C(K ') € Hi’l(X ) for all ¢ € R. Moreover,

(i) tRic! is d-closed if and only if 000*w = 0.
(ii) If 99*w, then ‘Ric{} represents the ¢ (Ky') € H3z(X,R), ie., c1(Ky') = fC(K).
(iii) If w is conformally balanced, then ‘Ric{} represents c1(Ky') € H é’l(X ) and also
the first Bott—Chern class ¢PC(K ) € Héé(X)

(iv) tRicl = *Ric{!) for t # s if and only if w is balanced.

PROOF. Since “Ric}) = —y/—190 log(w™), we see that

d(Ric)) = (t;” (800" + 005"w)

Decomposing the equation d (tRicg})> into parts, proves (i). For statement (ii), if 00*w = 0,

then )
tRiC{S}l) — CRICE})‘}'(t_Q)dd*UJ

Therefore, [tRicﬁ})} - [CRiCE})] in H2, (X, R).



10.4. THE GAUDUCHON RICCI CURVATURES OF A HERMITIAN METRIC 181

Assume that w is conformally balanced, i.e., there is a smooth function u such that w, := e“w
is balanced. The Christoffel symbols Iy, of w,, are given in any local frame by

1 ., wi( O 0 1 7
(Fu)g = 3¢ ught (M(eugj) - azg(eUjS)) = F% + 5 <5jku;~ - gkégjgua )
Therefore,
n—1
(F“)§k - F?k + 5 Ui
and hence, 0}w, = 0*w + v/—1(n — 1)du. Differentiating this expression gives
00w, = 00w — (n—1)vV/=10du, 00w, = 00*w.

Since w, is balanced, 9w, = 0, and we have
00*w + 00*'w = 2(n—1)v/—190u.

In particular, ‘Ric) = “Ric{) — (n — 1)y/=180u, which proves (iii).
If ‘Ricl) = *Ricl)’, then

(t ; D (00*w + 00*w) = (s ; D (00*w + 00*w).
Since s # t, we have 90*w = 0 and 00*w = 0. Hence, w is balanced. O
An immediate consequence of the definition is that

ECLY=0 = q)=0 = £CK)=0.
If X supports the 90-lemma, then the converse implications hold:

Proposition 10.4.15. Let L — X be a holomorphic line bundle over a complex manifold
X. If the 90-lemma holds on X, then

BCLY=0 = qL)=0 <= £°KL)=0.

PROOF. Suppose ¢¢(£) = 0. Tt suffices to show that ¢P¢(£) = 0. Then there is a
Hermitian metric h on £ such that @ = da + 98, where o, 3 € Qg&l. Differentiating this
equation, Oa is O-closed and 9 is O-closed. Since the 99-lemma holds, we can find smooth
functions v and v such that da = 9du and 9 = d0v. Then OFM) = 99(u —T), proving the
claim. ([

Example 10.4.16. Let X = S? x S! be the Hopf surface. From the Kunneth formula, the
second Betti number by(X) = 0, and therefore, ¢;(£) = ¢¢(£) = 0 for any holomorphic line
bundle £ — X. We claim that ¢P¢(K ") # 0. Let wp be the Boothby metric

5is
wo 1=V *1%d2’i VAN dzj
]
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on the Hopf surface S? x S!. The first Chern-Ricci curvature is easily computed to be

- 1 ZiZi
RICS}O) = W <(5l] — ’Z‘QJ) vV —=1dz; A dfj.

By the Cauchy—Schwarz inequality, CRicE}O) > 0. This implies c]fC(K)_(l) # 0. Indeed, if

BC(K ') = 0, then there exists a function u such that cRicS}O) = v/—100u > 0. However,
this would force u to be constant, which is an obvious contradiction. These observations were
made by Tosatti in [295, Example 3.3].

Example 10.4.17. ([295, Example 3.5]). Another example of this type is given by the
hypothetical complex structure on the six-sphere S®. Since by(S%) = 0, it is clear that ¢1(£) =
c€(L) = 0 for any holomorphic line bundle on S®. On the other hand, if ¢P¢(Kx) = 0, then
Kx is holomorphically torsion. Since H'(S% Z) = H3(S%,Z) = 0, the exponential sequence
implies that Pic(S%) ~ H!(S5 Oge). Therefore, K x is holomorphically trivial, and there is a
non-vanishing holomorphic 3—form « on S°. It is clear that « is d—closed and therefore must
be d-exact. Writing a = df3, we see that
0 < (\/—1)9/ aha = (\/—1)9/ d(BAdB) = 0,
S6 S6
an obvious contradiction.

Remark 10.4.18. From 10.4.15, we deduce that the Hopf surface S? x S! and any hypo-

thetical complex structure on S® does not support the 99-lemma.

Liu-Yang [209] constructed first Lichnerowicz-Ricci-flat metrics on the Hopf manifolds S27~1 x
S'. We extend their construction, showing that the Hopf manifolds support first Gauduchon—
Ricci-flat metrics for all ¢ € R\{1}. Before stating the result, we recall that the universal
cover of the Hopf manifold S§?"~1 x S! is C"\{0}. In particular, the Euclidean metric on
C™\{0} induces a metric on S?"~! x S' which we refer to as the standard metric (or Boothby
metric). In local coordinates (z1, ..., 2, ), the standard metric is given by
dzi N\ dzy,
= 4y -1 _— .
o T
Theorem 10.4.19. Let (X,wp) be the Hopf manifold X = S?"~! x S! endowed with the

standard metric wy. The (1, 1)—form
4(1 —n) —4)

w = wy+ —lRicS)
n
is a solution of the equation
Ric) = 0, for all t € R\{1}.

Moreover, for all t < 1, the (1, 1)—form w is positive-definite and thus defines a first Gauduchon—
Ricci-flat metric.



10.4. THE GAUDUCHON RICCI CURVATURES OF A HERMITIAN METRIC 183

PROOF. Let wg denote the standard metric on the Hopf manifold S?*~! x S!. Following
[209, Section 6.1], we set

wx = wo-+ 4)\lRic£J10),

for some A > —1. Introduce the notation a := /=199 log |z|*>. From [209, p. 31], we know

that CRiC((,}A) = na and 00wy + ééf\wA = 2(173:)\1)04. Hence,

tpi.(1) cpiA(1) (t_ 1) * A 9%

Ric;) = “Ricy) + g (003w + DD3w))

t—1)2(n—1 1+ A t—1)(n—1
e E=D2m=1) a4 N+E-DE-1)
2 1+ A 1+ A

The coefficient of o vanishes for A = % The inequality A > —1 (which ensures wy is
positive-definite) translates to ¢t < 1. (|

Remark 10.4.20. Observe that since cB€(K ') # 0 for X = §?"~! x S!, there are no first
Chern-Ricci-flat metrics on X.

To the author’s knowledge, there is no known obstruction to the existence of first t—Gauduchon
Ricci-flat metric metrics for ¢ > 1. Hence, it is natural to ask:

Question 10.4.21. Do there exist first +-Gauduchon-Ricci-flat metrics on S?*~! x S! for
t>17

Recently, Correa [102] extended the Liu—Yang construction to a much more general class of
manifolds. We will extend Correa’s results to the entire Gauduchon line. We first remind
the reader of some terminology:

Definition 10.4.22. Let (Q,79) be a Riemannian manifold. We say that (Q,nq) is Sasakian
if the metric cone (€(Q),7ne()), where €(Q) := Q x Ry and ng(q) := g + dr @ dr, is a
Kahler cone. A Sasaki morphism is an isometric immersion (Qy,n9,) — (Q2,7q,) such that
the induced map on the cones €(Q;) — €(Qz) is holomorphic. A Sasaki automorphism is an

1

invertible Sasaki morphism ¢ : (Q,79) — (Q,ng) with ¢~ a Sasaki morphism.

In the above definition, r is the coordinate on the positive real line Ry := (0,00). Sasaki
manifolds are the odd-dimensional cousins of Kéahler manifolds (analogous to the relationship
between contact and symplectic manifolds or CR and complex manifolds). An excellent
concise account of Sasaki manifolds is given in [237, § 6.4], some of which we borrow here.

Example 10.4.23. For n € N, the sphere S?"~! supports a number of Sasaki structures.
Indeed, the cone C(S?*"~1) = C" — {0}. More generally, Blair [32] showed that totally
umbilical, oriented real hypersurfaces in Kéhler manifolds support a Sasaki structure. For
instance, S? x S?, viewed as the unit tangent bundle of S? is a Sasaki manifold. Further
examples are discussed in [47].
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Definition 10.4.24. Let (Q,n9) be a Sasaki manifold. We say that (Q,ng) is Sasaki—Finstein
if Ric,,, = Ang, for some constant A € R.

Theorem 10.4.25. Let (Q, 79) be a Sasaki manifold of (real) dimension 2n+1. The following
are equivalent:

(i) (Q,nq) is Sasaki-Einstein with Ric,, = 2nnq;

(ii) The cone (€(Q),ne(q)) is Ricci-flat Kéhler.

Remark 10.4.26. By the results of [46, 182], every Sasaki manifold of (real) dimension 3
is Sasaki-Einstein.

Example 10.4.27. Let Q = S?*! and take the Sasaki automorphism to be the identity
map ® = id. Then we recover the Hopf manifold ¥ ,(Q) = S' x §?"~!, for any x > 0.

Let us now give prove the existence of first t—Gauduchon Ricci-flat metrics on certain Sasaki
manifolds, extending the results of Correa [102] (in the special case of the Lichnerowicz

connection):

Theorem 10.4.28. Let (Q,79) be a compact Sasaki-Einstein manifold. Let ® : (Q,7q) —
(Q,mq) be a Sasaki automorhism and x > 0 a positive constant. For any t € (—oo, 1), the

suspension g ,(Q) admits a Hermitian metric w such that
Ricl) = 0.

In particular, ¥4 ,(Q) admits first Bimsut Ricci-flat metrics, first Hermitian conformal Ricci-
flat metrics, and first Lichnerowicz Ricci-flat metrics.

PROOF. Let (Q,n9) be a compact Sasaki-Einstein manifold with Sasaki automorphism
® and positive constant k. The map ¢ := log(r) defines a diffeomorphism €(Q) ~ Q x R, and
the metric ne(g) on €(Q) can be written as 1g(q) = e*?(ng +dp ®dy). Let I'gp, be the cyclic
group generated by (z,¢) — (®(x),¢ + log(k)). Endow €(Q) with the Hermitian structure
(6*29"17@(9),3). The group I'p , acts on (€(Q), 6*29017@(9), d) by holomorphic isometries. Hence,
the quotient g (Q) := C(Q)/I'p is furnished with a Hermitian structure. From [?], the
Hermitian structure on g ,(Q) is Vaisman (i.e., the Lee form ¢ is parallel with respect to
the Levi-Civita connection). From 10.4.29, we can write
t(l—n)—1

2
where « is a representative of 2me;(Kx'). Let p : €(Q) — g .(Q) denote the projection

Ricl) = o+ d(Jv),

map. Since w is locally written as w = e 2?wrrk, where wrrk is the Ricci-flat Kihler metric
on C(Q), we see that p*a = “Ric(wrrk) = 0. Hence, tRicS) = %d(ﬂ?), and for A > —1,
we set wy 1= w — Ad(JVY). We observe that w} = (1 + X)""'w", and hence,

“Ric(!) = “Ricl) = —gd(Jﬂ).
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Further, since 00*wy + 00wy, = —?T_)l\d(ﬁ?), we see that

t—1 ==
tRiCSA) = CRicg}A) + ( )(80*w,\ + 00" wy)

2
(t—1)n-1

n
= —5d(9) = 5 dY)

—n(1+A)+ (1 -t)(n—-1)
< 2(14+A)

> d(J).

t(l—n)—1
n )

Setting A = we see that tRicfulA) = 0. Note that since A > —1, we see that ¢ < 1. [

From the above theorem, we see that a large number of examples of first t—Gauduchon
Ricci-flat metrics can be produced by producing examples of Sasaki—Einstein manifolds.
The following result was established by Correa [102, Lemma 3.1] in the special case of the

first Lichnerowicz Riccl curvature:

Proposition 10.4.29. Let (X,w) be a compact locally conformally Kéhler manifold. Then

t(l—n)—1

tRic)) =
Ric;, o+ 5

d(Jo),

where « is a representative of 2wc; (K;(l), the underlying complex structure is denoted by J,
and 9 denotes the Lee form. In particular, on a compact locally conformally Kéhler manifold,
if 'Ric)) = 0 then ¢y (Kx) = 0 in HZ,(X,R).

PROOF. Write w = efwy on a suitably small open set U C X, where wy is a Kihler metric
defined on U and f : U — R is smooth. From the proof of [102, Lemma 3.1], we know that
the first Chern Ricci curvature is locally written as “Ricl!) = —2dd°log(wd) — 2d(J9), and
moreover, 0*w + 00*w = —(n — 1)d(J9). Hence, the first t+-Gauduchon Ricci curvature is
locally given by

tRicS)

—%ddc log () — Sd(7) — (t;l)(n — 1)d(J9)

t(l—n)—1

5 d(J9).

1
= —iddC log(wy) +

The local expressions —%dalC log(wg) glue together to define a representative a of 2mwc; (K)_(l)
in H3z(X,R). Hence, 'Ric{) represents 2mer (Kyh). O

The above result yields an obstruction to the existence of a locally conformally Kéhler struc-
ture. It is well-known that obstructions to locally conformally Kéahler structures are few and

far between. In more detail, we have:

Corollary 10.4.30. Let (X,w) be a compact Hermitian manifold with tRicu(Jl) = 0 for some
teR. If 1(Kx) # 0 in H3R(X,R), then X is not locally conformally Kéhler.



186 10. ON THE CURVATURE OF A HERMITIAN METRIC

Remark 10.4.31. One cannot relax the assumption of the above corollary to the vanishing
of the first Aeppli Chern class c¢f*® = 0 in Hi"l(X ). Indeed, it was shown by He-Liu—Yang
[161] that a compact complex surface with [Ric}) = 0 is minimal and is one of the following:
an Enriques surface, a bi-elliptic surface, a K3 surface, a torus, or a Hopf surface. This result
should be compared with Tosatti’s result [295] compact complex surfaces with CRicg) = 0.
Indeed, in this case, X is minimal and is one of the following: an Enriques surface, a bi-
elliptic surface, a K3 surface, a torus, or a Kodaira surface. In particular, a Kodaira surface
admits a first Chern Ricci-flat metric and satisfies ¢P¢(Kx) = 0 (and hence, ¢;(Kx) = 0 and

AC(Kx) = 0), but does not support a first Lichnerowicz Ricci-flat metric.

10.5. THE GAUDUCHON SCALAR CURVATURES OF A HERMITIAN METRIC

Definition 10.5.1. Let (X,w) be a Hermitian manifold. The Gauduchon scalar curvature

tScal, and Gauduchon altered scalar curvature téEElw are defined by
tScal, = try (tRicS)> = tr, (tRiC&2)> , tSAcglw = try, (tRicg’)) = try, (tRicgl)) .
Immediate from [89, Proposition 3.2] is the following corollary:

Corollary 10.5.2. Let (X,w) be a compact locally conformally Kéhler manifold. The first
t—-Gauduchon—Ricci curvature is given by

Ric®) = =D H gy, E=DE=Mep o), (’5—7%1) (cScalw _ C§51w) "

n “ n

In particular,

(2—n)

‘Ric) = 7CR108)+M
n

2 e
CRicg) - — <CScalw — CScalw) w,
n
1 _
ﬁRicc(ul) = “Ric® + i—n (CScalw — CScaulw> w.

Corollary 10.5.3. Let (X,w) be a compact locally conformally Kahler surface. Then

Ricl) = “Ric® + (Cégglw — CScalw) w.

Hence,
(i) if *Ric)) = “Ric?), the metric is Kahler;
(ii) if CRicg) = 0, the metric has pointwise constant first Bismut—Ricci curvature, with

the (pointwise) Einstein constant Cégglw — “Scal,;
(iii) if bRicg,l) = 0, the metric has pointwise constant second Chern—Ricci curvature, with
the (pointwise) Einstein constant “Scal,, — “Scal,,.

The following result is well-known, going back to Gauduchon [138]:
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Theorem 10.5.4. Let (X,w) be a Hermitian manifold. Let 7 denote the (Chern) torsion
(1,0)—form. The Chern scalar curvatures are related by

“Scal, — °Scal, = d*r + |7
In particular, “Scal,, = CSAcglw if and only if w is balanced.
Question 10.5.5. Does d*7 = 0 imply 7 = 0 if the manifold is compact?

Question 10.5.6. Are there examples of Hermitian metrics (on compact complex manifolds)

where “Scal,, > CSAcglw or “Scal,, < Cégglw at every point?

Theorem 10.5.7. Let (X,w) be a compact Hermitian manifold with “Scal,, > 0. Then the

Kodaira dimension x = —oo.

PROOF. Let 0 € H%(X, Kx) be a holomorphic section of the canonical bundle Ky. The
Bochner formula tells us that

A,lo)? = |Vo|? +“Scal,|o]?.
Hence, if “Scal,, > 0, there are no holomorphic sections of Kx. O

Proposition 10.5.8. Let (X,w) be a Hermitian manifold. If w is both balanced and pluri-

closed, then w is Kéhler.

PRroor. If w is balanced, then 10.4.4 tells us that if w is, in addition, pluriclosed, then
“Ric?) = “RicH) + T,
The trace of this expression gives
“Scal, = °Scal, + |°T*.

Hence, “I" = 0 and the metric is Kéhler. O



188 10. ON THE CURVATURE OF A HERMITIAN METRIC



CHAPTER 11

The Holomorphic Bisectional Curvature and its Variants

In contrast with the Riemannian setting, the sectional curvature of a Hermitian metric is not
the most natural curvature constraint. Goldberg-Kobayashi [142] introduced the replace-

ment:

Definition 11.0.1. Let (X,w) be a Hermitian manifold. The Gauduchon holomorphic bi-
sectional curvature is defined by

'R(u,u,v,v)

Julg vl

'HBC, (u,v) :=

)

where u,v € TH0X.

Before stating the formula for the Gauduchon holomorphic bisectional curvature, let us in-
troduce the following:

Definition 11.0.2. Let (X,w) be a Hermitian manifold. We define the Gauduchon altered

holomorphic bisectional curvature

1
C [uPlo?

"HBC,, (u, v)

t _ _
R(u,v,v,u),
where u,v € T10X.

Remark 11.0.3. In [63], the first named author, together with Kai Tang, used the notation
}TE/CUJ to refer to “R(u,u,v,7) + “R(v,7,u,w), which was called the altered holomorphic
bisectional curvature. We believe that both the choice of notation and terminology for
‘R(u,u,v,7) + “R(v, 7, u,u) should be abandoned. Indeed, we contend that the term altered
should refer only to variants of the curvature which have entries repeated entries occurring
in the second+third entries, or first + fourth entries. For instance, the third and fourth
Ricci curvatures: Ric®)(-,-) = 30, R(:, ey, ex,-) and Ric®(-,-) = 3, R(e,-, -, éx) would be
considered ‘altered Ricci curvatures’. The trace of these ‘altered Ricci curvatures’ yields
the ‘altered scalar curvatures’. Another instance is given by the ‘altered real bisectional
curvature’ [63], which is given by tPTE/Cw(v) = an ' Royyavavy, where v € R™\{0} has unit
length. We will break this convention only in one instance (due to lack of a better name) —
the ‘altered holomorphic sectional curvature’ ﬁgﬁ, which we will discuss in great detail in
the next section.

189
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Example 11.0.4. The Euclidean metric on C™ has constant vanishing (Chern) holomorphic

bisectional curvature.

Example 11.0.5. Let wrg denote the Fubini—Study metric on P™. Then, at z = 0, we have
C Pog 9log(l+ |2
02,0Zk 8zk82gaz,~82j
1 64|z]4
2 8zk8256z102j
0%(|2[*2)
021,0Zp0z;
0%(2;2)
= = (0;9 0;00K5 ).
8zkazi ( J M+ ¢ kj)

Since the isometry group of wgg acts transitively on P", the above calculation holds at all

points. In particular, the (Chern) holomorphic bisectional curvature of the Fubini—Study
metric is pinched
1 < “HBC,, < 2.

Example 11.0.6. A similar computation shows that the Bergman metric wg on B™ has
pinched (Chern) holomorphic bisectional curvature

—2 < “HBC,, < -1

Example 11.0.7. Let wy be the Boothby metric on the Hopf surface S x S'. Then the

components of the Chern curvature tensor are given by

Re — 45ké((5ij’z’2_zj§i)
Gkt BE :

In particular, the Chern holomorphic bisectional curvature of the Boothby metric is non-

negative.

Remark 11.0.8. The terminology is justified by the fact that if w is a Kéhler metric, then,
via the (real) isomorphism of vector bundles

1
TRX 5 uy — ﬁ(uo —V—=1Jugy) € T X,

we have
R(u,w,v,7) = —R(ug, Juo,vo, Jvo)
= R(vo,up, Jug, Jvog) + R(Jug, vo, ug, Jvo)
= R(vo,ug, ug,vo) + R(Jug, v, vo, Jugp).

In particular, the holomorphic bisectional curvature of a Kéhler metric is a sum of two

sectional curvatures.
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11.1. THE HOLOMORPHIC BISECTIONAL CURVATURE AND Riccl CURVATURES

We now observe that the Ricci curvature is dominated by the bisectional curvature, which
follows from the following classical argument of Berger [24, 114]:

Proposition 11.1.1. Let (X,w) be a compact Hermitian manifold of (complex) dimension
n. Then

2r

RicM) (v,7) = ]ézn_l "HBC,,([v], [w])do(w),

nlvf?

277rt lC(2) w, w = ¢ v, (W o\v
Rl w.w) = £, Bl [w)do ),

nof?

where do is the Lebesgue measure on S~ C T X for each 2 € X and f = (n—1)! fS% 1.

2mn

PROOF. Fix a point z € X and write tRﬁkz for the components of the (1,1)—part of the
t—Gauduchon curvature tensor in a local frame near x € X. Then

]éthBcqu],[wnda(w) - W 3 RWWJ][  wydo(w)

1,5,k =1

27
= ‘R~ = 7tR (1)

The same argument with do(w) replaced by do(v) shows that "HBC,, dominates Ric?. O

Corollary 11.1.2. Let (X,w) be a compact Hermitian manifold. The ¢-Gauduchon bisec-
tional curvature dominates the first and second t—Gauduchon—Ricci curvatures. In particular,
if 'THBC,, > 0 or tHBC,, < 0, then X supports a pluriclosed metric.

The Berger argument does not imply that ‘HBC,, dominates tRicg’ ) or tRicL(f), hence it is

natural to ask the following:

Question 11.1.3. Let (X,w) be a compact Hermitian manifold. Does the t—Gauduchon
bisectional curvature dominate the third and fourth t—Gauduchon—Ricci curvatures?

On the other hand, we have the analogous result for the t—Gauduchon altered bisectional

curvature:
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Proposition 11.1.4. Let (X,w) be a compact Hermitian manifold of (complex) dimension
n. Then

2 4. ) (0 = _ ][ 1S~

P Ric(v,0) = s HBC,([v], [w])do(w),
I ][ e
P Ric/(w,w) = s HBC,,([v], [w])do(v),

where do is the Lebesgue measure on S~ C T X for each z € X.

PRrROOF. In a similar manner to the proof of the previous result, we see that

—~ 1 n B B
]é%zl HBC,([v], [w])do(w) = CER Z tRijké”l’”Z]éin w;wydo (w)
Z,],k,f:l
2 n ' I
- 9 R'7 U0 = tR' (3) o .
E ingl ikkeViVL o2 ic;) (v,v)
With do(w) replaced by do(v), we see that ‘HBC,, dominates ‘Ric{,’. O

One of the key properties of the holomorphic bisectional curvature is the following subbundle
decreasing property, which follows from the positive semi-definiteness of the second funda-
mental form (9.5.1):

Proposition 11.1.5. Let f : Y < (X,w) be a complex submanifold of a Hermitian manifold
(X,w). Then
‘HBCj», < °HBC,.

Question 11.1.6. Does the subbundle decreasing property hold for the t—~Gauduchon holo-

morphic bisectional curvature?

Example 11.1.7. The subbundle decreasing property implies that every Stein manifold
admits a Kéhler metric with non-positive holomorphic bisectional curvature HBC,, < 0. The
metric, of course, is the restriction of the Euclidean metric on the ambient C™.

11.2. ALGEBRAIC INTERPRETATION OF THE HOLOMORPHIC BISECTIONAL CURVATURE

Remark 11.2.1. The holomorphic bisectional curvature supports an algebraic interpreta-
tion: Let (X,w) be a Hermitian manifold. Denote by p : P(T*°X) — X the projectivization
of its tangent bundle. Let Op(r1.0x)(—1) denote the tautological bundle on P(T*°X). Then
w induces a Hermitian metric e™% on Op(r1.0x)(—1) whose curvature V—100¢p satisfies

vV —185()0 = —p*HBCw + wFS’P(Tl,Ox).
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In particular, if HBC,, > 0, then the hyperplane bundle Op(p1.0x(1) over P(T19X) is ample.
Hence, the holomorphic bisectional curvature controls the positivity of the tangent bundle®.

Remark 11.2.2. Wong [313] constructed examples of compact complex surfaces with ample
tangent bundle.

Question 11.2.3. Is the ampleness of the tangent bundle equivalent to the existence of a

Hermitian metric of positive (Chern) holomorphic bisectional curvature?

11.3. NEGATIVE BISECTIONAL CURVATURE ON SIMPLY CONNECTED MANIFOLDS

Example 11.3.1. Mumford’s fake projective plane [226] is a compact Kéhler surface with
b1 = 0 and a Kahler metric of negative holomorphic bisectional curvature. It was an old
question as to whether a compact simply connected Kéhler manifold (of complex dimension >
2) could support a Kahler (or Hermitian) metric of negative (Chern) holomorphic bisectional
curvature. Recently, Mohsen [219, Corollary 2] constructed examples of simply connected
complete intersections with Kéahler metrics of negative holomorphic bisectional curvature.
An important corollary of this is the following (c.f., [332, Question 35]):

Corollary 11.3.2. A simply connected Kéhler manifold (X,w) with HBC,, < 0 need not be
a Stein manifold.

11.4. DISTINCTION BETWEEN THE SECTIONAL AND BISECTIONAL CURVATURE

The following example due to Wong [313] illustrates the difference between the sectional

curvature and the holomorphic bisectional curvature:

Example 11.4.1. Let X be a compact quotient of B?. Since X admits a Kihler metric
of negative holomorphic bisectional curvature, Kodaira’s embedding theorem 18.6 gives an
embedding ® : X — PV, Let H be a hyperplane in P" such that Y := X N H is smooth.
By the subbundle decreasing property, Y supports a Kahler metric of negative holomorphic

bisectional curvature.

However, we will show that Y does not support a Riemannian metric of non-positive sectional
curvature. The key point is 8.1.20. Indeed, by the Lefschetz hyperplane section theorem
6.17.1, m1(X) ~ m(Y). Therefore,

7 ~ HG(X, Z) ~ HG(Fl(X),Z) ~ Hﬁ(ﬂ'l(Y),Z) iﬁ HG(Y, Z) = 0,

which implies that X cannot be an Eilenberg—Maclane space, and hence, does not support a

Riemannian metric of non-positive sectional curvature.

More precisely, a vector bundle € is said to be ample if the hyperplane bundle Op) (1) over its projec-
tivization P(€) is an ample line bundle (see, e.g., [160]). If the holomorphic bisectional curvature is positive,

then Opey(1) is a positive line bundle (see 18.6), and is, therefore, ample.
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11.5. CHERN CLASS INEQUALITIES

For complex surfaces, we can see the distinction in the existence of a metric of negative
sectional curvature and negative holomorphic bisectional curvature at the level of Chern
classes:

Theorem 11.5.1. Let (X,w) be a compact Hermitian surface. If the (Chern) sectional

curvature of w is
(i) negative or quasi-negative, then ¢3 > 2¢s.

(ii) non-positive, then ¢ > 2cs.

PROOF. Let © € Q}gl ®End(T*°X) be the (Chern) curvature form of w. From 9.7.6, the
cohomology class ¢? — 2¢3 is represented by

<ﬁ‘w(6))>22(tr(®2)—tr(@)2) __(®*)

21 872 472
Let @g = %Rk@j dz, N\ dz; denote the curvature form in local holomorphic coordinates.
Then
n
r(0%) = tr(OA0) = > )6}
a,b=1
1

n

b _ _

= —5= Z Ry, Rygp"dzi, N dzg N dzy N dzg.
a,b=1

If the metric has negative or quasi-negative (Chern) sectional curvature, then Rakzb < 0,

implying RZIJ bpg > 0, and thus
tr(©2?)
2 n—2
_9 - _
G-t = - f

1 n
~ 16nt 2. /X Ry, "Ry dzi, A dZg A dzp A dZg A w2 > 0.
b=1

O

Example 11.5.2. Let D? denote the bidisk, which satisfies ¢2 = 2c,. The product of the
Poincaré metrics on each disk yields a Kihler metric w on D? with “Sec,, < 0 and “HBC,, < 0.
The above theorem shows that D? does not admit a Hermitian metric with quasi-negative
(Chern) sectional curvature. Indeed, the curvature properties of the metric on D? will descend
to compact quotients.

Question 11.5.3. Can the above curvature obstructions to Chern class inequalities be ex-
tended to the curvature of more general connections (e.g., the Gauduchon connections)?
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Question 11.5.4. Can the same technique be used to generate Chern class inequalities for
the Bott—Chern ¢2¢ and Aeppli Chern classes ¢¢?

Example 11.5.5. Let X := Y5 x %7 be the complex surface given by the product of a curve
of genus 2 and a curve of genus 7. The Chern numbers are ca = 24 and ¢ = 48, and hence,
c? = 2cy. Tt follows that there is no metric of (quasi-)negative sectional curvature on X.

Example 11.5.6. Other examples of ¢? = 48 and c3 = 24 are given by the product of a
curve of genus 3 with a curve of genus 4; Beauville’s double covers of Yy x P! (see [22]) and
Beauville’s double covers of € x P!, where € is a non-hyperelliptic curve of genus 3 (see [22]).

A similar argument to the proof of 11.5.1 gives the following result of Kleiman [191]:

Theorem 11.5.7. (Kleiman). Let (X,w) be a compact Hermitian surface with quasi-
negative (Chern) holomorphic bisectional curvature. Then ¢ > c. Further, if “HBC,, < 0,
then C% > co.

The above theorem does not rule out the existence of a complete Hermitian of negative
(Chern) holomorphic bisectional curvature on D?. We saw in 11.5.2, however, that the
Chern classes of D? obstruct the existence of a complete Hermitian metric of negative (Chern)
sectional curvature. In fact, this is a well-known question of Mok:

Question 11.5.8. (Mok). Does there exist a complete Hermitian metric of negative (Chern)
holomorphic bisectional curvature on the bidisk D??

Example 11.5.9. The following complex surfaces do not have metrics of strictly negative
holomorphic bisectional curvature (but potentially support metrics of non-positive holomor-
phic bisectional curvature): Products of curves Y9 x 35, products of curves 33 x 33, Beauville’s
double covers of X9 x P! or Beauville’s double covers of X3 x P!, where X3 is non-hyperelliptic
[22], Bin surfaces [26]. More examples can be found in [23].

Example 11.5.10. Pignatelli-Polizzi surfaces [246] do not have metrics of non-positive
holomorphic bisectional curvature. More examples can be found in [23].

There is an upper bound on the Chern slope of surfaces of general type [218, 328]:

Theorem 11.5.11. (Bogomolov—Miyaoka—Yau). Let X be a compact complex surface of
general type. Then ¢? < 3¢y, and equality holds if and only if X is a ball quotient.

Example 11.5.12. Mostow and Siu [225] constructed a compact Kahler surface with nega-
tive sectional curvature whose universal cover is not B2. Their example has Chern numbers

satisfying
2
ct 852
— = — < 3
ca 298
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They also constructed examples with ¢2/cy ~ 2.9. In particular, the link between curvature
and Chern class inequalities is not as clear as one might initially suspect from 11.5.1 and
11.5.7.

Remark 11.5.13. For some time there was a lot of interest in understanding the converse
problem for these Chern class inequalities (see, e.g., [99, 270]). That is, let X be a compact

complex surface of general type with ¢; < 0. Suppose

2
3co — cf

2
51

is suitably small. Does X support a Hermitian metric with negative sectional curvature or
holomorphic bisectional curvature? Some positive answers to the question were hinted at by
the results of Cheung [99]. A definitive negative answer was given by Hirzebruch [166] who
produced a family of surfaces of general type which do not even support Hermitian metrics
of negative holomorphic sectional curvature. For more developments in this direction, we
invite the reader to see [99, §5].

11.6. THE HOLOMORPHIC BISECTIONAL CURVATURE AND MODULI THEORY

Mok’s question 11.5.8 is a very special case? of the curious relationship between the holomor-
phic bisectional curvature and moduli theory. Shadows of this relationship are reflected in
the Priessmann theorem 8.1.21. To describe the relationship, we recall the following theorem
of Yang [321]:

Theorem 11.6.1. Let I — X — B be a holomorphic fiber bundle with compact fiber
F. Then X does not admit a K&hler metric of negative holomorphic bisectional curvature
HBC,, < 0.

ProoF. Let f : X — B be a holomorphic fiber bundle with compact fiber F. Let
F'xD C X be alocal trivialization of X over a disk in B. Let U be a coordinate neighborhood
of F, with 21, ..., 2, 2n+1 = w the coordinates on U x D. Write w = JTIZ?j:ll gﬁdzi A dZ
for the Kéhler metric on U x D. If we fix w = b, then the hypersurface X := {(z,w) €
U x D : w = b} supports the volume form wy given by the nth exterior power of wy :=

V=1 szzl gﬁ(z, b)dz' A dz’. The complex Hessian of w” in the base direction is given by

8%}3 n—1 " 8923 i ; n—2 aww aww
= nw, AvV-1 Z 8w6wdz ANdZ | +n(n— 1wy = A o A =

owow

i.j=1

2illustrating how little we understand.
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Setting v := we may write

8z 1
82(");’10 n 1
_ J
wdn ANV — ]E 1Rwﬁalz N dz
n  n+l gz
n 1 ké zk J g
AV — ]E 1k§ : D 6wd A dz

Owy — Owy

ow  ow

Define a function p : D — R by sending a point w € D to be the volume of the corresponding
fiber:

+n(n — D2 A =2

Since Kéahler submanifolds minimize the volume within their homology class 5.6.6, aw dw =0
at all points of I, which is in violent contradiction with negative holomorphic bisectional

curvature. O

Remark 11.6.2. Seshadri-Zheng [264] showed that if (X,w) is a complete Hermitian man-
ifold with —¢p < “HBC,, < —¢; < 0 and bounded (Chern) torsion, then X cannot be
homeomorphic to a product of positive-dimensional complex manifolds. For related works,
we invite the reader to see [27, 281, 124, 260, 280, 294].

Example 11.6.3. Klembeck [193] produced complete Kéahler metrics of positive sectional
curvature on C". His example was modified by Seshadri [263] to give a complete Kéhler
metric of negative sectional curvature on C". The sectional curvature of Seshadri’s metric
is pinched —2 < Sec < 0. Moreover, the sectional curvatures decay exponentially fast at
infinity. Further, Greene-Wu [147] showed that if (X,w) is a complete Hermitian manifold
with
C
=
where r is the distance to a fixed point in X, then X is Kobayashi hyperbolic. Since C" is

‘HSC, < —

not Kobayashi hyperbolic the crux of the problem is concentrated in the rate of decay of the
sectional curvatures. In particular, torsion and curvature lower bounds are not responsible

for the relation to moduli theory.

Question 11.6.4. Does there exist a complete Hermitian metric on C" with negative (Chern)

sectional curvature have polynomial decay at infinity?

The above results are particularly interesting when compared with the following result of
To-Yeung [293] (c.f., [99, p. 29]):
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Theorem 11.6.5. Let f : X — B be a Kodaira fibration surface, i.e., a surjective holo-
morphic map with connected fibers such that the base and fiber have genus g > 1 and the
variation in the complex structure of fibers is non-trivial. Then X admits a Kahler metric of
negative holomorphic bisectional curvature.

Remark 11.6.6. We will not give the details of the proof of the above theorem, but it is
worth mentioning the structure of the argument. Indeed, it is a well-known, difficult problem
to produce metrics with a strict sign on the curvature since warped product constructions
typically only generate degenerate signs on the curvature (i.e., > 0 or < 0). The critical point
of the proof of 11.6.5 is to embed X into the moduli space My, of genus g > 1 curves (with
n marked points). This space supports a Weil-Petersson metric wwp whose holomorphic
bisectional curvature is strictly negative. Hence, the induced metric given by restricting the
Weil-Petersson metric to X will also have strictly negative holomorphic bisectional curvature

by the subbundle decreasing property.

Before completing our discussion on negative holomorphic bisectional curvature, we mention

the following structure result due to Liu [207]:

Theorem 11.6.7. Let (X", w) be a compact Kéhler manifold with HBC,, < 0. Then there
exists a finite cover X of X such that X is the total space of a holomorphic and metric
fiber bundle over a compact Kéhler manifold Y* with non-positive holomorphic bisectional
curvature and strictly negative Ricci curvature on an open subset of Y. In particular, ¢1(Y") <
0. The fiber is a flat complex torus T, and X is diffeomorphic to T x Y. Finally, if r is the
maximal rank of the Ricci curvature of w, then r = k = kod(X), where kod(X) denotes the

Kodaira dimension of X.

Corollary 11.6.8. For any compact Kéhler manifold with HBC,, < 0, the Kodaira dimen-

sion is equal to the maximal rank of the Ricci curvature.

Question 11.6.9. Is there a Riemannian (or Hermitian) analog of 11.6.77

11.7. PosITIVE HOLOMORPHIC BISECTIONAL CURVATURE

Let us now consider the case of positive holomorphic bisectional curvature. Observe that in
the Riemannian category, Priessmann’s theorem shows that a compact Riemannian manifold
(M, g) with negative sectional curvature Sec; < 0 cannot be homeomorphic to a product of

positive-dimensional Riemannian manifolds.

On the other hand, in the positive case, it is a long-standing question as to whether a product

Riemannian manifold can admit a metric of positive sectional curvature:
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Question 11.7.1. Let (M, g) be a complete Riemannian manifold with Sec, > 0. Can M
be homeomorphic to a product of positive-dimensional Riemannian manifolds?

A famous important instance of the above question is the following conjecture of Hopf:

Conjecture 11.7.2. (Hopf). There is no metric of positive sectional curvature on S? x S2.

11.8. THE FRANKEL CONJECTURE

Returning to the complex analytic category, we know that a compact Kéhler manifold with
a Kahler metric of positive holomorphic bisectional curvature HBC,, > 0 cannot be home-
omorphic to a product. This follows from the celebrated solution of the Frankel conjecture
due to Mori [222] and Siu-Yau [271]:

Theorem 11.8.1. Let (X,w) be a compact Kéhler manifold with HBC,, > 0. Then X is
biholomorphic to P".

We will omit the general proof, but some important insight can be gained from looking at
the surface case (i.e., when n = 2). The key point is the following extension of Frankel’s
theorem [130] due to Goldberg-Kobayashi [142]:

Theorem 11.8.2. Let (X, w) be a complete Kihler manifold of dimension n with HBC,, > 0.
Let V" and W# be compact complex submanifolds of dimension r and s, respectively. If
r 4+ s > n then V and W intersect non-trivially.

PROOF. Proceed by contradiction and assume VN W = 0. Let 7(t), for 0 <¢ < ¢, be a
minimal geodesic from V' to W. Denote the endpoints by p = 7(0) € V and ¢ = 7(¢) € W.
Let v be a parallel vector field defined along 7, tangent to V' at p, and tangent to W at ¢q. The
assumption that r + s > n ensures such a vector field exists. Because V and W are complex
submanifolds, J¢ is also such a vector field. Let T be the vector field tangent to 7 defined
along 7. The second variation of the arc length with respect to infinitesimal variations & and
JE& reads:

¢
LZ(O) g(vféa T)q - g(v5€7 T)p - /0 R(T7 67 T7 f)dt,
¥4
L00) = g(Vsed.T)y — g(V e JET)p — /0 R(T, JE, T, JE)dt.

The second fundamental form of a complex submanifold of a K&hler manifold is skew-
Hermitian (see, e.g., [142]). Hence,

9(Ve&T)p+9(VyeJET)p = 0 = g(Vel, T)g+ 9(VyeJET)g,
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and therefore,
¢
{0+ Le0) = = [ (RE.67.9 + R I T I

4
= —/ R(T,JT,¢, JE)dt < 0.
0

It follows that Lg(0) < 0 or L7.(0) < 0, violating the assumption that 7 is a minimal geodesic
from V to W. O

Corollary 11.8.3. A compact Kéhler surface (X,w) with HBC,, > 0 is biholomorphic to
P2

Proor. If HBC,, > 0, then Scal,, > 0, and hence, from 10.5.7, the plurigenera p,,(X) =
0 for all m > 0. Since Ric, > 0, the first Betti number b;(X) = 0, and in particular,
b = 2n01 =0, ie., X is regular. By Castelnuovo’s theorem 7.11.1, X is rational. By the
Enriques-Kodaira classification, X is birational to P2, or a Hirzebruch surface J,, where
n € Ng — {1}. The Hirzebruch surfaces J,, are ruled surfaces — they are P!~bundles over P* —
so they cannot support metrics of positive holomorphic bisectional curvature. To show that
X is, in fact, biholomorphic to P?, it suffices to show that X is minimal, i.e., X does not
contain any (—1)—curves. However, this is clear from the fact that there exist curves that do

not intersect the exceptional curve (if one exists), which would violate 11.8.2. |

Remark 11.8.4. Let us mention that a proof of the Frankel conjecture via the Kahler—Ricci
flow was given by Chen—Tian [94]. Ustinovskiy [302], using the Hermitian curvature flow
[275] showed that a compact Kihler manifold with quasi-positive® holomorphic bisectional
curvature is biholomorphic to P". Further, it was shown by Goldberg—Kobayashi [142] that if
the metric with HBC > 0 is, in addition, Einstein, then (X,w) is biholomorphically isometric
to (Pn,wFs).

Question 11.8.5. Let (X,w) be a compact Hermitian manfiold with positive t~Gauduchon
holomorphic bisectional curvature ‘HBC,, > 0. Is X biholomorphic to P"*?

Example 11.8.6. In the non-compact case, Klembeck [193] produced complete Kéahler
metrics on C" with positive sectional curvature. Moreover, Greene—Wu [148] showed that a
complete (non-compact) Kéhler manifold with positive sectional curvature is Stein.

11.9. THE GENERALIZED FRANKEL CONJECTURE

The case of nonnegative holomorphic bisectional curvature — the so-called Generalized Frankel
Conjecture — was treated by Mok [221]:

3That is, non-negative everywhere and positive at one point.
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Theorem 11.9.1. (Mok). Let (X,w) be a compact Kéhler manifold with HBC,, > 0.
Suppose that the Ricci curvature is quasi-positive. Then X is biholomorphic to P* or an
irreducible compact Hermitian symmetric space of rank k& > 2.

Remark 11.9.2. Recall that a Hermitian symmetric space is a Hermitian manifold whose
underlying Riemannian structure is symmetric. In general, this does not imply that the
manifold is complex homogeneous, but in the compact case, this is true. Indeed, the identity
component of the isometry group of a compact Hermitian symmetric space acts transitively
and is contained in the holomorphic automorphism group ([336, p. 212]). By the well-
known theorem of Bochner—-Montgomery [35], the automorphism group of a compact complex
manifold is a complex Lie group, and thus, compact Hermitian symmetric spaces are complex
homogeneous. This observation of the author (which is elementary and likely very well-
known) came from a question posed to him by Franc Forstneri¢ and appears in [129, p.
36].

11.10. THE ORTHOGONAL BISECTIONAL CURVATURE

The search for the appropriate relaxation of the holomorphic bisectional curvature has led
to several developments. The first candidate was introduced by Cao-Hamilton [78]:

Definition 11.10.1. Let (X,w) be a Kéhler manifold. The orthogonal bisectional curvature
HBC, is defined to be the restriction of the holomorphic bisectional curvature HBC,, to
unitary pairs of (1,0)-tangent vectors.

Remark 11.10.2. Cao—Hamilton showed that the non-negativity of the orthogonal bisec-
tional curvature was preserved by the Ké&hler—Ricci flow. In [88], Chen showed that any
compact irreducible Kihler manifold with HBCZ > 0 and ¢;(Ky') > 0 must be biholomor-
phic to P".

It was shown by Gu—Zhang [156], however, that the Kdhler—Ricci flow, starting from a Kéhler
metric with HBC* > 0 converges to a Kéhler metric with HBC > 0. Hence, compact Kéhler
manifolds with HBC* > 0 are fully classified by Mok’s solution of the generalized Frankel
conjecture [221].

The following question was brought to my attention by Jianchun Chu and Man-Chun Lee:

Question 11.10.3. Let (X,w) be a compact Kihler manifold with HBCL < 0. Is the
canonical bundle Kx ample?
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Remark 11.10.4. It is interesting to compare the orthogonal bisectional curvature with
the isotropic curvature® in Riemannian geometry: Seshadri [262] has given a classification
of manifolds with nonnegative isotropic curvature. In particular, he has shown that any
compact irreducible Kéhler manifold with nonnegative isotropic curvature must be either a
Hermitian symmetric space or biholomorphic to P™.

11.11. RELATIONSHIP TO THE ISOTROPIC CURVATURE

On the other hand, a compact Kahler manifold with nonnegative isotropic curvature has
HBCL > 0 (see, e.g., [156]). Gu-Zhang [156] showed that this implication is strict.

For complex surfaces, Ivey [179] showed that HBC,, > 0 implies that the isotropic curvature
is non-negative. Hence, Seshadri’s theorem [262] can be viewed as a generalization of Mok’s
theorem [221] in the surface case. To the author’s knowledge, it remains unknown whether
this holds in higher dimensions.

11.12. THE QUADRATIC ORTHOCONAL BISECTIONAL CURVATURE

The leading candidate for an appropriate relaxation of the holomorphic bisectional curvature
is the following curvature constraint introduced by Wu-Yau-Zheng® [317]:

Definition 11.12.1. Let (X,w) be a Hermitian manifold. The ¢-Gauduchon Quadratic
Orthogonal Bisectional Curvature *QOBC,, is the function

1
tQOBC, : Fx x R" - R, tQOBC,,(v) := TP > ' Rogyy(va — vy)°.
oy

Remark 11.12.2. Although the QOBC was introduced by Wu-Yau-Zheng [317], it first
appears implicitly in the paper of Bishop—Goldberg [28] as the Weitzenbock curvature oper-
ator (c.f., [84, 85, 240, 241, 242, 243|) acting on real (1,1)—forms. In contrast with the
orthogonal bisectional curvature, the QOBC is significantly weaker than the holomorphic

bisectional curvature, with an explicit example constructed in [201].

11.13. EUCLIDEAN DISTANCE MATRICES

Given the awkward nature of the quadratic orthogonal bisectional curvature (from now on,
QOBC), in [55, 54, 56|, the author addressed the algebraic character of this curvature.
During this investigation, it was discovered that there was a curious link between the QOBC,

“Recall: Let (M, g) be a Riemannian manifold of (real) dimension > 4. We say that g has non-negative

isotropic curvature if, for all € M, and all orthonormal vectors {e1, ez, es,ea} C T M, we have

R1313 + Ri414 + R2323 + Roa24 > 2R1234.

5VVufYau7Zheng only consider the Quadratic Orthogonal Bisectional Curvature for K&hler metrics.
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distance geometry, and combinatorics. To state these results, we introduce the following
terminology:

Definition 11.13.1. A symmetric matrix A = (An,) € R"*" is said to be a Euclidean
distance matriz (EDM) (of embedding dimension 1) if there is a vector v = (vy, ..., v,) € R"
such that Agy = (Ve — v4)2.

Euclidean distance matrices play an important role in combinatorics. An important result
in the subject is the following theorem due to Schoenberg [256], which characterizes EDMs

among hollow matrices (i.e., matrices with no non-zero elements along the diagonal):

Proposition 11.13.2. (Schoenberg criterion). A real symmetric hollow matrix is an EDM
if and only if it is negative semi-definite on the hyperplane H := {z € R" : z'e = 0}, where
e=(1,...,1)%

Remark 11.13.3. By definition, an EDM A is a nonnegative matrix in the sense that each
entry of the matrix is a nonnegative real number. Therefore, the Perron—Frobenius theorem
informs us that the largest eigenvalue of A is nonnegative and occurs with the eigenvector
in the nonnegative orthant. This eigenvalue is often referred to as the Perron root of A. Let
A be a Euclidean distance matrix with eigenvalues 61 > do > -+ > §,. From the above
discussion, we know that d; > 0 and d; < 0 for all £ > 2. We make the following definition:

Definition 11.13.4. The kth Perron weight of the Euclidean distance matrix A is defined
to be the ratio ry := —d/d1 € [0,1].

We can now characterize the conditions on the curvature tensor of a Kéahler metric which
ensure nonnegative QOBC:

Theorem 11.13.5. Let (X", w) be a compact Kéhler manifold. Let R be the matrix with
entries Roy := Raayy. Let Ay > Ay > -+ > A, denote the eigenvalues of R with respect to
the frame which minimizes the QOBC. Then QOBC,, > 0 if and only if

A=) e
k=2

holds for all Perron weights 0 < r; < 1.

PRrOOF. Fix a frame that minimizes the QOBC of w. Let Ay > A9 > --- > )\, denote the
eigenvalues of R € R™ "™ and denote by d; > d > --- > J,, the eigenvalues of an EDM A.
Write R = Utdiag(A\)U and A = V'diag(§)V for the eigenvalue decompositions of R and A.
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Then
tr(RA) = tr(Uldiag(\)UV'diag(0)V) = tr(VU'diag(\)UV'diag(s))
= tr(Q'diag(N)Qdiag())
ij

where Q = UV is orthogonal. The Hadamard square (by which we mean the matrix Q o Q
with entries ?j) of an orthogonal matrix is doubly stochastic (see, e.g., [164]). The class of
n X n doubly stochastic matrices forms a convex polytope — the Birkhoff polytope B™. The
minimum of tr(RA) is given by
n
grellgr}z = Xi6;Sij.
This function is linear in .S, achieving its minimum on the boundary of B”. The well-known
Birkhoff-von Neumann theorem tells us that B™ is the convex hull of the set of permutation

matrices, and the vertices of B™ are precisely the permutation matrices. Hence,

n n
fin ) AidjSij = ;Ielg}lz)\iéa(i)?
i,7=1 =1
where S,, denotes the symmetric group on n letters. An elementary argument (by induction,
for instance) shows that

n

i Aibo(i) = Aidi.-
g D Moty = D

From the above discussion, this completes the proof. O

Remark 11.13.6. The above theorem is of interest for several reasons: The first is an
eigenvalue characterization in terms of the matrix R. Of course, this matrix requires a frame
to be fixed, but given the number of frame-dependent curvatures which have appeared in
complex geometry in recent years (most notably the real bisectional curvature, the Schwarz

bisectional curvature, and the QOBC itself), this still offers insight into their relationship.

Remark 11.13.7. The existence of an eigenvalue characterization is surprising in itself
[65], since EDMs are defined in a non-invariant manner: the class of positive matrices (i.e.,

matrices for which every entry is positive) are certainly not invariant under a change of basis.

The class of matrices A satisfying 22’7:1 Apry (Ve — vy)? > 0 form the so-called dual EDM
cone. This is a completely elementary observation: An EDM (of embedding dimension 1) is
a matrix of the form By := (vy — v4)%. Hence, we can write > o=t Aary(Va — vy)% >0 as
tr(AB) > 0, from which we immediately see the following:
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Proposition 11.13.8. Let (X,w) be a compact K&hler manifold. Then QOBC,, > 0 if and
only if, with respect to the frame which minimizes the QOBC, the matrix R lies in the dual
EDM cone.

The above result, albeit elementary, is important in that it gives us the appropriate language
to speak when considering the QOBC. It also allows us to exploit the results of distance ge-
ometry and combinatorics to say something about the QOBC. For instance, using Dattorro’s
dual EDM cone criterion [104, 105], we have:

Theorem 11.13.9. Let § : R" — Sgiag be the operator mapping a vector v € R" to the
diagonal matrix diag(v). Then a real symmetric matrix A lies in the dual EDM cone if and

only if 6(Ae) — A is positive-semi-definite. In particular,
QOBC, >0 <= {§(Re) —R e PSD.

We suspect these results (motivated exclusively by complex-geometric considerations) will
have further generalizations and applications to combinatorics and distance geometry. We
describe one potential direction in more detail:

Let G be a finite weighted graph (with possibly negative weights) with vertex set V(G) =
{v1,...,un}. Let A € R™"™ be the adjacency matrix specifying the weights. The Dirichlet
energy of a weighted graph is defined by

n
&) = D Aay(f(va) = F(v9)),
ay=1

where f : V(G) — R is a function defined on the vertices of G. The above results show
that for a compact Kéhler manifold (X,w), non-negative QOBC is equivalent to the non-
negativity of the Dirichlet energy of every weighted graph (G, A) with G a finite graph with
n vertices and A given by the matrix R = (Rq).

Recall that the QOBC first appears in the paper of Bishop—Goldberg [28] as the Weitzenbdck
curvature operator (c.f., [240, 241, 242, 243]) acting on real (1,1)—forms. In other words,
if A, denotes the Bochner Laplace operator, and A, denotes the Laplace-Beltrami operator,
acting on real (1,1)—forms, their difference realizes the QOBC. What is curious is that the
above theorem indicates that the difference of these Laplace operators is the (discrete analog
of the) Dirichlet energy associated with the curvature. We hope those more experienced in
the discrete theory can give further insight into this direction.

11.14. THE QUADRATIC ORTHOGONAL BISECTIONAL AND THE SCALAR CURVATURE

It was shown by Niu [232] that if (X, w) is compact Kéhler with QOBC,, > 0, then Scal,, > 0.
In [63], the author, joint with Kai Tang, gave a more direct argument and extended the
computation to the Hermitian category:
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Theorem 11.14.1. ([63, Theorem 4.8]). Let (X™,w) be a Hermitian manifold of (complex)
dimension n with QOBC,, > 0. Then for any point p € X and any unitary pair v,w € Tpl’OX

we have
“RicM (v,7) + “Ric! (w, @) + “Ric? (v,7) + “Ric? (w, W) > 2(Rywuws + Ruvww)-

Moreover, in any local frame, the scalar curvature satisfies
1
Sealy > —— > (Rygg + Rygea)
1<k<l<n
PROOF. Suppose QOBC,, > 0. Then for any £ = (&1,...,&,) € R”, and any unitary
frame, we have
n

Y Ris&i—¢)° = o0

i,j=1
For distinct indices j, k, ¢, set & =0, § = 2, and &; = 1. This gives

ARy +4ARgg+ Y Rz + R + Rgjs + Ryzee)

J J
J#k.j#L
= 4(kaz + RZZkE) + Z (RkEjj + Rjjk:% + R@j} + Rﬁ@) > 0(11.14.1)
J#k,j#L
Let f), = %(ek —e), fo= %(ek +e¢) and f; = e;. Then (11.14.1) in this frame gives
R(ek — ey, el — €y, e + ey, ep + 64) + R(ek + ep,ex + ep e — ep, e — eg)
1 - _ _
+5 > ((Rlex — e, ex — er, ¢, ) + R(e;, 5, e — er, e, — €1))
J#k,j#L
1 - _ _ _—
+= Z R(ek + ey, e + ey, e, €j) + R(ej, €j, e + ey, e + 6@)
J#k,j#L

Rk + Roag + Bogar — Broe — Byne + Roane — Beeer — R

TRy + Bk — Bk — B — Be + Pooe + B — R
TRk + Roge + Rigr — Brok — Boane + Boae — Borer — Borne
—Rizne — Bre + B + B + Brzir — Bgre — Boper + By

1
+5 D (ka + Ry — Riggg — Reggg + Riur + Bygar — Ryja — RjM)
JF#k,J#L
! R R R R R R R R
i) > ( k337 T Mg T gy T gy s T Mg T g T m%)
kA

= Rupr + Boag + Biga + By — Biar — Brawe — Borr — Bogrr

1
5 > (Riss + Raags + Rz + Riza) = 0.
J#k,j#L
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Similarly, setting fi = %(ek —v—1ey), fo = %(ek + v/ —1leg) and f; = e; gives
Ry + B + By + B — Bygor + By + Ry — Br
1
+5 D (Rewsg + Baagy + Rygus + Bgir) 2 0.
JAk A
Adding these equations together, we get
Rk + B + B + RBooy — Biaor — Regrr + Z (RkEjj + Ry5+ R + Rﬁﬁ) > 0.
JF#k,j#L
Observe that

Ricg + Ric%) + Ric%) + Ricg)

Ry + Rega + Rur + R+ ) (Rygs + Raggg)
JFk,j#L
Ry + Rt + R + Bz + ) Ry + Ryzer)
ey,
= 2(Ryps + R + Rugs + Rang) + Y (Bygyz + R + Rijur + Riap).
JF#k.j#L
Hence, for k # £, we have
;o (D) ;o (1) :.(2) :.(2)
Ric = + Ric;’ 4+ Ric,Z + Ric 7" > 2(Ryzz + Ryppg)-

For the statement concerning the scalar curvature, we observe that

_ 1 () | i (1) 1 L2, 12
2Scal, = p— Z (RICkE + RICEZ ) + ] Z (RICkE + Rlcﬁ )
1<k<t<n 1<k<t<n
1
= —— > (Ricl +Ric}y’ +Ricl? + Ric?)
= ch<i<n
2
Z 1 > (Ruag + Reua)
1<k<t<n

O

Corollary 11.14.2. Let (X, w) be a K&hler-like manifold with QOBC,, > 0. Then Scal,, > 0.

11.15. THE ALTERED QUADRATIC ORTHOGONAL BISECTIONAL CURVATURE

It is natural to consider the following altered variant of the QOBC [63]:

Definition 11.15.1. Let (X,w) be a Hermitian manifold. The altered quadratic orthogonal
bisectional curvature is the function
—_ T — —_— 1
QOBC,, : Fx x R"\{0} —» R, QOBC,,(v) = o > Razya(va — )%

w
a,y
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We have the following analog of 11.14.1:

Proposition 11.15.2. Let (X", w) be a Hermitian manifold of (complex) dimension n and

QOBC,, > 0. Then for any point p € X and any unitary pair v,w € TI}’OX, we have
Ric?) (v,7) + Ric®) (w, @) + Ric® (v,7) + Ric? (w, @) > 2(Ruwws + Ruwvww)-

Moreover, in any local frame, the altered scalar curvature satisfies

— 1
Scal, > o1 Z (Ryrer + Ropgp)-
1<k<t<n

PROOF. Suppose Q/(_)\B/Cw > 0. Then, in each unitary frame,
n
> Rl =) 2 0,
i,j=1

for all £ = (&1,...,&,) € R™. Let &, =0, & =2, and {; =1 for k # ¢, j # k. Then

4 (Ryges + Rypz) + Z (ka + R+ R+ Rﬂe}) > 0.
J#k.j#L

Let fj, = %(ek —eq), fo= %(ek +e¢), and f; =e;. Then

R(ep —eg, e +epen +ep, e —ep) + R(ep +ep e, — e, e — e, e + €q)
1

+§ Z (R(er — €, €5, €ej,e, — er) + R(ej, e, — er, e, — €4, €5))
Ty,
1 _ - S _
+5 Z (R(ex + er, €5, e, e +er) + R(ej, e, + e, e + €4, €5))
Ty,

= Bugr T B — Boger — Brare + Bz — Ber + Bomrr — RBene

~Bige + Bz + Bk — B — Bizr + B + B — Reaw
TRy + s — Piger — Brne + Broee — Beeer + Bz — Beane
TRy — Bk — B + B + Bz — Bogr — Bone + Reak

1
+5 D (ka + Ry — Rigje — Rgye + Bymg + Bz — Ry — Rﬂ:@)
jk A
1
+5 D (Rigsi + Regye R + B+ Ry + Ry + Ry + Ryng)
jk e

= 2 (R + Rose — Bywir — Ruawe + Brzr — Reawer + Rowe — Raon)

+ > (Rega+ RBijo+ Ry + Ryzg) > 0.
ik
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Similarly, setting fi = %(ek —V/—T1ey), f (ek ++v/—1ey), fj = e;, we have

R(er — vV—Teg,ex +V—Tlegep +V—Tleg, e — V—leg)

+R(ex, +V—1ep, ex — V—1lep, ex — V—1lep, ex + vV —1ep)

+% Z ( (er — \ﬁezaey,eg,ek V—1eg) + R(ej, ex — er — vV—leg, ex — rez,ej))

TR

1 - -

B Z <R(ek +V—les, €5, €5, e+ V—1leg) + R(ej, e + vV —1leg, e + \/—16(,67))
TR

2 (R + Rygir — Ry + Runz + Ruaar + Rerer + Rz — Rearg)
+ 2 (Bt B+ Ry + Ryag) > 0.
kA
Hence, we see that
2 (Rygus + Rizie — Bugr — Rin + Ruer + Reznr)
+ > (ka + Regjp+ R + Rﬂéi) z 0.
kAL
Since
- (3) - (3) - (4) - (4)
RleE + Ric i + Rlck% + Ric i
= Ruur+ Rag+ R+ B+ Y R + Rj)
TR

Rk + Boo + Biaor + Bggr + Z (Rygsx + Bizzo)
iR

= 2 (Rus + Roe + Ry + Byap) + Z (Rig + Bjag + Rigie + Begjo)
JFk,g#L
it follows that

RIC() + R10(§) + Rlc@ + R10(4) > 2(Ryz + Rpg) -

For the statement concerning the altered scalar curvature, observe that

TN 1 . (3 . (3 1 . (4 e
2Scal, = — Z(Rlcg%) + Rlcéz)) + 1 Z(Rm;%) + RICEZ))
k<t k<t
1
= 1 Z (Rlc@ + RIC(3) + RIC(4) + RIC(4)>
=t
2
Z Y (R + Ragg)-
1<k<t<n
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Corollary 11.15.3. Let (X,w) be a Hermitian manifold with QOBC,, > 0 and Q/O\/BCUJ > 0.
Then Scal, > 0 and Scal,, > 0.

PROOF. The above theorem implies that if QOBC,, > 0, then

1
Scaly > —— > (Rugg + Rea): (11.15.1)
n p—
1<k<t<n
If QOBC,, > 0, then szzl Rza(& — €)% >0 for all € = (&4,...,&,) € R™. Setting & = 1,
& = 0 for any j # k, we see that
> B+ Rigz) = 0.
J#k
In particular, the right-hand side of (11.15.1) is non-negative. O
Question 11.15.4. Can one give a combinatorial proof (i.e., using Euclidean distance ma-

trices and graph-theoretic results) of Niu’s theorem QOBC, > 0 = Scal,, > 0?7 Does this

have any ramifications ramifications on the combinatorial side?

Example 11.15.5. The Boothby metric wg on the Hopf surface S x S! has constant
QOBC,,, = 0 and QOBC,,, > 0.

PROOF. The (Chern) QOBC of the standard metric on the Hopf surface is

“QOBC,(1) = (Fyps+ Rnn)( =02 = (= va)?.
From the scale invariance, assume v = (v1, v2) is a unit vector, then
CQOBC,(v) — ’28‘4(1—01 1= ?),
this is maximized when v; = —% with value ‘QOBC,(v) = %, and is minimized at

v = % with value “QOBC,,(v). The (Chern) altered QOBC of the standard metric on the

Hopf surface is
‘QOBC, = (“Rigor + “Rymia)(1 — 2014/1 - vi) = 0.
O

Question 11.15.6. Let (X,w) be a compact Hermitian manifold with ‘QOBC,, > 0 or
‘QOBC,, > 0. Does X have negative Kodaira dimension kx = —oo?

Let us end this section by mentioning the following important conjecture:

Conjecture 11.15.7. A compact simply connected homogeneous Kéahler manifold (which is
called a Kdhler C-space) admits a Kéhler metric with QOBC > 0.
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CHAPTER 12

The Holomorphic Sectional Curvature and its Variants

Although the holomorphic bisectional curvature is natural from the perspective of the sec-
tional curvature, the most natural object from the point of view of complex geometry is the

holomorphic sectional curvature:

Definition 12.0.1. Let (X,w) be a Hermitian manifold. The ¢-Gauduchon holomorphic
sectional curvature is defined by
1
'HSC, (v) := WtR(v,E,v,@), veTHX,
v w

where 'R is the t—Gauduchon curvature tensor.

It is immediate that the (~Gauduchon) holomorphic bisectional curvature "tHBC,, dominates
the (t-Gauduchon) holomorphic sectional curvature ‘HSC,,.

Example 12.0.2. Let B? C C? be equipped with the Poincaré metric wp. Then
(i) —4 < Sec,, < —1.
(i) —2 < HBC,,, < —1.
(iii) HSC,,, = —2.

Example 12.0.3. Let D x DD be the bidisk endowed with the product of the Poincaré metrics
on each factor. If w denotes the product metric, then
(i) Sec, < 0.
(i) HBC,, < 0.
(iii)) —2 < HSC,, < —1.

12.1. BEHAVIOR OF THE HOLOMORPHIC SECTIONAL CURVATURE FOR PRODUCT METRICS

In particular, the product of two metrics with negative bisectional curvature will not have
negative bisectional curvature in general. For the holomorphic sectional curvature, however,

we have the following:

Proposition 12.1.1. (Grauert—Reckziegel [143]). Let ¥ be a Riemann surface endowed
with Hermitian metrics w and 7. Let K, and K, denote the Gauss curvatures of these
metrics. For any point p € 3,

212
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(i) if Ku(p) <0 and K,(p) <0, then K, 4p(p) < 0.

(ii) if Ku(p) £ =K1 <0 and K,(p) < —K3 <0, then
KKy

K, < ———7F.

PROOF. Write w = v/—1g(2)dz A dz and n = v/—1h(2)dz A dZ. The Gauss curvature of
w (and similarly for 1) is given by the formula

2 0%g dg 2
Kg = -3 g — — | .
g 020z |0z
It is easy to verify the following identity:
2 2 2 dg dg ?
gh(g + W) (g"Kg + WK = (g + h)"Kgin) = 2ig5° —hzm) > 0.

It is then clear that
9°Ky(p) + W* Ky (p)
(g +h)? ’
from which (i) is immediate. For (ii), apply the elementary inequality
(9*K1 + h*K> . KK
(g + h)2 - K+ Ky

Kg+h(p) <

O

We can deduce a similar statement for the holomorphic sectional curvature by giving the
following enlightening interpretation: Let (X,w) be a Hermitian manifold. Fix a point p € X
and a vector v € T;}’OX. Let f: D — X be a holomorphic disk, i.e., a holomorphic map
from the unit disk D C C into X such that f(0) = p and f’(0) = v. We may assume f is
a holomorphic immersion. Hence, the pullback metric f*w defines a non-degenerate smooth
Hermitian metric on ID. We may therefore compute its Gauss curvature. It goes back to Wu
[312] that the holomorphic sectional curvature can be defined by

HSC, = sup Ky,
f

where the supremum is over all holomorphic disks satisfying f(0) = p and f/(0) =v. As a

consequence, we have:
Corollary 12.1.2. Let X be a Hermitian manifold with Hermitian metrics w and 7.

(i) If HSC,, < 0 and HSC,, < 0, then HSC,, 4, < 0.
(ii) If HSC,, < —K; < 0 and HSC,, < —K3 < 0, then
KKy

HSC,,, < — 172
= K1+ Ko
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Remark 12.1.3. Note the special property of the holomorphic sectional curvature here com-
pared to the sectional curvature. In general, the sectional curvature of the sum of Riemannian
metrics is forsaken by the sectional curvature of the summands.

Remark 12.1.4. Since the holomorphic sectional curvature is the restriction of the bisec-
tional curvature to the diagonal in 779X x T19X, we see that the holomorphic sectional
curvature inherits the subbundle decreasing property: If f : Y < (X,w) is a complex sub-
manifold, then

HSCy+, < HSC,,.

12.2. COMPLEX SPACE FORMS

Remark 12.2.1. The value of the sectional curvature depends only on the two-plane spanned
by the vectors u, v, and not on the specific choice of vectors; in other words, the sectional
curvature descends to a function on the Grassmannian bundle of two-planes in the tangent
bundle

Sec, : Gra(THX) — R.

This Grassmannian contains a holomorphic vector bundle Gry(T'YX), given by the two-
planes in 7%°X which are invariant under the complex structure. In fact, Grg (TH0X) is
a projective bundle with fiber P"~!. The restriction of the sectional curvature Sec, to
Gry (TH°X) defines the holomorphic sectional curvature. In particular, since the sectional
curvature determines the curvature tensor complete, the same can be said for the holomorphic
sectional curvature of a Kahler metric:

Theorem 12.2.2. Let (X,w) be a Kahler manifold. The holomorphic sectional curvature

determines the curvature tensor.

The above theorem is an immediate consequence of the following (multi-)linear algebra the-

orem:
Lemma 12.2.3. Let S7 and S5 be two symmetric bi-Hermitian forms in the sense that
Sk(&:7,¢,w) = Sk(¢7,€,0), and Sk(n,&w,¢) = Sk(&.7,¢,),
for k € {1,2}. If S1(§,&,§,€) = 52(§,&,¢,€) for all £, then S; = S,.
PROOF. Let S := 57 — Ss5. For a € C, we have
0 = S(¢+ag,&+a.E+alf+ag)
= S(6&6+a[S(EECE+S((EEY] +a[S(EE6¢) +8(6.¢.&8)]
Hof? [S(6,€,¢,0) + 5(6,C.¢,6) +5(¢,C,£,€) + 5(¢,6,6,0)]
+a%8(6,¢,6,0) +aS(¢.€,6,€) +1al*S(¢.(,¢. Q)
+alal® [S(C.€.¢,0) +5(¢,¢,¢,€)] +alal’ [S(C. (& ¢) + 5(6,¢.¢.0)] -
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The |a|? coefficient is

S(6,6¢ O+ 56,66 +S5(GEE)+S8(CEEQ = 25(6,6,¢,0) +25(¢,¢,6,€)
= 45(£,¢,¢,¢) = 0.
Similarly, by expanding
S(E+a¢, &+ al,n+pw,n+pw) = 0,
the coefficient of a1 yields S(¢, ¢, n, @) = 0. 0

Example 12.2.4. For a constant k € R, let us denote by (8?,w,) the complezx space form
of constant curvature k. If Kk =0, K > 0, or K < 0, then 8} ~ C", 8§ ~ P", and 8] ~ B",
respectively. For any k € R, the components of the metric w, are given in a local coordinate
frame by
6ii (1 + k|2|?) — K2z

(1+ kl2]?)?

95 =

It is easy to see that
R = (959 + 9k59:)-

In particular, the holomorphic sectional curvature of wy is constant, equal to HSC,, = 2k.

From 12.2.2, together with the Cartan—Ambrose—Hicks theorem 1.20.5, we have the following:

Corollary 12.2.5. Any two simply connected complete Kéahler manifolds with constant
holomorphic sectional curvature are biholomorphically isometric.

Given our complete understanding of Ké&hler manifolds with constant holomorphic sectional
curvature, it is natural to ask about non-Ké&hler Hermitian manifolds with constant holomor-

phic sectional curvature. The long-standing conjecture in this direction is the following:

Conjecture 12.2.6. Let (X,w) be a compact Hermitian manifold with pointwise constant
Chern holomorphic sectional curvature “HSC,, = k for some k € R. If kK # 0, then w is
Kaéhler, otherwise, w is Chern-flat.

Remark 12.2.7. Note that by the Schur lemma, if the holomorphic sectional curvature of a
Kaéhler metric is pointwise constant, then it is globally constant. This is not true for a general
non-Kéhler Hermitian metric. The first example was discovered by Gray—Vanhecke [146]:
Let wen denote the Euclidean metric on C". Let f : C* — C be any non-linear holomorphic
function. The metric w := (1 + Re(f)) 2wcn has pointwise constant (Chern) holomorphic
sectional curvature, but not constant (Chern) holomorphic sectional curvature.
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For complex surfaces, Balas-Gauduchon [18] verified the conjecture in the cases that k =
0 and £ < 0. The positive k > 0 case (still for compact complex surfaces) was treated
by Apostolov—Davidov—Muskarov [13]. Kai Tang [283] proved the conjecture for compact
Kahler-like Hermitian manifolds. For compact locally conformally Kéhler manifolds, the
conjecture was verified in the K < 0 and £ = 0 case by Chen-Chen-Nie [89]. RaoZheng
[251] verified the conjecture for compact Bismut Ké&hler-like manifolds. They also obtain
some information on the Chern curvature tensor and Chern torsion of pluriclosed metrics
with pointwise constant (Chern) holomorphic sectional curvature [251, Theorem 2]. Under
the stronger assumption of (pointwise constant) vanishing (Chern) real bisectional curvature,
Zhou-Zheng [338] verified the conjecture for compact Hermitian threefolds. For complex
nilmanifolds, Li-Zheng [203] showed that if the (Chern) holomorphic sectional curvature is
pointwise constant, the constant must be zero. Chen—Chen—Nie also illustrated the necessity
of the compactness assumption by producing the following example [89, Example 3.9]:

Example 12.2.8. Let w := /199 1log(1+ |z|?) be the restriction to C* of the Fubini-Study
metric on P". The components of this metric are locally given by
g = AH1a)0 —Ziz
i AP
and the holomorphic sectional curvature is constant HSC,, = 2. Let f := 2log(1 + |2|?) and

conformally rescale the metric, defining wy := efw. Then HSwa = 0, but the curvature of
wry:
R = ¢ (9295 — 9579%)

is nowhere vanishing.

Note that by an old theorem of Boothby [41], we have a complete understanding of compact
complex manifolds admitting a Chern-flat Hermitian metric:

Theorem 12.2.9. (Boothby). A compact Hermitian manifold X with vanishing Chern
curvature has a complex Lie group as its universal cover X. In particular, X cannot be
simply connected.

Proor. The Bianchi identities 9.10.8 for the curvature and torsion are

R R — o7

kjil ik,0’
h h
Ty To; + TﬁéTfk + T4 Ty = i(T;E,k + T + Thjo)-

Since the (Chern) curvature vanishes, we see that Tl,]ﬁ = 0. In particular, the components

igkl

of the (Chern) torsion are complex-analytic. Let

o = Z|T;k|2.

ZA7‘j7k“
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Since T - = 0, we see that
jk,l
L(@) =3 ¥5 = > T, le bR Tak w Tk
h ijikh
From the interchange formulae, we have

i _ i
Tjk,hﬁ - Tjk,hh =0,

and therefore

L@) = Y |Thal* 2

NN

By the maximum principle, it follows that T;k ;, = 0. From the second Bianchi identity 9.10.8,
it follows that the torsion components T;k satisfy the Jacobi identity. Restricting to parallel
orthonormal frames, the structure equations become

dw; = T;kwj N W, T;k—FTéj = 0,

and we have wj = 0. Since relative to these frames, the Tzk are constants and satisfy the
Jacobi identity; the w; are the left-invariant forms of a local Lie group. The universal cover X
is complete and a complex Lie group. The assertion in the statement of the theorem follows
from the fact that the only compact complex Lie groups are tori, which are certainly not

simply connected. O

A useful tool for the study of Hermitian manifolds with (pointwise constant) Chern holomor-

phic sectional curvature is the following result due to Balas [17]:

Lemma 12.2.10. (Balas lemma). Let (X,w,) be a Hermitian manifold. Then the (Chern)
holomorphic sectional curvature is (pointwise) constant HSC,, = « if and only if

Rz + Rigia + R + Rigis = 260959 + 9,295

in any local frame.

The author, together with Kai Tang, proved the following [63, Theorem 2.1]:

Theorem 12.2.11. Let (X,w) be a compact Hermitian manifold with pointwise constant

Chern holomorphic sectional curvature “HSC,, = k. Then

1
/CScalww” = ’m(nﬂvol(X,w)—i—Q/ 172",
X 2 X

where 7 denotes the (Chern) torsion (1,0)-form.
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PrOOF. If (X" w) is a compact Hermitian manifold with pointwise constant Chern holo-
morphic sectional curvature “HSC,, = ¢, the Balas lemma [17] gives

Ripg + R + Bigga + Bz = 2w (12.2.1)
Hence, from (12.11.2), we have

2 Z - Z “Rir — CRkZz'E) = Z(CRﬁkE - CRME)

i,k i#£k
= Z(CRﬁkE + “Rygir) — Z(CR%'E + “Ripi)-
i<k i<k

From (12.2.1), we see that

Z(CR%% + Ripz) = Z 26 = (R + “Ryzr)] -

i<k i<k
Therefore,
n(n —1)
2 i = 2) (Ragg+ “Ryg) - 2h———
i i£k
= 2(°Scaly, —nk) —rn(n—1) = 2°Scal, — kn(n + 1). (12.2.2)

From (12.11.3), it follows that

/ (cScal —1/<m(n+1) /\7]2 "
X 2

/cScalww” = (”“/ +2/m2 ",
X 2

Remark 12.2.12. We will exhibit further refinements of the above theorem in [60].

or equivalently,

Corollary 12.2.13. Let (X,w) be a compact Hermitian manifold with pointwise constant
Chern holomorphic sectional curvature “HSC,, = 0. If the total Chern scalar curvature of w
vanishes, then w is balanced. Further, there are three distinct cases:
(i) kx = —oo0 and Kx is unitary flat.
(ii) kx = —oco and neither Ky nor Ky are pseudoeffective.
(iii) kx = 0 and Kx is holomorphically torsion.

PRrROOF. If the holomorphic sectional curvature of w vanishes identically, then 12.2.11
implies that the total Chern scalar curvature is non-negative. Assuming the total Chern
scalar curvature vanishes, we see that w is balanced and, in particular, Gauduchon. From
[324, Theorem 1.4], there are the three cases (i)—(iii) in the statement. O
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Corollary 12.2.14. Let (X,w) be a compact Hermitian manifold with pointwise constant
(Chern) holomorphic sectional curvature “HSC,, = 0. If the total Chern scalar curvature of
w vanishes and w is k—Gauduchon for some 1 < k < n — 1, then the metric is Chern-flat.

12.3. THE ALTERED HOLOMORPHIC SECTIONAL CURVATURE

It will be fruitful to introduce a variant of the holomorphic sectional curvature which is more

readily comparable to the other curvatures:

Definition 12.3.1. Let (X, w) be a Hermitian manifold. The t-Gauduchon altered holomor-
phic sectional curvature is the function in any local unitary frame by

—— 1

'HSCu(v) = 733 (‘Raays + 'Rasya) vavy,

o2 2

where v = (vy, ..., v,) € R™\{0}.

Remark 12.3.2. The (Chern) altered holomorphic sectional curvature was formally intro-
duced by the author and Kai Tang in [63], although it appeared implicitly in earlier works
(see, e.g., [326]).

Proposition 12.3.3. Let (X,w) be a Hermitian manifold. The ¢t-Gauduchon altered holo-
morphic sectional curvature ‘HSC,, and t-Gauduchon holomorphic sectional curvature ‘HSC,,
are comparable in the sense that they have the same sign.

PROOF. Let {e,} be a local unitary frame for T1°X. The t-Gauduchon holomorphic
sectional curvature in the direction of u € TH0X is given by

1 o
"HSC,, (v) Tl Z tRaB,yguaUﬂufyug.
w a7ﬁ7’y76
Let A = (c2) € Z}, where Z4 := 7Z/AZ, and set us =Y e, Then
Z tR(UA, HA, UA, EA) = Z Z tRaB,yge?é??E,‘?E? = 4" Z (tRa(i’y’f/ + tRa,?ya) y
A€Zy A€EZ} o,B,v,0 o,y
proving the claim. ([

Although the (t-Gauduchon) holomorphic sectional curvature and (t-Gauduchon) altered
holomorphic sectional curvature are comparable, there is the following subtlety concerning
when they are (pointwise) constant:

Proposition 12.3.4. Let (X,w) be a compact Hermitian manifold. If “HSC,, = &, then for
any unit vector v € R™\{0},

CT—I\S_éw(U) = k|14 Z ViU
1<ik<n
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In particular, “HSC,, = k and “HSC,, = « if and only if x = 0.

Proor. Write R for the Chern curvature tensor. Suppose the holomorphic sectional
curvature of w is constant, equal to ¢. The Balas lemma [17] implies that in any unitary
frame, we have

R + Bigir + Bigga + Bygg = 25
Therefore, for i = j, k = ¢, and i # k, we have

R + B + Bigga + Bygig = 25
For a unit vector v = (vy, ..., vy) € R"\{0}, we have

Z(RﬁkE + Rz + R + Bypip)vive = 26 Z ViV
itk itk

The expressions 3, ., (Rgz + By vivk and D, (R + Rigpi)vive are symmetric, hence,

Z(Rzzkk + Rg)vive = K Z ViV

1#£k 1#£k
Since, by definition, R;- = k, we have
Z (Rzr + Rpvive = K Z ViU + 2K Z v;
1<i,k<n i#£k
= K Z ViV + Z v;
1<i,k<n
= k|14 Z ViV |
1<i,k<n
where the last equality uses the fact that v has unit length. O

12.4. THE MONOTONICITY FORMULA

Using the altered holomorphic sectional curvature, we establish the following monotonicity
theorem for the t—Gauduchon holomorphic sectional curvature:

Theorem 12.4.1. Let (X,w) be a Hermitian manifold. The t-Gauduchon altered holomor-
phic sectional curvature is given by

— — (t—-1)? g
'HSC, = °ASC, — (4’v|2) S (T, + “TheTg, ) viv. (12.4.1)
w
q

In particular, t}/Igﬁw < CP/ISTJW for all ¢t € R and equality holds if and only if ¢ = 1.
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PrOOF. The altered holomorphic sectional curvature is given by the quadratic form-
valued function on the unitary frame bundle:

— 1
BSCulv) = x D (R + "R i vy
ik

where v = (vy, ..., v,) € R"\{0}. We compute

ip o U= [P9q  Pgg  Pgz | (1+1) Pgy
iikk 2 02;0%Z; 02;0Z}, 021,0%; 2 02;0%;
Nl )* S erkerk + # S ertery
4 1q T qi 4 ik ik
q q
ip o~ U= [Pgs Py gz | (1+1) ][ Pgy
ikki 2 07;0Z, 02;0%; 02,,0Z} 2 02;0%Z},

(1 — t)Q cTi W t2 CTQW
T 4 Z iq qk""zz ik Tki
q

q

Therefore,

0%g;- gz (1—1t)? (1—1t)2
tp_ _ 4 tp_ . _ _ k_ _ E cq eq § cri ok
Riaw + R = 8Zk3%k 8zk€;§i 4 . Tt = 4 p T chk

(1-s)° g (1—5)? ok
= CRﬁkE + CRZ'EI& - 4 Z C’T@‘ic]‘ﬁg - 4 Z CTC;iCqu'
q q

In particular, we see that (taking v to be of unit length for simplicity):
TRC,) = T80, — L= S ert g p - A S eqian 2,2
w = w ik Vil 4 qk k-
i,k,q i,k,q
Since the two terms involving torsion are negative, the result follows. Finally, since the altered

holomorphic sectional curvature has the same sign as the holomorphic sectional curvature,

this proves the last claim. O

Corollary 12.4.2. Let (X,w) be a Hermitian manifold. If tHSC,, = *HSC,,, then t = s,

=2 — s, or w is Kahler.

Since the altered holomorphic sectional curvature is comparable to the holomorphic sectional
curvature, the following useful consequences of the above monotonicity result are easily ob-

tained:
Corollary 12.4.3. Let (X,w) be a Hermitian manifold.

(i) If “HSC,, < 0, then 'HSC,, < 0 for all t € R.
(ii) If *HSC, > 0 for some t € R, then “HSC,, > 0.
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12.5. PINCHED HOLOMORPHIC SECTIONAL CURVATURE

If one considers relaxations of the pinching of the holomorphic sectional curvature, we have
the following result due to Cao—Yang [79]:

Theorem 12.5.1. For any n € N>g, there is a positive constant € = £(n) > 0 such that any
compact Kéhler manifold with % —e < HSC,, <1 of (complex) dimension n is biholomorphic

to one of the following:
(i) Pm.
(i) PF x Pk,
(iii) An irreducible rank 2 compact Hermitian symmetric space of dimension n.
One of the most enlightening interpretations of the holomorphic sectional curvature is in

terms of holomorphic curves. The two main results concerning the holomorphic sectional
curvature in this respect are the following:

Theorem 12.5.2. Let (X,w) be a Hermitian manifold with (Chern) holomorphic sectional
curvature bounded above by a negative constant ‘HSC, < —k < 0. Then X is Brody
hyperbolic.

ProoOF. Let f : C — X be a non-constant entire curve. Endow C with the Euclidean
metric we, and write A, for the wc—trace of v/—100. Then

NucldfP = [VOFI? — Raay6” [0 76711 3.
Choose a frame such that f* = \;6{*. Then
Roa [ 151 JT] = RawyA A, = Raayidas
since df has rank one. By the maximum principle, f is constant. ([

Theorem 12.5.3. (Greene-Wu [147]). Let (X,w) be a Hermitian manifold. Let r be the

distance (with respect to w from a fixed point). If

C

‘HSC, < ——
O PP

then X is Kobayashi hyperbolic.

Remark 12.5.4. The assumption in the above theorem cannot be significantly relaxed.
Indeed, Seshadri [263] showed that C™ supports a K&hler metric with holomorphic bisectional
curvature bounded above by —A[(1 + 72)log(2 + r)]~!. Of course, C" is not Kobayashi
hyperbolic. In particular, the optimal exponent must lie in the interval [%, 1].
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Question 12.5.5. Let (X,w) be a Hermitian manifold with

C

t
R —

for some k,/ € R. Determine the sharpest values of k,/ € R such that X is Kobayashi
hyperbolic. Are these the same values that ensure that X is Brody hyperbolic?

The second significant result is due to Yang [323]:

Theorem 12.5.6. Let (X,w) be a compact Kéahler manifold with HSC,, > 0. Then X is
rationally connected in the sense that any two points lie in this image of a rational curve.

12.6. YANG’S NOTION OF RC—-POSITIVITY

The proof of the above theorem makes use of Yang’s notion of RC-positivity:

Definition 12.6.1. Let (€,h) — X be a Hermitian holomorphic vector bundle over a com-
plex manifold X. Let ©) € Qﬁél ® End(€) be its Chern curvature tensor. We say that
(&, h) is RC-positive if for any non-zero local section o € H?(€), there exists a local section
v € HY(TYX) such that

oM (v, v,0,5) > 0.

Remark 12.6.2. The following results are straightforward (see, [323] for details):

(i) Quotient bundles of RC-positive bundles are RC-positive.
(ii) Subbundles of RC-negative bundles are RC-negative.
(iii) If (£,h) is RC-positive, then the dual bundle (£*, h*) (with the induced metric) is
RC-negative.

By [322, Corollary 1.9]:

Theorem 12.6.3. Let X be a projective manifold. Then the following are equivalent:

(i) X is uniruled!;
(ii) there exists a smooth Hermitian metric w with “Ric,, having at least one positive
eigenvalue at each point;
(iii) Kx is not pseudo-effective.

1A compact complex manifold is said to be uniruled if there is a rational curve passing through every

point.



224 12. THE HOLOMORPHIC SECTIONAL CURVATURE AND ITS VARIANTS

12.7. POSITIVE HOLOMORPHIC SECTIONAL CURVATURE AND RATIONALLY
CONNECTEDNESS

Lemma 12.7.1. (Yang [323]). Let (X,wy) be a compact Kéhler manifold. Let e; € Ty X
be a unit vector which minimizes HSC,, at p € X. Then for all v € Tp1 0x ,

2Ri7; = (1t o) B
PROOF. Let ey € Tpl’OX be a unit vector orthogonal to e;. For ¥ € R, set
fi(¥) = HSCy,(cos(d)e1 + sin(d)e).
This expands to
fi(9) = Rygj7cos’(9) + Rogyzsin® (9) + sin®(9) cos®(9) [4Ry 795 + Ryzys + Rt
+2sin() cos® (V) [Ry7y3 + Ryy] + 2 cos(9) sin®(9) [Ryz55 + Ry -

Since f1(9) > Ryqy7 for all ¥ € R and f1(0) = Ryq,7, we see that f{(0) =0 and f{(0) > 0.
Computing the derivatives of f1(1}), we see that

f10) = 2(Ryqp3 + Rypp) = O,

f0) = 2(4Ry395 + Rizps + Ropor) — 4Ry > 0.
Similarly, define

J2(¥) = HSCy,(cos(d¥)er + v —1sin(d)ez).
This expands to
F2(9) = Ryqygcos’(¥) + Rogoz sin' (9) + sin®(9) cos(0) [4R, 755 — Rizys — Rotail
—2V/~1sin(9) cos®(9) [Ry113 — Roqy1] — 2V~ 1 cos(9) sin® () [Ryzps — Roras] -

We have f4(0) =0 and f5(0) > 0, and therefore,

f2(0) = —2(Ri3 — Ryppy) = 0,

2(0) = 2(4R1p3 — Rigia — Rymor) — 4Ry = 0.
Combining these relations with the ones inherited from f](0) = 0 and f7'(0) > 0, we see that
Ripg = Bippr = 0, and 2Ry195 2 Rymi1-
Let v € T,}’OX be a unit vector. If v is parallel to e;, then
2Ri15 = 2Rim7 = L+, Rimir-

Consider, therefore, the case when v is not parallel to e;. Let es be the unit vector defined

by
U — g,7€1

ey 1= —
v — g,7e1l
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Then ej is a unit vector orthogonal to e; and v = ey + fBea, with o = g,7, 8 = |v — g,7€1],
and |a|? + |B8? = 1. In particular, since R 7,5 = R 701 = 0, we have

2Ri75 = 2lal*Rig + 2|81 Rigss.
Since 2R 795 > R, 7,7, we deduce that
2R = @l + Ry = 1+ o) Ry,
which yields the desired result. ]

Remark 12.7.2. Let us remark that a similar argument, due to Brunebarbe—Klingler—Totaro
[66, Lemma 1.4] can be used to show that if (X, w) is Kéhler manifold with HSC,, < —k¢ < 0,
then there is a non-zero u € T, X such that HBC, (u,v) < =% for all v € T,}’OX\{O}.

From 12.7.1, we have the following:

Proposition 12.7.3. Let (X",w) be a compact Kéahler manifold with HSC,, > 0. Then the
induced metric on Agéo if RC—positive and Hg’O(X )=0foralll<p<n.

PROOF. Proceed by contradiction and suppose that A% ’0, equipped with the metric in-
duced by w, is not RC—positive. Then there is a point g € X and a non-zero section
o c Q&’-O such that 9%'50(-, L 0,0) € Qi’-l is non-positive at xg (in the sense of forms). Let
e1 € Z19(X) be the vector field which minimizes the holomorphic sectional curvature at .
By 12.7.1, we have

2Ri1,5 > (L+ g7/ )Rir > 0,

for all unit vectors v € Té(;OX . Therefore R(ej,e1,-,-) > 0 at zp, which implies that
@ngo(el,él, -+) > 0 at xp, and gives the desired contradiction. The Bochner formula easily
implies that if A% is RC-positive, then H. g,o (X)=0. O

We require the following lemma from [323, Theorem 1.3]:

Theorem 12.7.4. Let X be a compact complex manifold. Let &€ — X be an RC—positive
vector bundle. Then for any vector bundle A, there is a positive integer ¢ = ¢(A, &) such
that

H°(X,Sym®‘e* @ A%%) = 0
for ¢ > ¢(k+ 1) and k > 0. Moreover, if X is a projective manifold, then any invertible
subsheaf F of Ox(€*) is not pseudo-effective.

PrOOF OF 12.5.6. The key point is that positive holomorphic sectional curvature implies
that (APTX, APw) is RC-positive for all 1 < p < dim(X). For p = 2, this implies that X
is projective by Kodaira’s projectivity criterion. By 12.7.4, if (APTX, APw) is RC-positive
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for all 1 < p < dim(X), then any invertible sheaf £ C Qg( cannot be pseudo—effectiveZ. In
particular, taking £ = Kx, the canonical bundle is not pseudo-effective, and therefore, X is
not uniruled. Let m : X — Z be the associated MRC fibration 7.14.1, which, after resolving
the singularities of 7 and Z, we may assume that 7 is a proper morphism with Z smooth.
There are two cases:

(i) Z is a point, or

(ii) Z is a positive-dimensional variety which is uniruled.

In case (i) X is rationally connected. In case (ii) Kz is pseudo-effective, and thus exhibits

(

a pseudo-effective invertible sheaf 7* K, C Q?;m 2 Hence, from the above discussion, case

(ii) cannot occur, and X must be rationally connected. O

Remark 12.7.5. The above result is false for compact Hermitian manifolds with positive
Chern holomorphic sectional curvature: The Boothby metric wg on the Hopf manifold S3 x S*
has “HSCy, > 0, but S* x S! has no rational curves P! — S3 x S!. Indeed, since P! is simply
connected, any rational curve P! — S3xS! lifts to the universal cover P! — C2\{0}. However,
any such holomorphic map is constant.

The monotonicity result for the Gauduchon-Holomorphic sectional curvature indicates that
¢HSC,, > 0 is the weakest condition on the Gauduchon holomorphic sectional curvature. It
is, therefore, natural to ask the following:

Question 12.7.6. Let (X,w) be a compact Hermitian manifold. If there is a range of t € R
such that ‘HSC,, > 0 implies that X is projective and rationally connected?

Not much is known about manifolds that admit metrics of positive holomorphic sectional

curvature. For instance, we have the following question raised by Yau [332]:

Question 12.7.7. (Yau). If a projective manifold is obtained from blowing up a compact
manifold with positive holomorphic sectional curvature along a subvariety, does it support
a metric with positive holomorphic sectional curvature? In general, can we find a geometric

criterion to distinguish the concepts of unirationality and rationality?
Even the following special case of the above question remains unknown:

Question 12.7.8. Does the blow-up of P? at two points admit a Kéhler metric with positive
holomorphic sectional curvature?

Remark 12.7.9. We do know, however, by an old result of Tsukamoto [300] that a compact
Kéhler manifold with HSC,, > 0 is simply connected. Ni-Zheng [231] extended Tsukamoto’s
argument to show that any holomorphic isometry of a compact Kéhler manifold with HSC,, >
0 necessarily has a fixed point.

2Recall that a line bundle £ — X is said to be pseudo-effective if L admits a singular Hermitian metric

h such that @™ is semi-positive in the sense of currents.
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12.8. NON-NEGATIVE (CHERN) HOLOMORPHIC SECTIONAL CURVATURE

The following result for non-negative (Chern) holomorphic sectional curvature was obtained
by Wang—Yang [308]:

Theorem 12.8.1. Let (X,w) be a compact Hermitian manifold with “HSC,, > 0. If the
(Chern) holomorphic sectional curvature is not identically zero, then

(i) there is a Gauduchon metric wg on X such that
(1 ~1
/X Ric] CZ Nwg = > 0.

(ii) Kx is not pseudo-effective.
(iii) There exists a Hermitian metric on K that is RC-positive.

If, in addition, X is projective, then X is uniruled.

12.9. HiTCHIN'S HODGE METRICS ON HIRZEBRUCH SURFACES

In [169], Hitchin investigated a curvature characterization of rational surfaces. He showed
that every Hirzebruch surface admits a Kéahler metric with positive holomorphic sectional

curvature:

Example 12.9.1. (Hitchin). Let &, := P(Op1(n) ® Op1) denote the nth Hirzebruch surface.
Let z; denote an inhomogeneous coordinate on an open subset of the base P'. A point
w € Op1(n) @ Op1 can be represented by coordinates wi, wso in the fiber direction as

w = <Zl,w1(d2’1)7%7w2);

where (dz1)~! is understood as a section of TP* = Op1(2). After projectivization, each fiber
carries the inhomogeneous coordinate zo = wy/w;. For a positive real number o € R, the

metric

V=1 -
We = T@@ [log(l + |zl|2) + alog((1 4+ |21|2)” + |zz|2)]
is globally well-defined on F,.
Theorem 12.9.2. ([169, 7]). The holomorphic sectional curvature of (F,,wq) is positive

for each n € N.

Remark 12.9.3. The above result of Hitchin’s, together with 7.10.2, shows that the existence
of a Kéahler metric with positive holomorphic sectional curvature does not imply that there
exists a Kahler metric (or Hermitian metric) with positive (first Chern) Ricci curvature. We
will discuss this further in relation to the positive analog of the Wu—Yau theorem.

The above result was extended by Yang—Zheng in [327]:
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Theorem 12.9.4. Let J,,; := P(Opn-1(k) ® Opn-1) denote the kth Hirzebruch manifold
(of dimension n). In each Kéhler class, there is a Kéhler metric with positive holomorphic
sectional curvature. Moreover, the space of all U(n)—invariant Kéahler metrics with positive
holomorphic sectional curvature on J, ; is path connected.

Question 12.9.5. Are there Hermitian metrics of positive second (or third) Chern-Ricci
curvature on F, for all n € N7 Are there metrics of positive weighted orthogonal Ricci
curvature on F,7 If so, are the parameters constrained?

12.10. THE REAL BISECTIONAL CURVATURE AND ALTERED REAL BISECTIONAL
CURVATURE

From considerations of the Schwarz lemma in the Hermitian category, Yang—Zheng [326] (see
also [200]) introduced the following curvature (c.f., 13.7.1):

Definition 12.10.1. Let (X, w) be a Hermitian manifold. The t-Gauduchon real bisectional
curvature 'RBC,, is the function

1
'RBC,, : Fx x R"\{0} — R, "RBC,(v) := P > ' Razyyvavy.
ayy

Here, Tx denotes the unitary frame bundle, 'R B8 denote the components of the t—Gauduchon
curvature tensor with respect to the local unitary frame, and v = (vy, ..., v,) € R™"\{0}. We
say that 'RBC,, < & if MAaX (¢ \)eF y xR7\ {0} 'RBC,(e,\) < k. Similar definitions apply for
‘RBC,, > k and 'RBC,, = k.

Remark 12.10.2. If we let v € 719X and choose a local unitary frame {e,} for 710X
such that v is parallel to e, then with respect to this frame, we have ‘RBC,,(v) = 'Ri1;1 =
*HSC,,(v). Hence, the (t-Gauduchon) real bisectional curvature dominates the (t-Gauduchon)
holomorphic sectional curvature.

Remark 12.10.3. From the definition of the t~Gauduchon altered holomorphic sectional
curvature, we see that if the metric is t-Gauduchon Kéhler-like, then *HSC,, and 'RBC,, are

comparable.

Remark 12.10.4. The (Chern) real bisectional curvature is not strong enough to dominate
the (Chern) Ricci curvatures. A local example was constructed in [326].

12.11. POINTWISE CONSTANT (ALTERED) REAL BISECTIONAL CURVATURE

Proposition 12.11.1. Let (X, w) be a compact Hermitian manifold with pointwise constant
Chern real bisectional curvature ‘(RBC,, = k. Then x < 0.

Motivated by the above definition, and the altered holomorphic sectional curvature, the
author, joint with Kai Tang [63], introduced the following definition:
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Definition 12.11.2. Let (X,w) be a Hermitian manifold. The t-Gauduchon altered real

—

bisectional curvature 'RBC,, is the function

__ . —_ 1
'RBC,, : Tx x R"\{0} — R, 'RBC,(v) = WE ! Romrata vy
ayy

Remark 12.11.3. Like the real bisectional curvature, the altered real bisectional curvature
dominates the holomorphic sectional curvature: Indeed, for any unit (1,0)-tangent vector
u € THOM, we can choose a unitary frame e = {ey, ..., e, } such that u is a scalar multiple of
e1. Taking v = (v1,...,v,) = (1,0, ...,0) then gives

n
RBC,(v) = Y Rayyavtaty = Riyy = HSCy(u).
a,y=1
As we will see in the next section, the altered real bisectional curvature will play a valuable

computational role in the Schwarz lemma.

Proposition 12.11.4. Let (X,w) be a Hermitian manifold. Then ﬁ]é(]w = K is equivalent
to

R,7€k€sr = wtr(€2),

for any Hermitian matrix & = (&;5).

PRrROOF. For a fixed local unitary frame e = {ey, ..., e, }, any other unitary frame is given
by fi = Agjej, where A = (Ay;) is a unitary matrix. Write

R(fi, fi, fj, fj)viv; = R(Aer, Ajoes, Ajses, Aper)viv;
= Z (viAixAir) (VjAjsAjo) Ry = Z&ctfseszSg,
1,5,k,6,8,t

where we set e = >, v;AipAir. Note that & = (&) defines a Hermitian matrix. The
condition RBC,, = « is therefore equivalent to

katﬁsszzsg = mZvE

= Kg VsUmOsmOms

s,m

= K Z UsUmAs{AmiAmtTmf

s,m

= k Z (Vs Agi Ast) (Vi At Ai) = RZ&tfti = rtr(&?).

S,m,i,t it

O

In [326], it was shown that the if the Chern real bisectional curvature is pointwise constant
‘RBC,, = k, then k < 0. For the altered real bisectional curvature, we have the following:
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Theorem 12.11.5. Let (X,w) be a compact Hermitian manifold with pointwise constant
Chern altered real bisectional curvature CI%JCM = k for some kK € R. Then x > 0. Further,
if Kk = 0, then w is balanced with vanishing first, second, and third Ricci curvatures. In
particular, if n = 3 and Cﬁgéw =0, then w is Chern-flat.

PROOF. Let 7 = 3 . 7jp; = 3, CTiijgpj denote the (Chern) torsion (1,0)-form (with
respect to a unitary coframe {p1,...,on}. Let o = >, ; kfl;’;goz A ¢j denote the (Chern)
torsion (2,0)—forms. From the Bianchi identity 9.10.8, we have

k
Setting £ = ¢ and summing over k gives
21 = Z(CRﬁkE — “Ryiin); (12.11.2)
k

where the comma denotes covariant differentiation with respect to °V. Since d(w"™!) =

—27 Aw™ ! and X is compact, integrating gives

/x (ZT> who= 2/X [Pw". (12.11.3)

In a similar manner to [326], if °RBC,, = & then
R + B = 25, Ry + Bygy = 0.
Hence,

2 Z Tii — Z(CRME —“‘Rip) = Z(CRME — “Ryzix)

ik i#k
= 2(2’1 — Rz + “Biga)
ik
= 2rn(n—1)— Z(CR%E —“Riyz)

itk
= 2kn(n—1) -2k Z %
i

which implies that

1
ZTL; = §/<n(n—1).
%

The remaining claims follow from [326, §3]. O

More generally, if the real bisectional curvature coincides with the altered real bisectional

curvature, the metric is balanced:
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Proposition 12.11.6. Let (X,w) be a Hermitian manifold. If
‘RBC, = °RBC,,
then w is balanced.
PrOOF. Suppose ‘RBC,, = Cﬁﬁaw at every point on X. Then for any local unitary
frame, and any vectors u = (uq, ..., u,) € R"\{0} and v = (v1,...,v,) € R"\{0}, we have

1 1
W E CRQEVVUQ Uy = W E cRawauauv .
o,y oy

Taking u = v = ﬁ(l, .., 1) gives

cSC&lw = Z CRaa’yﬁ = Z cRoﬁfya = chC\;L,J.
a77 a7’y
By the well-known balanced criterion 10.5.4 of equality of the scalar curvatures, w is balanced.
O

Theorem 12.11.7. Let (X,w) be a Hermitian manifold.
(i) If “RBC,, = & for some € R, then “RBC,, > 0 if x > 0, or “RBC,, < 0 if & < 0.
(ii) If “RBC,, = k for some k € R, then “RBC,, > 0 if K > 0, or “RBC,, < 0 if x < 0.
In particular, if X is compact, then “RBC,, = k1 and CI%/CW = ko if and only if kK1 = Ko = 0.

PrROOF. For the case (i), fix a local unitary frame e = {ey,...,e,}. If the Chern altered
real bisectional curvature is pointwise constant “(RBC,, = &, then

‘R + ‘R = 25, CRz‘EkZ + chZJ = 0.
For the (Chern) real bisectional curvature, we have

1
‘RBCy(v) = WZCRO@WUQ%
a,y

1
= W (Z (CRaa'\ﬁ + CRvﬁaa)vo/U'y + Z CRaaaa”i)

a<y a

= |vl|2 (2&2%%,—%%21}3)

a<y «

K 2
SR DS 3
aFy a
K

= W(U1+“'+Un)2.

This proves case (i); the proof of case (ii) is similar. O
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12.12. PoSITIVE REAL BISECTIONAL CURVATURE AND RATIONALLY CONNECTEDNESS

We will see in the next section that the real bisectional curvature plays an important role
in the Schwarz lemma. The following result due to Kai Tang [282] shows that Yang’s result
[323] can be extended to the Hermitian category under the stronger assumption of positive
real bisectional curvature:

Theorem 12.12.1. Let (X,w) be a compact Hermitian manifold of (complex) dimension
n > 2. Suppose ‘RBC,, > 0. Then

hl,ﬂ _ h2,0 —_ hn—l,O — hn,O - 0.
In particular, if X is Ké&hler, then X is projective. Moreover, if n = 3, then X is rationally
connected.

In light of these results, let us pose the following questions:

Question 12.12.2. Let (X,w) be a compact Hermitian manifold with positive Chern real

bisectional curvature “CRBC,, > 0. Is X projective or rationally connected?
Similarly, we ask the corresponding question for the (Chern) altered real bisectional curvature:

Question 12.12.3. Let (X, w) be a compact Hermitian manifold with positive Chern altered
real bisectional curvature “RBC,, > 0. Is X projective or rationally connected?

Of course, there is no particular reason for isolating the Chern real bisectional curvature and
altered real bisectional curvature. In fact, by considering the montonicity theorem for the
t—Gauduchon altered holomorphic sectional curvature 12.4.1 it is more natural to pose these
questions for the t—Gauduchon real bisectional curvature and altered real bisectional:

Question 12.12.4. Let (X,w) be a compact Hermitian manifold. Is there a range of t € R
such that ‘RBC,, > 0 (or 'RBC,, > 0) implies that X is projective or rationally connected?
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CHAPTER 13

The Schwarz Lemma in Kahler and Non-Kahler Geometry

Let f: (X,wqy) = (Y,ws) be a holomorphic between Hermitian manifolds. A Schwarz lemma
is an estimate on the pointwise norm squared! of the derivative of f, i.e., an estimate on |0 f|?,
in terms of the curvature of the source manifold (X, w,) and the target manifold (Y, wp).

13.1. A NovEL BOCHNER FORMULA

One of the pieces of propaganda in [52, 53] is that a Schwarz lemma arises from the coales-
cence of a Bochner formula and a maximum principle. As a consequence, we start by proving

the following novel (and very general) Bochner formula:

Theorem 13.1.1. Let (§,h) — X be a holomorphic vector bundle over a complex manifold

X. Let V be a Hermitian connection on & with curvature ® = OEV). Then for any

holomorphic section o € HY(€), we have

A(S’v)|ali = 2Re{V1’OVO’10, o} —A{o, Ricg)o—} + |V1’00|2 + |V0’10|2,
where Ric(é) is the endomorphism given by tracing over the differential form part of ©'! and
{-,-} is an alternative notation for the Hermitian form h.

PROOF. Let (21, ..., z,) denote local holomorphic coordinates on X, and let {eq, ..., e, } be
a local holomorphic frame for €. The components of a Hermitian metric h on € are denoted
haB = h(eq,ep). If 0 = 0%, is a holomorphic section of &€, then

0|2 = haﬁaaﬁﬁ.
Since the connection V is compatible with h, we have
ViVilolh = h,5(ViVi0*)0” + h,5(ViVie?)o®
+ho5(Vie®)(V507) + h5(Vio?) (V50%).
We have the following commutation formula

VZ'VFO'&—V;VZ'O'& = —(9]%0‘07. (1311)

"y the harmonic map literature, this would be referred to as the energy density.

234
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Hence,
ViViloli = h,5(ViV;0*)0” + h 5(V;Vie?)o® — hag@ﬁfﬂaa
—l—hag(viaa)(vjaﬂ) + haB(ViUﬁ)(Vjaa).
Summing over ¢ = j, and choosing coordinates such that haB(:L“o) = 0q8(x0) at a point

zo € X, we get
ViVilolz = (ViV;0*)o® + (V;Vie®)o®™ — %(ﬁaa
+(Vio®)(Vio®) + (Vio™)(Vio®)
— 2Re {(VOV10)5} — {0, Ric¥ o} + [V 002 + [VO1o[.
([

Since V%o = Of in the case that V is the Chern connection, we have the following immediate

corollary:

Corollary 13.1.2. Let (,h) — (X,wy) be a holomorphic vector bundle over a Hermitian
manifold (X,wy). Let V denote the Chern connection on €. Then for any holomorphic

section o € HY(€), we have
A lolr = VY2 — V=1{6ENg, o}
When o = 0f, and € = Q;O ® f*THOY | we have
V=10010f2 = (VW00f, V0af) — v=T(@X ®F T Y o1 gy, (13.1.2)

Since the curvature of the tensor product of bundles splits additively, we get opposing con-
tributions to the curvature from the source, and target metrics:

OO/ TY . _gT"X giq 1id freT""Y. (13.1.3)
13.2. THE CHERN-LU FORMULA
Taking the trace of (13.1.2) with respect to wgy, we recover the Chern-Lu formula [96, 212]:

Theorem 13.2.1. Let f : (X,wy) — (Y,wp) be a holomorphic map between Hermitian
manifolds. Then

cp: (2 G .pl ai
A Of? = |[VOfP + Ric g¥ g7 h 5 £ £ (13.2.1)
~Rog,s (97101)) (9553)

where “Ric® denotes the second Chern—Ricci curvature of wgy and °R denotes the Chern

curvature tensor of wy,.
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13.3. ROYDEN’S POLARIZATION ARGUMENT

It is clear that to apply the Bochner technique to (13.2.1), we require a lower bound on the
second Chern—Ricci curvature of the source manifold and an upper bound on the curvature
of the target manifold. To refine our understanding of the target curvature term in (13.2.1),

we recall the following polarization result due to Royden [253]:

Theorem 13.3.1. (Royden). Let &1, ..., &, be othogonal tangent vectors. Let 8(&,7,(,w) be
a symmetric bi-Hermitian form in the sense that

S(&?ﬁ? C?w) = S(C’ﬁ? 575)7 and S(TI?Z?W?Z) = g(é"ﬁ? C?w)'
If 8(£,€,€,€) < wl[€]|*, then

2
(6 Eur€s.Es) < = (anan?) + 3 el -

a7ﬁ
Further, if kK <0, then

2
- o 1
ZS(€Q7£Q755?56> < Kunz_; <Z H{CXHQ) .

aMB

PROOF. For any A € Z}, write A = {e1,...,en} with 2 = 1 for each a. Set &4 =
o €afa. Then [|€al? =3, [I€al?, and therefore,

S(€a,€a,€4,64) < H(leﬁaHz)

2
Write

2
K <ZH£QH2> > %Zs(gAaEAagAagA)
«a A
1 — —
= 472604%%555(&,55,57756)
A

= ) 8(arlarbarla) T D 8(ar i &) +8(6ar 6y &y, ).
a aFEy
Symmetry of 8§ implies

2
Z‘S(Eaagavé—a,ga)+2ZS(£avga>§’yag'y) S K(Z”é-@HQ) Y

a#y
and

2
23 8(6arEur600Ey) < K <Z||£a|!2> + 3 el -

a?’y
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Since n Y2, [1€all* = (X, €al?)?, we get

2
= .z 1
ZS(Sa,fa,&,ﬁv) < /in;;l <ZH§O¢H2> :

a7’y

13.4. HERMITIAN SOURCE AND CHERN KAHLER-LIKE TARGET

Applying this polarization argument to the target curvature term, assuming the metric is
Kahler, shows that the target curvature term can indeed be controlled by the holomorphic
sectional curvature [253, 331, 326, 52, 53

Theorem 13.4.1. Let f : (X,wy) — (Y,wp) be a holomorphic map between Hermitian

manifolds. Assume there are constants C7,Cy € R such that
CRiC‘(fg) Z —C’lwg — Cgf*wh.

Let wy, be a (Chern) Kéhler-like metric with “HSC,, < kg, for some kg € R. Then for ko > 0,

Ay |0fF > —Ci]of)* — (Ca+ ko)|Of, (13.4.1)
while for kg < 0,
1
ALIOFE > —Cilof - <02 n (’”;n“) of1" (13.4.2)

PROOF. Suppose CRicgg) > —Ciwg — O f*wy, for some constants C1,Cy € R. Then

. (2) kg pl B G b B 5 kg pl B
CRlc’(J)gkqughanﬁff > —C1gkzgkquehagf§f§—C2h73fgfggkqu£haﬁfgfqﬁ-

Choose the local frame such that at both metrics are Euclidean at a point and f* = \;0{,
where Ay > Ao > - > A > A1 =+ = A, =0. Then

~Ci949" 10" ol 7 = Cohs [ M9 hy5 3 0d = —C1dG = CaXg
> —CifoffP - ColofI".

For the target curvature term, we apply Royden’s polarization argument to deduce that if
“HSC,,, < Ko, then in the frame we considered before, we have

2
cp ij ai q S D KQ
R RPRT = YRt < 2 () 45

a,y
If kg > 0, then

2 2
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If ko <0, then

ZCRh* 7)\2)\2 < <n+ 1)’%0‘6]("4

aayytaty = m
a?’y

O

Corollary 13.4.2. Let f : (X,wy) — (Y,wp) be a holomorphic map between Hermitian
manifolds such that X is compact. Assume there are constants C1,Cy € R such that

cRiCEEg) Z —C’1wg — CQf*CUh.
Let wy, be a (Chern) Kéahler-like metric with “HSC,,, < kg < —Cs. Then
Cy
ofIF < ———- .
| f‘ B Cy + kg

In particular, if CRicgg) > € f*wy, for some € > 0 and “HSC,,, <e¢, then f is constant.

Remark 13.4.3. The above result is a refinement on the existing Schwarz lemmas which are
known in the literature. It is well-known that it suffices to assume the target metric is (Chern)
Kahler-like to ensure that Royden’s polarization argument 13.3.1 holds. In the existing
forms of the Schwarz lemma, however, the lower bound on the second Chern—Ricci curvature
required the coefficient of f*wy, to be non-negative (see, e.g., [326, 315]). This assumption,
as we just showed, however, is superfluous. Let us emphasize that CRicgg) > ef*wy is weaker
than CRicc(fg) > ewy.

13.5. GAUDUCHON PARTIALLY KAHLER-LIKE METRICS
In [60, 61], the author, joint with James Stanfield, introduced the following class of manifolds:

Definition 13.5.1. Let (X,w) be a Hermitian manifold. We say that w is Gauduchon
partially Kdhler-like if
Ric() = *Ric?.

Example 13.5.2. Kéahler metrics are certainly partially Kéahler-like. Moreover, Gauduchon
Kahler-like metrics are Gauduchon partially Kéhler-like. More examples and properties of
this class of manifolds are given in [60, 61].

13.6. CHERN PARTIALLY KAHLER-LIKE SOURCE AND CHERN KAHLER-LIKE TARGET
With this definition in place, we can rephrase the above Schwarz lemma:

Proposition 13.6.1. Let f : (X,wy) — (Y,wp) be a holomorphic map from a compact
partially Chern Kéhler-like manifold into a Chern Kéhler-like Hermitian manifold. Assume

CRiCSJlg) Z —Clwg — Cgf*wh
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and “HSC,,, < —rp < —C%. Then

e ——
Cy + Ko

Remark 13.6.2. Phrasing the assumption on the source metric w, in terms of the first

Chern—Ricci curvature in place of the second Chern—Ricci curvature is of growing importance

in the non-Kéahler Hermitian setting. Indeed, the first Chern—Ricci curvature, in contrast with

the second Chern—Ricci curvature, is governed by a complex Monge—Ampere equation.

We want to further understand the target curvature term arising in the Schwarz lemma when
the Chern curvature tensor of the target metric does not have the symmetries of the Kahler
curvature tensor. Recall that the (Chern) holomorphic sectional curvature is sufficient to
control the target curvature term because of Royden’s polarization argument 13.3.1. In this
direction, let us ask the following:

Question 13.6.3. Royden’s polarization argument makes use of a polarization identity com-
ing from multi-linear algebra. There are many such polarization identities. Can Royden’s
idea be extended by employing different polarization identities?

To understand precisely what the target curvature term is in the Schwarz lemma, we consider
the following:Choose coordinates (z1, ..., 2,) centered at a point p € X and (wy, ..., wy,) at
f(p) € Y such that g; = 6;j and h,5 = dap at p and f(p), respectively. If f = (fY . ™),
then with f = %f—za the coordinates can be chosen such that f* = X\;d5", where Ay > Ay >

i’ 7?7

<o > A > Ay = -+ =0, and r is the rank of 0f = (f¢). Hence, the target curvature term
reads
gl gPl (Cﬁzam) Rrpm = % (CEQW) A2A2. (13.6.1)
oy

13.7. YANG—ZHENG HERMITIAN SCHWARZ LEMMA

In particular, we recover the (Chern) real bisectional curvature [326]. We therefore have the
following Schwarz lemma due to Yang-Zheng [326]:

Theorem 13.7.1. Let f : (X,wy) — (Y,wp) be a holomorphic map between Hermitian
manifolds such that X is compact. Assume there are constants C1,Cy € R such that

CRiC‘(i]) Z —C’lwg — Cgf*wh.
Let wy, be a Hermitian metric with “‘RBC,,, < kg < —C%. Then

Ch
of>? < ——F1 .
| f‘ B Cs + kg

In particular, if CRicgg) > e f*wy, for some € > 0 and “RBC,,, < ¢, then f is constant.
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Remark 13.7.2. The above statement is a small refinement of the statement that appears
in [326]. Indeed, Yang—Zheng assume that Cy > 0.

Remark 13.7.3. The nature of the (Chern) real bisectional curvature is troubling. As
we saw in 12.10.3, for a Ké&hler-like metric, it is comparable to the holomorphic sectional
curvature. However, for a general Hermitian metric, the real bisectional curvature strictly
dominates the holomorphic sectional curvature. The frame dependence of the real bisectional
curvature is an undesirable feature of the present state of affairs, similar to the Quadratic
Orthogonal Bisectional Curvature. Even within a fixed frame, the expression for the real
bisectional curvature is difficult to draw meaning from.

13.8. THE AUBIN—-YAU INEQUALITY

To obtain insight into the real bisectional curvature, we consider not just the Chern-Lu in-
carnation of the Schwarz lemma, but the Aubin—Yau inequality. All forms of the Schwarz
lemma so far have arisen (more or less) from applying the maximum principle to (13.2.1)
or (13.4.1). If we additionally assume that f is biholomorphic, however, we have another
Laplacian at our disposal; namely, the target metric Laplacian: A,, = tr,, v/—199. The
Schwarz lemma with the target metric Laplacian was first considered in [15, 329], and hence
is referred to as the Aubin—Yau second-order estimate (c.f., [254]):

Let f: (X,wy) = (Y,wn) be a holomorphic map, biholomorphic onto its image. From the
Bochner formula 13.1.2, we see that

V10919f12 = (VOf,VAf) — V_1(@W B TY g 95y, (13.8.1)
Taking the trace of (13.8.1) with respect to the target metric wy, we see that, in coordinates,
5 ij a B 5 ij a B rr—INk7 p—1NE Gen () pa B
10,05 (69h5f 1)) = W09l TES — g7 Ricgg /) (13.8.2)
g (“Rygg) hos 21 (DG
As before, the first term on the right-hand side is the second fundamental form of f, and

the second term is (minus the) second Chern-Ricci curvature of wy,. This time, we want to
understand

PG (“Rygg ) b d 17 (7SS,
Again, choose coordinates at p and f(p) such that 9 = dij, haB = 0q8, and f* = \;0;*. Then
- - — S 22
w3917 (i) b 5] TDEUE = 3 Raayy (13.8.3)
ik

This is not controlled by the real bisectional curvature (what is the vector here?).
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13.9. THE SCHWARZ BISECTIONAL CURVATURE

Recall that the quantity arising in the Chern—Lu inequality is

9197 (Rs) SIS = 3 Famr 2L, (139.1)
a7/y
where A > A3 > - A2 > X2, | =... =0, with r = rank(9f).
For the Aubin—Yau inequality, we want to estimate (from below) the quantity:
= . = — L —— 22
h”‘sg’qgmchzpqhaEffff(f WEFDE = ZCRﬁkEY% (13.9.2)
ik

Let I'y := {(z1,...,xn) € R} 1 21 > 23 > --- > x,, > 0} denote the cone of ordered positive

n-tuples. For a vector v € I'y, we denote by u, := v;! the vector which inverts v with

respect to the Hadamard product. That is, if v = (vy,...,v,) € I'4, then u, = (vfl, ey U ).

Then a bound on (13.9.2) translates to a bound on the generalized Rayleigh quotient:

Definition 13.9.1. Let (X,w) be a Hermitian manifold. Define the (--Gauduchon) Schwarz
bisectional curvature

'SBC, : Fx x Ty — R, 'SBC,,(v) := ulRw,
where R is the matrix with entries Ry := tRaaﬁ with respect to the local unitary frame.
We say that the Schwarz bisectional curvature is bounded below if it is bounded below for

all vectors and all frames. Similar definitions are made for bounded above, constant, etc.,
with the apparent modifications.

13.10. HERMITIAN AUBIN-YAU INEQUALITY

Theorem 13.10.1. (Hermitian Aubin-Yau). Let f: (X", wy) — (Y,wp,) be a holomorphic

map between compact Hermitian manifolds, which is biholomorphic onto its image. Assume

“SBC,, > —ko and CRict(fh) < —Chiwp, +C2(f*1)*wg for kg, C1,Co constants such that C; > 0,

2 n(Cs + Ko)
of]F < —a

PrROOF. From 13.8.2, we have

5 i7 ai 5 ij 047 — _ i'cf\‘/(2) 047
n°0,05 (7hoaf2 1)) = W09 R i (F S — g7 Ricgg /)
g9 (“Ryzyg) bl ] (D55
The upper bound on the second Chern—Ricci curvature then gives

25 2) 7 0B ij ra oB ij ra gBe—1\i { p—1J
—Ric, 59" [ 1) = Cih,g9" [ 1) — Cagzg 1O F) (O
= C1|0f]* — Cyn
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Choose coordinates such that 97 = dij, h oB = dag, and f{* = X\;05*. Then

W35 (i) a2 50 SUIT = “Rugay

Assuming a lower bound on the (Chern) Schwarz bisectional curvature, we have

c __t _
E: Rﬁkk/\2 = —ko-
ik=1 k

Combining these estimates, we have
A, 0fF > C1|of> — nCs — ko.
The maximum principle completes the proof. O

One can combine these Schwarz lemmas to obtain the following 8-dimensional family of

Schwarz lemmas:

Theorem 13.10.2. Let f : (X", wy) — (Y,w) be a holomorphic map of rank r between
Hermitian manifolds with SBC,,, > —k1 and RBC,, < —kg, for some constants 1, k2 > 0.
Assume there is a Hermitian metric wg on X such that, for constants C1,C5,C5,Cy € R,
with C3 > 0 and C5 — k3 > 0, we have

—Crwg — Cof*wy, < CRiCS)QO) < —ng0+C’4wg.

Then, if X is compact,

Cinr(ky + Cy)

2
‘8f’ — C3(I€2 _ 02)

13.11. HERMITIAN CHEN—CHENG-LU SCHWARZ LEMMA

One particular corollary of the above theorem is the following Hermitian analog of the Chen—
Cheng-Lu Schwarz lemma (c.f., [90]):

Corollary 13.11.1. Let f: (X", wy) — (Y,wp) be a holomorphic map of rank r between
Hermitian manifolds with SBC,, > —x1 and RBCEJQ}B < —Kg, for some constants k1, kg > 0.
Assume there is a Hermitian metric wg on X such that

—C1W0+Cgf*wh < CRiCS)Q()) < —Chswy,

where C; = 22224 and Cy > ko(nr —1). Then, if X is compact,

Konr

o2 < =L

K2
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13.12. SECOND CHERN RICcCI SCHWARZ LEMMA

The theorem also yields a Schwarz lemma expressed exclusively in terms of second Chern—
Ricci curvatures:

Corollary 13.12.1. Let f : (X", wy) — (Y,wp) be a holomorphic map of rank r between
Hermitian manifolds with SBng > —k1 and RBC&Q}L) < —Kao, for some constants k1, ko > 0.

Assume there is a Hermitian metric wg on X such that
~Chwo + Caf*wy, < “Ric?) < —Chwy + Cuwy,
where C3 > 0 and nr(k; + Cy) < kg + Cy. Then, if X is compact,

2 O
0f° < o
Remark 13.12.2. This yields an interesting comparison between the Chern—Lu and Aubin—
Yau inequalities. Indeed, the Chern—Lu inequality requires an upper bound on the real
bisectional curvature. The real bisectional curvature is a Rayleigh quotient, which is well-
known to give a variational characterization of the eigenvalues. The Aubin—Yau inequality
requires a lower bound on the Schwarz bisectional curvature. The Schwarz bisectional cur-
vature is a generalized Rayleigh quotient, known to give a variational characterization of the
singular values. Therefore, at least philosophically, it appears that the Chern—Lu inequality
is to the Aubin—Yau inequality what the eigenvalue decomposition is to the singular value
decomposition.

Our understanding of the Schwarz bisectional curvatures is still in its infancy.

Question 13.12.3. Suppose (X,w) be a compact Hermitian manifold with pointwise con-
stant {SBC,, = k for some x € R. For x € R\{0}, is the metric Kéhler and +~Gauduchon-flat
otherwise?

Question 13.12.4. Let (X,w) be a compact Hermitian manifold. Suppose “SBC,, > 0. Is
X projective or rationally connected?

Since we wish to understand the relationship between the Schwarz bisectional curvature and
the holomorphic sectional curvature, it is natural to ask:

Question 13.12.5. Are there examples of compact Hermitian manifolds with ‘HSC, > 0
but do not admit metrics with *SBC,, > 0?
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13.13. EXTENDING THE SCHWARZ LEMMA BEYOND THE CHERN CONNECTION

All the results in the previous section were for the Chern connection. Given the growing
interest in more general Hermitian connections on non-Kéahler complex manifolds, it is desir-
able to obtain Schwarz lemmas for more general connections. The results of this section are
joint with James Stanfield and appear in [61]:

13.14. THE CR-TORSION

Let us emphasize that the main point of the above formula is that it simplifies our compu-
tation to a computation of {V1'V%ls o}. Maintaining the insight that we want to avoid

coordinates for as long as we can, we introduce the following useful computational gadget:

Definition 13.14.1. Let (€,h) — X be a Hermitian vector bundle endowed with a metric
connection V. We define the CR-torsion of V to be the End(€)-valued (0,1)-form A €
0% (&) defined by )

A = Vil _9,

Remark 13.14.2. Observe that with respect to any local frame for €, the CR—torsion A is
a matrix of (0,1)—forms. Moreover, if P is the matrix describing a change of frame, then A
transforms according to the adjoint action A — PAP~!. Hence, the type of A is invariant

under a change of frame.

13.15. THE CR~TORSION INCARNATION OF THE BOCHNER FORMULA
The CR-torsion yields a fruitful language for elucidating more general Bochner formulae:

Theorem 13.15.1. Let (€,h) — X be a Hermitian vector bundle, endowed with a Her-
mitian connection V. Let A € 9851(8) denote the CR-torsion of V and let o € H%(&) be a
holomorphic section of €. Then, in a local frame {e;} for T°X we have

000 *(eiej) = {A5;0,0} +{0,4; 0} + {A5(04),0} + {0, ()} + {03, 0,5}
+H{Az0, Az0} — {Ap, 000,00} + {0, A e;j000} + {0,050}

13.16. GENERAL HERMITIAN CONNECTION SCHWARZ LEMMA

Theorem 13.16.1. Let f : (X,wy) = (Y,wp) be a holomorphic map between Hermitian
manifolds. Let {e;} be a local unitary frame on X and {w,} a local unitary frame on
f(X) C Y. Choose Hermitian connections on T%°X and T'°Y. Then 0f € Q;O(f*TLOY)
satisfies

MO = VO +2Re (~ff

k B VI -3 e s
Tl o4 F2 5Ty = I} ST + TT 15T

+2Re (fEFETITE — 17 17 51 ITTETR, ) + FEfe R e — eI T R o
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The letters T and R are respectively the torsion and curvature of the source connection, and
T, R are the torsion and curvature of the target connection.

13.17. GAUDUCHON SCHWARZ LEMMA

We consider now the case when 719X is endowed with the s—Gauduchon connection *V and
TH0Y is endowed with the t-Gauduchon connection. In this case, we have the following:

Theorem 13.17.1. Let f : (X,wy) = (Y,wp) be a holomorphic map between Hermitian
manifolds. If 750X is endowed with *V and T1°Y is endowed with !V, then

2 _ 2, ?+2s - <)2 —3 B (1)_ (4) 4R A2
Ay, l0f17 = |VOf|" + 8(25 ) *Ric, 2 Ap + 1525 —1) (2(1 s)°Ric, = — 2s(°Ric, RleE)) g
(s—1)3 S o (s=1)(P+ 7 =bs+1), pr\2
— 2 (%7} 8T, STk s )\ STESTE N
+882(2S — 1) ( iwr Tkr + kr zr) k + 883(28 — 1) ir Sir'k
(1—5)(383+7s% —Ts+ 1), T} T2
8s3(2s — 1) r
PR (tR TR ) NN + 5 Rogsahi A
197 \ Ttaass T Fapga ) Aas aBpa’tar

(1— t> 7B t7B 242
8t2(2t _ 1) ( TS’YtTﬁ’Y + T,B’YtTC%’Y) )\04)\5

(t—1)%(t+1)
462(2t — 1)

1-—t¢ 1—3s s k‘/\-];
+ <2t - 95 ) Re ( T;jtTiJ) )\i)\j)\k.

The proof of the above theorem requires dealing with the terms involving derivatives of

~ny ~a 1
TTE TN + —tT;’ TIA202

afta

torsion and the Hessian terms.
Theorem 13.17.2. For a holomorphic section o € H°(€),
090 2(u,7) = (Y50, Vo) + (Vuo, Voo) = (0,0(uw,7)0)
+2Re < <(VuA)g + AH) 7, a> 4 2Re (A5V,0,7)
= (0, Viuz00) = (0, Vi) -

In particular,
Aw‘O—P :|VU|2 - <@(€z‘,€7)07 E>
—|—2Re<<(VelA)ez + A )0 a>+2Re (Ag;V¢,0,0),

where {e;}7"; is any unitary frame.
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ProOOF. Using the standard formulae for exterior derivatives, we have
90|0|*(u,v) =dd|o|*(u,v)
=u(0lo|*(v)) — (8o |*(u)) — Blo|*([u,7])
=u(olo[*) — [u, 0]
=u((Vz0,5) + (0,Vy0)) — [u, v]o Lo|?
= (V50,Vz0) + (Vu0,V,0) + (Vu(A50),5) + (0, VaV,uo)
~(Vpap10:9) = (&, W>
By definition of curvature and the fact that ¢ is holomorphic,
ViVuo = Viu(450) — O(u, U)o — Vi, 100 — Ap, 5010
Hence,
0|0 |*(u,7) = (V50,Vgo) + (Vuo, Vyo)
+ 2Re (Vo (Ap0),7) — <cr, W>
= (0. Viua100) = (0, Vigapoo) = 2Re (A zpa0,0)

= (V50,Va0) + (Vu0, Vo) = (7, 6(u,7)0 )
+2Re ((VyA)yo,7) + 2Re (Ay,50,7) + 2Re (45V40,0) — 2Re (Ap, g0, 0)
— <U, V[u’ﬂl,00'> — <a, V[@v]1,00>

— (V50,Va0) + (Y0, Vi0) = (0, 6(u, 7))
+2Re < ((vuA)g + AA—W) 7, a> + 2Re (43V 40, 7)
— <0’, V[u7ﬂl,00'> — <0, V[ﬂvv]1,oa>

O

For a Hermitian vector bundle & — X with Hermitian connection V. Define BY € HY(T*X ®
T*X ® End(€)) by
BY (u,0) := (VuA)g + Ajy
Then, with (-)g denoting the Hermitian component, we see that
Alol> = |Vol|* —(O(ei,&)o,T) + 2 (B(ei, &)uo,7) + 2Re (A V,,0,7) .
Further, it is easy to see that if f is holomorphic, then for all u,v,w € T1OY,

<Bf*TX®T*Y(u,5)af)w = B(0f(u),df(v))(0f (w)) — of(B(u,7)w). (13.17.1)
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Recall that the CR-torsion of the t~Gauduchon connection is given by Azv = T(u,v)'?,
where T is the torsion of the t—Gauduchon connection. Then

AF = TF = _T!
1] ©j k
Further, since 2tTk (1— t)Tj In any unitary frame, let us write Bgf = (B(ei, &)ey, eg)

for the components of B with respect to the unitary frame {e,}.

Proposition 13.17.3. For t € R\{0, 3}, we have

1—2t—¢t2 t—1

k
~Ryg+ Bl +Bjf, = 22t — 1) it =) ((1 — O Rg; — t( Rz + szz‘E))
(1—1t)3 i e (DA —dt 4+ 1)
IOy (T, + T, ) + sBi—1) Ll
(t—1)3(1 — 5t) JT t—
8t3(2t — 1) T T T T
PRrOOF. By definition,
ik _ ak (L —t)*
BZZ A]KZ + AT ATE = 7(,1' - 442 /fr ’L?T"

where, here, the comma denotes covariant differentiation with respect to V. We first consider

the derivative terms: Let

ik .k e ik .k 7
CiZ T CT]KZ—FT Di( : ,I;,jé irﬁ,k

From the Gauduchon symmetries,

jk k k
2tCl’€ - 2tT3’€,i ( )T’zé,j

_ k k
- Zt%&i ( 1)T€z,j

_ k k k
= (0= DTG — (= DTG, + 1+ 0T,
It follows that
w0 =t = 1) (T + Tl ) = (= DD + (1 + 0,

and hence,

. N .
(3t — 1)C9F 4 (¢t — 1)DIF = (1 — )(T{’“M+ {W}) (13.17.2)
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Similarly, we have
ik _ ok ‘
2tD),) = QtTiﬂ + 2tTﬁ,k
= - 2tT£ +(1— t)TL

2tTk + (t — 1)T3

N4

=(t - 1)1} (1+t)TgM+(t—1)TJ :

_ J k k

= (- T+ (T~ (- T
and so

4Dl =(t = 1) (Tl , + T ) + (t+ DDY) = (t = 1)CY).

Thus,

ik ik _ J i

(t—1)CIF 4+ (3t — 1)DIF = (1 — 1) (T{W} + T, k}) (13.17.3)

Solving the linear system gives
Jjk __ t—1 _ _ J 7
Y = T (B0 = 1) (T + Thay) + 0 =0 (T + Tigiy))

We now focus on eliminating the terms involving derivatives of the torsion. Recall from
Kobayashi-Nomizu [195, p. 135] that

k; _ o T
Tesy = Rigor + T Lo + T Ty

where R denotes the curvature of V. The Gauduchon symmetries give

k k k T ik k
Tl = R — Regin + T%Ter +T5,Th + TGTS + TLT) + TJ’"ETW
—R R E= 1 (n Tl TETE +T7, 7, (t—1)° 7Tt T
= gk T ik + 2t or + 1y jr + + At2 wr ke Tlrtkr) -
Hence,

(t—1)(3t—1) |
{]z a Tt T{Zlk iy = 2w — Ry — B + Vs — (Tj Ti + TérT?r>

T gr

t— e (t—1)? i
+— <TT + LT — T4 T,

On the other hand,

] - (t—1)(3t—1) ;
Tfﬁu} + szj,k} - 2R£Ez‘3 - Rz‘E@ - Rejz% + T (TngZ + Tj T, )
t—1 S — . (t—1)2, =
+— (Tng,gr + T[Z-T,:j) - T
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It follows that

Zhﬁ(ft—_ll)czjek =2(3t - I)R’J% +2(1 - )RZEZ? 2 (Rzkfj T Rﬂﬂk)
(75_1)2(?_1) (TZTTZ +TITY ) n (t— 1)(722 4t + 1)Tzlinr

L g 2y

Thus,

Bt + B = - O (T + )
_ th(l;t__ll) (203~ DRz + 20~ )Ry — 20(Riggs + Rzp))

o (i T
i

as required. O

For any Hermitian connection V on the tangent bundle of a Hermitian manifold, define, with

respect to any local unitary frame,

_ Jk il
igl - ijlk + Bil + Bjk‘

Let f: (X,wy) = (Y,wy) be a holomorphic map. Let VX and VY be Hermitian connections
on TH0X and T™OY, respectively. Let K = KV and K = KV . Let {e;}7, and {eq }0_; be
local unitary frames of X and Y respectively. Writing f{* := <8f(el), f* ea>, from (13.17.1),
we have

(Kz01.07) = [ 10 11 1 R o5, — [T K"

Choosing the frames such that f* = 6\, gives

<Ki;8f,8f> Z)‘2>‘ aafB ZKME)‘K)%-

ikl
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If K=KV, and K = K'YV, then

s? +25 — 1 1—s
( ) RzikEA% + m

(s —1)3
8s2(2s — 1)
(1—5)(3s3+7s? —Ts+ 1)

8s3(2s — 1)
2
+ 1215(22:—1]5)Raa/5ﬁ)\i)\5 + ij_ll) (2(1 — t)RaEIBB — 2t(RaBBa + Raﬁﬁa)) )\i)\%
(t—1)2(72 — 4t + 1)
83(2t — 1)

(Kz0f,0f) = (2(1 = 8)Rygess — 25(Rygy + Rizin)) Ak

)\2 B (s —1)%(7s> — 45 + 1)Tka)\2
85%(25 — 1) i

+ T, T}

+ (1 — t)g (fa Tﬁ T’B Ta ) A2 )\2 +
8t2(2t — 1) \" Y Byray ) taB

(t—1)3(1 — 5t) ~
8t3(2t — 1)
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=2 7 RN " (21— S — - ) \2
25(28 _ 1) Rnkk‘ kT 48(28 _ 1) ( ( S)Rkku QS(Rzkkz + kak)) /\k

(s —1)° i Tk 2 _

S (o

8s2(2s — 1) ( BTl + T, ) Ak

(1—5)(3s3+7s%>—Ts+1)
8s3(2s — 1)

T8 TE NN
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2 2
Tg T3 NN, + . Tg T80

(s —1)%(7s* — 45 + I)Tka)\2
853(2s — 1) irtir

+ T TN,

~ 1
242 242
R + R ) NA] + 57— Rapsate)

+1—275(

+ (1 — t)g (foz Tﬁ T’B To ) A2 )2
8t2(2t — 1) \" Y Byray ) taB
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Let us now focus on the final term appearing in the Schwarz lemma:

Lemma 13.17.4.

1 Ry — ST~ —
+%<1%ﬁhﬁﬁ— ﬁmﬂwﬁ>

PRrOOF. First, we claim that

(V0 )3 — (V;00)F = ~Thfe + T8, f2 17
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Indeed, if we assume {e;}}" ; is a coordinate frame satisfying (e;, €j) = 6;; at the point where

we compute, we have
(Vif)§ = 0i03f* = fiTh + 11T,

and thus the statement follows from the definition of torsion. Then,
(AVi01)2 = [PAS 11— foAL.
Hence, using the symmetry A% = _A%j’ we have
2Re (A;V:0f.0f) =2Re (A f1,£7F7 — £2,45,77)
— Re (A, (], — £1) 175 — A5,(12, — 12077
— Re (A8 TR0 T + A T A AT
A TLTS - AT AT
= Re (T3, T8 27 + T3, T 1 1 0
LT - T ST
= Re (t 2_t

b=, 3
+ Re <275Tga1}’;f;ffff _

e = iy Bae . S— 1,y o
TLT T+ S5 T )
1—s
2s

I TS [ f?ff“) |

We consider the following specific cases:

Theorem 13.17.5. Let f : (X,wy) — (Y,ws) be a holomorphic map between Hermitian
manifolds. Then

1 2 1 1
2 2 bR:ie(2) )2 bpR:o(1)y2 bR:.(4) 2 bRia(3) )2
Ay, l0f17 = |VOf| 3 RICkE)‘k+ 3 RICkE)‘k + 3 RlckE)‘k+ 3 RlckE)\k

1 ) P ——— — L
43 (TP + " TLITL) M = PTAPTEN + T4 VT 0

2
Ly 4 2y 4
~5'RBC,, <Za: Aa> — 3"RBCy, (Za: AL

1 ~ =4 ~ = ~ =
5 (T T, + T8 VT ) NaaG + 2T T N2

2



252 13. THE SCHWARZ LEMMA IN KAHLER AND NON-KAHLER GEOMETRY

13.18. THE BI1SMUT SCHWARZ LEMMA

Theorem 13.18.1. (Bismut Schwarz Lemma). Let f: (X,wy) — (Y, wp) be a holomorphic

map between Hermitian manifolds. Suppose

2PRicH) — PRic@ 4 bRicB) 4 bRicglg) > —Ciwg— Cof*wy

Wy Wy Wy

for some constants C7,Co € R. Assume \bf\ < B and bRBth + 2bP/{T3—6wh < kg for some
constants B, kg € R. Then

Cl 02 KO 2B
A, 2 > gz (220,22 4
JosP = ~Shiogit - (G424 37 ) jor
If X is compact and Cy + kg + 2B < 0, then
1
of2 < ——
0" < Cy+ ko + 2B

13.19. BISMUT SCHWARZ LEMMA WITH BALANCED SOURCE METRIC

From the Ricci curvature relations, we see that if (X,w,) is a compact balanced manifold,
then

2'Ric(!) — "Ric?) + "Ric¥) + "Ric) = 2°Ric{l) - (CRich) + V=IA(80w,) — CTO)
cpA(1 3
+2 ( Ric!) \/—1A(88w9)>
= 3°Ric}) — 3v/=1A(00w,) + °T".
Hence, we can reformulate the previous Schwarz lemma as follows:

Theorem 13.19.1. (Bismut Schwarz Lemma). Let f : (X,wy) = (Y,ws) be a holomorphic
map between Hermitian manifolds. Assume (X,wy) is a compact balanced manifold with

3°Ric(}) — 3V=1A(00wy) + °T° > —Ciw, — Caf*wp,

for some constants C1,Cy € R. Assume ‘bT’ < B and bRBth + Qbf{EEMh < kg for some
constant B, kg € R. Then
3A,,10f) > —C1|0f? — (Cs + Ko + 2B) |0f*.
Hence, if Cy 4+ kg + 2B < 0, then
Cy
S —
B Cy + ko + 2B

Remark 13.19.2. Since, for a compact balanced manifold (X,w,), the first Chern-Ricci
curvature coincides with (the (1, 1)-part of) the first Bismut-Ricci curvature, the assumption

ofI?

in the above theorem can be replaced with

3"Ric()) — 3v=1A(00wg) + “T° > —Ciwy — Cof*wp.
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Further, we note that the above assumption is strictly weaker than
3"Ric()) — 3V =1A(00wy) > —Ciwy — Caof*wh,
since “T° is positive-definite (unless the metric is Kéhler).

Theorem 13.19.3. Let f : (X,wy) = (Y,wp) be a holomorphic map between Hermitian

manifolds. Then

7 9n. (2 Lon. Lo, (4 1y, 3
AuOfP = VAP + 3 RicIA; + 15 Ric A + Rig )AL + S*Rie) A}
1 9,

2 Iy 2 2\ \2
96 ( J}Z’I’QT/:T + Tl:rzT;ZT) Ak + 64
2
2 4 = 4
—3’RBC,, AL - 5 RBC., > AL
« (3

L (150 078 t76 7 2y2 . Lomgoms yay2  logm 577 (240
o5 (Do T0 + 10 1T, ) NaN] + 2T 2T 2 + ST 07T o NN

— 13y ; ——
k
+ TE2TEN; — @2T;TST,3TA§

2

13.20. LICHNEROWICZ DUAL SCHWARZ LEMMA

Theorem 13.20.1. (242 Schwarz Lemma). Let f : (X,wy) — (Y,wp) be a holomorphic

map between Hermitian manifolds. Suppose
TRic?) + *Ric}) + 2°Ricl) + 2°Ric) > —Ciwy — Cofwp,
for some constants C1,Cy € R. Let C3 > 0 be a constant such that |27 < C3. If
22RBC,, + 2RBC,, < —ko,

then

12 3 12
Hence, if X is compact, and 4kg > Co, then

C C! C
Bulos = = (G g3 )iose+ (=53 ) lort

Ch +2C5

2 e —
|8f’ - 4/@0—02.

Theorem 13.20.2. Let f : (X,wy) = (Y,wp) be a holomorphic map between Hermitian
manifolds. Then
1. (2 1.1 1. (4 1. (3
Ay, |0f? = |VOf +3Ric!? A2 — 23RiclDA2 + 5Ric A2 + SRic\ 2 A2
+ (31T + 47 T) N+ PTARTE + 3, T

2
+3RBC,, (Z Ai) — 25RBC,, (Z Ai)

Lo TAB L 148 T 145 T8 L T
— (T, 3Tf, + 35, 3T, ) A2AS — A3 TE ATEAING + ~23 T3 T, 02 0%,

2



254 13. THE SCHWARZ LEMMA IN KAHLER AND NON-KAHLER GEOMETRY

13.21. REMARKS ON THE MAXIMUM PRINCIPLE

Although the pointwise equality (13.2.1) does not require the source manifold to be com-
pact, in the absence of compactness, there is no guarantee that a maximum exists, and the
maximum principle cannot be applied directly.

13.22. THE K—EXHAUSTION PROPERTY

One way to circumvent this in this in the non-compact case is to consider manifolds with a
certain exhaustion property:

Definition 13.22.1. ([212, §5]). A manifold M™ has the K -ezhaustion property if M is
exhausted by a sequence of open submanifolds M; C My C --- C M, with compact closures
and such that:

(i) for each k € N, there is a smooth function vy > 0 on My, with Av, < %—FK exp(vg),
for some fixed constant K > 0;
(ii) if p; is a divergent sequence? of points in My, then vy (p;) — oo.

Example 13.22.2. The unit ball B" has the K—exhaustion property with K = 2n(n + 1).
As a consequence, we can apply (13.4.1) if the source manifold is B". It is worth emphasizing
that this is why Chern considers this somewhat restrictive case in [96]. The K—exhaustion

property is, of course, very restrictive.

13.23. THE OMORI-YAU MAXIMUM PRINCIPLE

The breakthrough that was required for the Schwarz lemma in the non-compact case was
made by Omori [235] and Yau [330]:

Theorem 13.23.1. Let (M, g) be a complete Riemannian manifold. Assume Ric, > —C for
some C' € R. Let f: M — R be a smooth function that is bounded above. Then for any
e > 0, there is a point p € M such that |f(p) —supy, f| <e, |lgrad|,f|| < e, and A|,f <e.

Remark 13.23.2. The subject of maximum principles for non-compact Riemannian mani-
folds is rich: Omori [235] was the first to show that the naive extensions of the maximum
principle to complete Riemannian manifolds did not hold. Omori established the above the-
orem under the more restrictive assumption of a lower bound on the sectional curvature.
The lower bound on the Ricci curvature given in Yau’s formulation [330] is, of course, a

substantial improvement.

2An infinite sequence p; in My, is said to be divergent if every compact open set in M), contains only a

number of points in this sequence.
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Pigola—Rigoli—Setti further observed that the validity of the Omori—Yau maximum principle
on M does not depend on curvature bounds as much as one would expect. For instance, the
Omori—Yau maximum principle holds on every Riemannian manifold (M",g) which admits
a non-negative proper €2 function ¢ satisfying:
(i) There exists A > 0 such that [Vp| < A,/p away from a compact set.
(ii) There exists B > 0 such that Ay < B,/¢./G(,/¢) away from a compact set, where
G :[0,+00) — [0, +00) is a smooth function such that

(a) G(0) > 0. (¢) [;F°1/{/Gt)dt = co.

(b) G'(t) > 0. (d) limsup,_, t%((‘g) < 00.

A weaker form of the Omori—Yau maximum principle is given by dropping the requirement

on the gradient in the Omori—Yau maximum:

Definition 13.23.3. Let (M™, g) be a Riemannian manifold. We say that the weak Omori—
Yau mazimum principle holds on M if for any function u € €2(M) with sup,; u < oo, there

is a sequence of points {pi}ren in M with the following properties:

1 1
u(pg) > supu — -, Au(pg) < —.
Mk k

13.24. STOCHASTIC COMPLETENESS

The validity of the weak Omori—Yau maximum is equivalent to stochastic completeness. We
remind the reader that:

Definition 13.24.1. A (not necessarily complete) Riemannian manifold M is said to be
stochastically complete if for some (and therefore any) (z,t) € M x (0,00), it holds that

/ p(z,y,t)dy =1,
M
where p(x,y,t) is the heat kernel of the Laplacian.

Remark 13.24.2. One can give the following alternative descriptions of stochastic com-
pleteness:

(i) Any bounded solution u(z,t) in M x [0, 00) of the associated heat equation dyu = Au
is uniquely determined by the initial value u|¢—g.

(ii) The lifetime of the corresponding Brownian motion associated with the Laplace-
Beltrami operator is infinite.
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13.25. PARABOLIC MANIFOLDS

Example 13.25.1. Recall that a Riemannian manifold (M, g) is said to be parabolic if the
Laplacian does not admit a positive fundamental solution. Any parabolic manifold (e.g.,
R and R?) is stochastically complete. The converse is not true: R (with the Euclidean
measure) is stochastically complete for all n € N, but R™ is parabolic only for n € {1, 2}.

Remark 13.25.2. If (M",g) is geodesically complete, then one can state sufficient condi-
tions for parabolicity and stochastic completeness in terms of the volume function V(r) :=
w(B(zg,r)), where B(xo, ) is the geodesic ball of radius r centered at a fixed point zp € M.

For instance, we have:

(i) If [;° vy dr = oo, then M is parabolic.

(i) If f;° Wdr = 00, then M is stochastically complete.

We note that V(r) < Cr? and V(r) < €™ will imply (i) and (i), respectively (sce, e.g.,
[150)).

Example 13.25.3. ([70]). The Weil-Petersson metric wwp is stochastically complete.

13.26. HISTORICAL DEVELOPMENTS CONCERNING THE SCHWARZ LEMMA

The Schwarz lemma, as we have considered it, is built on a rich history. In its classical form,

it states:

Theorem 13.26.1. A holomorphic map f : D(R;) — D(Rs2) fixing the origin, satisfies, for
all z € D(Ry),

1f(2)] < —=]2. (13.26.1)

PROOF. The standard proof that we teach is the following: If f(0) = 0, the function
g9(2) := f(z)/z admits a holomorphic extension to all of D(R;). Applying the maximum
principle to g(z) on each disk |z| < Ry — €, and letting ¢ — 0 proves the statement. O

Remark 13.26.2. Let us remark that this was not the proof originally given by Schwarz
in [259] (who proved the Schwarz lemma for one-to-one holomorphic maps). The proof here
was first presented by Caratheodory [80, p. 114, Note 13], where it is attributed to Erhard
Schmidst.

In (13.26.1), if we keep R fixed, and let R; get arbitrarily large, we recover the following

well-known corollary:

Corollary 13.26.3. (Liouville’s theorem). A bounded holomorphic function f : C — C

assumes at most one value.
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13.27. BLOCH’S PRINCIPLE

Remark 13.27.1. The Schwarz lemma is a local, finite statement about holomorphic maps.
The Liouville theorem, in contrast, is a global statement obtained from letting R; — oo.
This is the prototypical example of the so-called Bloch principle; namely, the principle that
any global statement concerning holomorphic maps arises from a stronger, finite version:

Nihil est in infinito quod non prius fuerit in finito.>
To further illustrate Bloch’s principle, let us recall the following generalization of the Liouville

theorem: The Picard theorem states

Corollary 13.27.2. A non-constant entire function f : C — C assumes all but possibly one

value.
The corresponding finite version prophesized by the Bloch principle is the Schottky theorem:

Theorem 13.27.3. Let f : D — C be a holomorphic map which omits the values 0 and 1.
Then |f(2)| affords a bound in terms of |f(0)| and |z|.#

13.28. THE BLOCH CONSTANT

The first instance of the Bloch principle was the following Valiron theorem:

Corollary 13.28.1. A non-constant entire function has holomorphic branches of the inverse
in arbitrarily large Euclidean disks.

In [33], Bloch improved Valiron’s arguments and proved the underlying finite agent, which
we now call the Bloch theorem:

Theorem 13.28.2. Every holomorphic function f : D — C has an inverse branch in some
Euclidean disk of radius B|f/(0)|, where B > 0 is an absolute constant.

The constant B is now called Bloch’s constant, and its precise value remains unknown.

Remark 13.28.3. For the reader’s convenience, let us give a more transparent definition
of the Bloch constant: Let I denote the unit disk in C. Let O(D) denote the space of
holomorphic functions on D. Suppose that for some zp € D and f € O(D), f'(29) # 0. Then
there is a neighborhood U of zy such that f is univalent in U and f(U is a disk of center f(zg)
and radius rg. Denote this disk by ID(f(zp),r0) and refer to it as the univalent disk of f with
radius ro. Let (2o, f) denote the radius of the largest univalent disk of f with center f(zp),

3There is nothing in the infinite that has not previously been in the finite. See [34, p. 84]
4The original proof [257] gave no explicit bound for |f(z)].
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where 7(zo, f) = 0 if f'(z0) = 0. Define r(f) := sup{r(z, f) : z € D}. The Bloch constant is
then defined

B = inf{r(f): feOD): f(0)=1}.
13.29. THE SCHWARZ—PICK THEOREM

It was observed by Pick [245] that in the Schwarz lemma, we do not require f(0) = 0.
Indeed, suppose f : D — D is a holomorphic self-map of the unit disk. For « € D, the

Mobius transformation
Z—«

oD — D, a = —
Yo : D — al2) = ——

defines an automorphism of D which sends « the origin. The inverse of ¢, is, moreover,
ool = p_o. If f(0) # 0, we can produce a holomorphic self-map of D which fixes the origin
by considering the composite map

Przy0fop—z.
Setting w = ¢_,((), the familiar Schwarz lemma gives
[z 0 flw)l < lpz(w)].

Explicitly, this reads

Sflw) — f(z) ‘ w2
L= f(2)f(w) 1 —zw|
The function
dg : D x D — R, du(z,w) :== Z_iu
1—wz

defines a distance function on D, the pseudo-hyperbolic distance. The function dy defines an
honest distance function®. It does not, however, come from integrating a Riemannian metric.
This can be circumvented by replacing the pseudo-hyperbolic distance with the distance
function coming from the Poincaré metric:
o |dz|
SR

Remark 13.29.1. It is an elementary exercise to show that the associated Poincaré distance

dist,(z,w) = tan~* <1Z —v > .

— 2w

function is given by

Summarizing this discussion and replacing the pseudo-hyperbolic distance with the Poincaré

distance, we have recovered the theorem of Pick [245]:

5i.e., a symmetric non-degenerate function satisfying the triangle inequality.
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Theorem 13.29.2. (Schwarz-Pick lemma). Let f : D — D be a holomorphic self-map of
the unit disk. Then for all z,w € D,

dist,(f(2), f(w)) < dist,(z,w).
That is, with respect to the Poincaré distance, all holomorphic maps are distance-decreasing.

13.30. THE AHLFORS—SCHWARZ LEMMA

Observe that since the Poincaré distance function comes from a Hermitian metric, we can

look at its curvature. The Gauss curvature of a Hermitian metric ¢ = A|dz| is the function
K, = ——

In particular, if K, < —C, then setting u = log()\), we have Au > Ce?".

Applying the above formula, the curvature of Poincaré metric

|d2]
p =
(1—1z[%)
is seen to be K, = —4. That is, the Poincaré metric has constant (negative) Gauss curvature.

If we suppose that g = e*|dz| is some metric of negative curvature, in the sense that K, < —4,
it is natural to ask how g compares with the Poincaré metric. If we let R = 1 — ¢ for some
e € (0,1), the Poincaré metric on D(R) is given by pr = e"|dz| := R27L1Z|2|al2|. Since
K, —4, we have Av = 4e?. Hence, on the open set  := {z € D(R) : u(z) > v(z)}, the

function u —v is subharmonic: A(u—v) > e?* —e?. By the maximum principle, ©—v cannot

R —

achieve an interior maximum; hence, the supremum must be approached on the boundary.
But © cannot have boundary points on |z| = R, since v — oo as |z| — R. By continuity, at
a boundary point z of 2 with |z| < R, we have u — v = 0, yielding a contradiction if € is
non-empty. We therefore deduce that u(z) < v(z) for all |z| < R. Letting ¢ — 0 recovers the
following theorem of Ahlfors:

Theorem 13.30.1. (Ahlfors-Schwarz lemma). Let (3, g) be a Riemann surface with Gauss
curvature K, < —4. Then for all holomorphic maps f : D — ¥,

disty(f(2), f(w)) < dist,(z,w),
for all z,w € D.
13.31. MORE ON THE BLOCH CONSTANT

In the collected works of Ahlfors [3, p. 341], one finds the following reflection concerning his
version of the Schwarz lemma: Ahlfors confesses that his generalization of the Schwarz lemma

had “more substance that I was aware of”, but “without applications, my lemma would have
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been too lightweight for publication”. The applications that Ahlfors alludes to here were the
following: First, a proof of Schottky’s theorem with definite numerical bounds: If f : D — C
is a holomorphic function such that f(D)N{0,1} = (), then

1+9

log|f(2)l < {5 (7+max{0,log[f(0)[}),

for all |z] < ¥ < 1. The second was an improved lower bound on the Bloch constant:

B> X2 (13.31.1)

Remark 13.31.1. Ahlfors—Grunsky [4] established an upper bound on the Bloch constant:

1 T(HI(E)

1+v3 T(3)
In 1990, Bonk [40] improved the lower bound to B > % + 10714, In 1996, Chen-Gauthier
[92] obtained B > @ +2-107% At present, the best lower bound has been achieved by
Xiong [318]: B > ? +3-107%. This remains far from the conjectured value:

B ~ 0.4719.

Conjecture 13.31.2. The Bloch constant is conjectured to be equal to the Ahlfors—Grunsky
upper bound:

1 T(3)T(5)
1+v3 T(3)

13.32. FURTHER DIRECTIONS

~ 0.4719.

The results of this section remain very preliminary and continue to be worked out and
developed in [60, 61]. We suspect that the Schwarz lemmas for the Bismut connection
established here (and [60, 61]) will play a role in the pluriclosed flow [276, 277]. In the
spirit of [52, 53] we intend to extend these results to prove Gauduchon versions of the
Aubin—Yau and Chen—Cheng—Lu inequalities.

Exploring the Bochner technique in the Riemannian category for connections more general
than the Levi-Civita connection would also be of tremendous interest.
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Part 3

The Wu—Yau Theorem



CHAPTER 14

The Wu—Yau Theorem and Kobayashi Conjecture

Just as the final chapter of part 1 and part 2 served to summarize and unify the chapters
that preceded it, part 3 — The Wu—Yau Theorem — serves to summarize and unify the parts
that preceded it. The Wu—Yau theorem is a key step forward in the more general Kobayashi
conjecture, which predicts that a compact Kobayashi hyperbolic manifold is projective and
canonically polarized. The central workhorse in the Wu—Yau theorem is the Schwarz lemma,
as we indicate with great detail!. We also include a detailed discussion of the difficulties
present in extending the Wu—Yau theorem beyond the known cases.

Chapter 14 places the Wu—Yau theorem in the context of the more general Kobayashi con-
jecture, motivating the later chapters. In chapter 15, we discuss how the Wu—Yau theorem
is a strictly weaker form of the Kobayashi conjecture, discussing the failure of the negativity
of the holomorphic sectional curvature to characterize Kobayashi hyperbolicity. Chapter 15
also contains a detailed proof of the Wu—Yau theorem, avoiding any cohomological techniques
or ambient Kéahler assumption, relegating the theory of complex Monge-Ampere equations
to Chapter 16. In Chapter 17, the Diverio-Trapani extension of the Wu—Yau theorem (re-
laxing negativity of the holomorphic sectional curvature to quasi-negativity) is presented as
a consequence of the more general results obtained by the author, joint with Kai Tang and
Yashan Zhang. The final chapter — Chapter 18 — discusses the conjectural positive analog
of the Wu—Yau theorem. This does not exist in the literature and has been a curious and
confusing aspect of the subject.

We saw in part 2 that the holomorphic sectional curvature of a Kahler metric controls the
value distribution of holomorphic curves. More precisely, we saw that a Hermitian manifold
(X,w) with Chern holomorphic sectional curvature bounded above by a negative constant
“HSC, < —kg < 0 is Brody hyperbolic. In particular, if X is compact, then X is Kobayashi
hyperbolic. On the other hand, if (X,w) is a compact Kéhler manifold with positive (Chern)
holomorphic sectional curvature “HSC,, > 0, then X is rationally connected.

1Whi1e, after reading the contents of this part, the reader may find this statement obvious, for a long
time this was not clear. For instance, in reading the proof of the Wu—Yau theorem via the K&hler—Ricci flow

that appears in [233], removing the background Ké&hler assumption appeared to be a daunting task.
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14.3. MOISHEZON MANIFOLDS 265

The holomorphic sectional curvature is the most natural curvature constraint from the per-
spective of complex geometry. On the other hand, in algebraic geometry, the (first Chern)
Ricci curvature CRiCEJl) is most natural. Indeed, the ampleness of the canonical bundle of a

compact Kéhler manifold is equivalent to the Ricci curvature being everywhere negative.

14.1. THE KoBAYASHI CONJECTURE

To understand the landscape of complex manifolds, we want to not only understand the
complex-analytic and algebro-geometric classifications but how they are related. As we
discussed in the introduction, one of the primary motivators is the following (Hermitian
extension of the) Kobayashi conjecture:

Conjecture 14.1.1. Let (X,w) be a compact Kobayashi hyperbolic manifold. Then the
canonical bundle K x is ample. In particular, X is projective and canonically polarized.

We observe that the Kobayashi conjecture predicts that if a compact complex manifold X
supports no entire curves C — X, then Kx is ample. In particular, X is projective with a
Kéhler-Einstein metric w, such that Ricy,, = —w,,.

14.2. THE KOBAYASHI CONJECTURE FOR COMPLEX SURFACES

By the classification of surfaces, a proof of the Kobayashi conjecture for Kéhler surfaces was

given by Campana [74] and Wong [313]:

Theorem 14.2.1. ([74, 313]). Let X be a compact Kéhler surface. If X is Kobayashi
hyperbolic, then Kx is ample.

Proor. Classify X by its Kodaira dimension x: If K = —o0o, then X is uniruled and hence,
cannot be hyperbolic. If kK = 0, then X is covered either by a torus or a K3 surface; both are
non-hyperbolic. For tori, this is clear; for K3 surfaces, this follows from the fact that if X is
a K3 surface, then X has arbitrarily small close deformations, which are Kummer surfaces,
which are not hyperbolic. Since small deformations of hyperbolic manifolds are hyperbolic,
the result follows. If k = 1, then X is an elliptic surface and thus, is not hyperbolic. If
k = 2 and Kx is not ample, then by Kodaira’s theorem, X contains a (—2)—curve. Hence,
X cannot be hyperbolic. ([

Remark 14.2.2. If, in addition, one assumes that X admits a Kéhler metric of negative
holomorphic sectional curvature, an alternative argument was given by Heier-Lu-Wong [163].

14.3. MOISHEZON MANIFOLDS

There are a number of cases for which the (Hermitian extension of the) Kobayashi conjecture
can be verified. First, we state the following definition:
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Definition 14.3.1. Let X be a compact complex manifold. We say that X is Moishezon if
there is a bimeromorphic map ¢ : X — Y onto a smooth projective variety Y.

Remark 14.3.2. We remind the reader that the algebraic dimension ax of a (connected)
compact complex manifold X is defined to be the transcendence degree of the field of mero-
morphic functions on X. This is a non-negative integer 0 < ax < dimc(X). From [213,
Chapter 3], Moishezon manifolds can be equivalently described by having maximal algebraic
dimension, i.e., ax = dimg(X).

Remark 14.3.3. Since the Kodaira dimension xx bounds the algebraic dimension from
below:

kx < ax < dimcX,
it is clear that if X is a compact complex manifold of general type, then X is Moishezon. In
fact, it is easy to see that X is Moishezon if and only if X supports a big line bundle £ — X.

Moishezon manifolds play an important role in the Kobayashi conjecture. For instance, we
have:

Theorem 14.3.4. Let X be a compact Kobayashi hyperbolic manifold with Kx big. Then
X is projective and canonically polarized.

ProoF. If Kx is big, then X is Moishezon. Moishezon’s theorem [220] asserts that if
X is Moishezon without rational curves, then X is projective. Hence, we deduce that X
is projective and of general type. From the base-point-free theorem and the relative cone
theorem [223, 187, 197], a projective manifold of general type with no rational curves has

ample canonical bundle. O

14.4. STU-DEMAILLY SOLUTION OF THE GRAUERT—RIEMENSCHNEIDER CONJECTURE

We can replace the big assumption on the canonical bundle with the quasi-negativity of the

first Chern—Ricci curvature of a Hermitian metric using the following Siu-Demailly criterion:

Theorem 14.4.1. Let (X,w) be a compact Hermitian manifold with quasi-negative (or
quasi-positive) first Chern—Ricci curvature. Then X is Moishezon.

14.5. HOLOMORPHIC MORSE INEQUALITIES

In fact, this can be vastly improved by making use of holomorphic Morse inequalities. To
describe the improvement, we introduce the following definition:

Definition 14.5.1. Let (£,h) — X be a Hermitian line bundle over a compact complex
manifold X. We define the k—index locus Zy(L,h) of (£, h) to be the set of points in X such
that the curvature form ©(“") has k negative eigenvalues and n — k nonnegative eigenvalues.
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With the above definition, we have the following [111, p. 167]:

Theorem 14.5.2. Let (£,h) — X be a Hermitian line bundle over a complex manifold X.

/Zl(m) (@“*h)) > 0,

then k(L) = n, the line bundle £ is big, and X is Moishezon.

Suppose

In particular, we have

Corollary 14.5.3. Let X be a compact Kobayashi hyperbolic manifold.
(i) If there is a Hermitian line bundle (£, h) — X such that le(L 0 (@(L’h))n > 0, then
X is projective with nef canonical bundle.

(ii) If there is a Hermitian metric w on X such that le ( (—CRiCSJl)>n > 0, then

Kx ,w”)
X is projective and canonically polarized.

14.6. KoBAYASHI HYPERBOLICITY AND CALABI-YAU MANIFOLDS

One of the critical cases to rule out is the Kobayashi hyperbolicity of complex manifolds with

vanishing Kodaira dimension:

Lemma 14.6.1. Let X be a projective Kobayashi hyperbolic manifold. Assume the abun-
dance conjecture holds. If Kobayashi hyperbolic manifolds must have positive Kodaira di-
mension k > 0, then the Kodaira dimension must be maximal x = dim¢ X.

ProOF. If X is projective Kobayashi hyperbolic, then by Mori [223], the canonical bun-
dle Kx is nef. In particular, the abundance conjecture (which is known in dimensions < 3)
implies that Kx is semi-ample. That is, the linear system |K§?Z| yields a surjective holo-

morphic map @ K X — Y c P™ onto a normal irreducible and reduced projective

KR
variety Y of dimension dim¢ Y = k(X), where the fibers of this map have vanishing Kodaira
dimension. Since complex submanifolds of Kobayashi hyperbolic manifolds are Kobayashi
hyperbolic, the fibers must be zero-dimensional and k(X ) = dim¢ Y = dim¢ X, i.e., X must

be of general type. O



CHAPTER 15

Kobayashi Hyperbolicity and the Holomorphic Sectional

Curvature

Kobayashi hyperbolicity is strictly weaker than the existence of a Hermitian metric with nega-
tive (Chern) holomorphic sectional curvature. For a long time, it was conjectured that a com-
pact Kobayashi hyperbolic manifold admits a Hermitian metric with negative (Chern) holo-
morphic sectional curvature. Evidence for this conjecture was given by Grauert—Reckziegel
[143] who constructed a Hermitian metric in a neighborhood of a fiber of an analytic family
of compact Riemann surfaces of genus g > 2 over a Riemann surface, such that the Hermitian
metric has negative holomorphic sectional curvature in this neighborhood. This local con-
struction was extended to higher dimensions by Cowen [103]. Deschamps—Martin [113], and
Schneider [255] showed that Kodaira surfaces of general type have negative tangent bundle
in the sense of Grauert.

15.1. CHEUNG’S FIBRATION CONSTRUCTION

The first general construction of Hermitian metrics with negative holomorphic sectional cur-
vature was given by Cheung [98, 99|:

Theorem 15.1.1. Let f: X — Y be a holomorphic submersion from a compact complex
manifold X into a Hermitian manifold (Y, wy,) with “HSC,, < 0. If each fiber X, := f~1(y)
supports a Hermitian metric with negative (Chern) holomorphic sectional curvature, and
these metrics vary smoothly as a function of Y, then X supports a Hermitian metric with
everywhere negative (Chern) holomorphic sectional curvature.

In other words, if f is a holomorphic submersion with
(HSC < 0 base) + (HSC < 0 fiber) = (HSC < 0 total space).

Example 15.1.2. Let f : X — Y be a Kodaira surface. The base Y and fibers X, are
compact Riemann surfaces of genus ¢ > 2. Hence, admit Hermitian metrics of negative
(Chern) holomorphic sectional curvature. Therefore, by 15.1.1, X admits a Hermitian metric

with negative (Chern) holomorphic sectional curvature.
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Remark 15.1.3. From the subbundle decreasing property of the holomorphic sectional cur-

vature, we also have
(HSC < 0 total space) = (HSC < 0 fiber).

It is natural to ask, therefore, the following:

Question 15.1.4. Let f : (X,wy;) — Y be a holomorphic submersion from a compact
Hermitian manifold (X, wy) with “HSC,,, < 0. Does there exist a Hermitian metric wy, on Y’
such that “HSC,,, < 0?7

15.2. POSITIVE ANALOG OF CHEUNG’S FIBRATION THEOREM

Let us remark that the positive analog of 15.1.1 was recently established by Chaturvedi—Heier
[83]:

Theorem 15.2.1. Let f : X — Y be a holomorphic submersion from a compact com-
plex manifold to a Hermitian manifold (Y,wy,) with “HSC,,, > 0. Assume the fibers admit
Hermitian metrics with positive (Chern) holomorphic sectional curvature. Then X admits a
Hermitian metric with positive (Chern) holomorphic sectional curvature.

15.3. THE SEMI-POSITIVE ANALOG OF CHEUNG’S FIBRATION THEOREM

Example 15.3.1. The semi-positive (or non-negative) analog of 15.2.1 does not hold, as the
following example illustrates: Let p : D x D — D be the holomorphic map given by projecting

to the second factor, i.e., p(z,w) = w. The Hermitian metric wy, := v—lgiﬁgg) on D has

positive (Chern) holomorphic sectional curvature. On the other hand,

2w dz A dz
o =vV-1—7F—7
1+ [o[icilul
restricts to a Hermitian metric of semi-positive (Chern) holomorphic sectional curvature on

each fiber. For any A > 0,
wy = ®+ Apfwy
is a Hermitian metric, but does not have semi-positive (Chern) holomorphic sectional curva-

ture for any A > 0.

15.4. DEMAILLY’S ALGEBRAIC HYPERBOLICITY CRITERION

Despite the growing evidence for the conjecture that every compact Kobayashi hyperbolic
manifold admits a Hermitian metric with negative (Chern) holomorphic sectional curvature,
it was later shown by Demailly [109] that the conjecture was false. The starting point is the
following algebraic hyperbolicity criterion:
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Proposition 15.4.1. (Demailly). Let (X,w) be a compact Hermitian manifold and let
f € — X be a non-constant holomorphic map from a Riemann surface € of genus g.
Suppose that HSC,, < A for some A € R. Then

A
22 +]§(mp —1) < -deg,(©),
where deg,(€) = [, ffw.

PRrOOF. We follow the proof given in [115]: The differential df of f : € — X gives an
injection df : T19€ — TH0X at the level of sheaves. Because of the vanishing of df, this is
not an injection of bundles. Let D = Zpee(mp — 1) - p, where m,, denotes the multiplicity
of df at p. Twisting T1°C with the line bundle associated to D gives an injection of bundles
df : TH°C ® Oe(D) — THOX.

If ¢ is a local holomorphic coordinate centered at a point p € C, then J; gives a coordinate
frame for T19C. A local holomorphic frame for T19€ ® O¢(D), centered at p € €, is given

by n(t) = t!=™r9,. Set £(t) := df (n(t)), which gives a local holomorphic coordinate frame for
f*Tx. The Griffiths curvature of (T19C®0¢(D), h) is

(O(TH0C®0e(D), h) (9, 0, E)n = O(THPC®0e(D), h) (D, ) |I€]15-
By the subbundle decreasing property of the holomorphic sectional curvature, we have
(O(TH0C20e(D), h)(9r, )€ E)n < (O(F Tx, f1w)(D, D)€, €) pru
= (FO(T""X,w) (0, 3)E,€)
= [ THHO(THX, w)(E, )€, €)w
< AN
= —V=1A(f'w)(3:, 0y),
where f*w is understood to be the pullback at the level of forms. This implies that
V=10(TC20e(D),h) < Afw.

Hence,

/1 A
/2@(T1»06®oe(@),h) < o~ flw= idegw(e)-
e 2m &

Further,

=

[ 5,0 ea0e(D).h) = deg(T"C206(D)) = 220+ > (my—1),

proving the theorem. O



15.7. THE HOLOMORPHIC SECTIONAL CURVATURE AND RICCI CURVATURE 271

Remark 15.4.2. It is perhaps worth noting that Demailly’s algebraic criterion does not
distinguish between non-positive and quasi-negative holomorphic sectional curvature.

15.5. DEMAILLY’S COUNTEREXAMPLE

Remark 15.5.1. Demailly’s example of a Kobayashi hyperbolic manifold that does not
support a Hermitian metric of negative holomorphic sectional curvature effectively reduces
to the following: Construct a projective surface X which is fibered by hyperbolic curves over a
hyperbolic base. This ensures that X is Kobayashi hyperbolic. Then construct this fibration
so that there is a sufficiently singular fiber that violates Demailly’s algebraic obstruction.
The reader may wish to consult [109, 115] for further details.

15.6. THE WU—-YAU THEOREM

The fact that Kobayashi hyperbolicity is strictly weaker than the existence of a Hermitian
metric with negative (Chern) holomorphic sectional curvature makes the Kobayashi conjec-
ture particularly difficult — there is even less structure to work with. On the other hand,
even if we have a Hermitian metric of negative (Chern) holomorphic sectional curvature, its
relationship to the canonical bundle is not so clear.

If X is a compact complex manifold, then K x is ample if and only if there exists a Hermitian
metric w with negative (first Chern) Ricci curvature CRico(}) < 0. In the presence of a
Hermitian metric of negative holomorphic sectional curvature, the Kobayashi conjecture can

be expressed as follows:

Conjecture 15.6.1. Let (X,w) be a compact Hermitian manifold with “HSC,, < 0. Then
there exists a Kahler metric 7 such that Ric,) < 0.

15.7. THE HOLOMORPHIC SECTIONAL CURVATURE AND RicCl CURVATURE

The first evidence for this version of the conjecture comes from the fact that the holomorphic
sectional curvature and Ricci curvature reside on similar strata of the curvature hierarchy.
For instance, if w is a Kéhler metric, then both the Ricci curvature and holomorphic sectional
curvature are dominated by the holomorphic bisectional curvature and dominate the scalar
curvature. On the other hand, they do not dominate each other:

Example 15.7.1. Let

Xg = {8+ - +24=0} C P
be the Fermat hypersurface of degree d > n + 2 in P". By adjunction, Kx, is ample, and
therefore, by the Aubin—Yau theorem, X; admits a Kahler—Einstein metric of negative Ricci
curvature. There is no Hermitian metric on Xy with negative (Chern) holomorphic sectional

curvature, however, since X, contains complex lines.
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15.8. HERMITIAN WU-YAU THEOREM

In light of these examples, the following theorem illustrates the curious relationship between
the holomorphic sectional curvature and the Ricci curvature ([52, 53, 326]):

Theorem 15.8.1. (Hermitian Wu—Yau theorem). Let (X, wg) be a compact partially Kéhler-
like! Hermitian manifold with a Hermitian metric wy, such that ‘RBC,, < 0. Then Kx is
ample. In particular, X is projective and canonically polarized.

We do not have full access to cohomology to prove the Hermitian Wu—Yau theorem. The
technique relies on establishing the existence of a Kéhler—Einstein of negative scalar curva-
ture. The construction of this Kéhler—Einstein metric will be given by a solution of a complex
Monge-Ampere equation, following the framework set up in [315].

15.9. COMPLEX MONGE-AMPERE EQUATIONS ON HERMITIAN MANIFOLDS

We give a proof of the Wu—Yau theorem assuming the solvability of the complex Monge—
Ampere equation. Namely, we will assume the following theorem [97, 297]:

Theorem 15.9.1. (Cherrier, Tosatti-Weinkove). Let (X,w) be a compact Hermitian man-
ifold. Let F € C*(X,R) be a smooth function. Then there exists a unique ¢ € C>°(X,R)
and a unique b € R such that w, := w + /—199¢ > 0 and

w,. =

g €F+bwn’

sup ¢ = 0.

X
We will return to a discussion of the complex Monge-Ampere equation after completing the
proof of the Wu—Yau theorem.

The proof of the Hermitian extension of the Wu—Yau theorem hinges upon the Schwarz
lemma in the Hermitian category. As a consequence, we require a lower bound on the second
Chern—Ricci curvature of the source metric appearing in the Schwarz lemma and a negative
upper bound on the (Chern) real bisectional curvature of the target metric.

15.10. OUTLINE OF THE PROOF

Let us outline the structure of the argument: We want to first show that if (X,wg) is a
compact Hermitian manifold with a Hermitian metric wj, such that “RBC,,, < —rp < 0, then
the canonical bundle Kx is nef. Following [315, 316, 298, 326, 52, 53], we proceed by
contradiction and suppose that Kx is not nef. Then there exists an €9 > 0 such that the real
(1,1)-form

gowg — CRicE}g) +v—190¢

IF¥or the reader’s convenience, we recall that partially Kéhler-like metrics are defined in Definition 13.5.1.
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is not positive-definite for any smooth function ¢ € €*°(X,R). However, for any € > 0, the
real (1,1)—form

(e +e0)wg — CRic((‘,lg) +/—100¢
is a positive-definite Hermitian metric. By the Aubin—Yau theorem [15, 329], there is a
smooth function 9. € €>°(X,R) such that

we = (e4+eg)wy — cRich) +v/—=100u. > 0, ue = Qe+, (15.10.1)

is a solution of the complex Monge—Ampeére equation

we = e'wy. (15.10.2)
Differentiating (15.10.2) yields
Ricl) = —v=100uc + Ric}) = —w + (e + co)w,. (15.10.3)

Hence, w; is a twisted first Chern—Ricci—Einstein metric.

Let wyp, be the Hermitian metric on X with “RBC,, < —rp < 0. To apply the Hermitian

Chenr—Lu inequality to the identity map id : (X,we) — (X, wp), we need control of CRicc(f)

e

Recall from the relations on the Chern—Ricci curvatures that
CRicEi) = CRic‘(ulg) — V=1A(80w.) — (80} we + 0D w.) + T2,
where A. is the formal adjoint of the Lefschetz operator L, (-) := w. A -, and 9}, 07 denote
the formal adjoints (with respect to w.) of 0, 9, respectively.
15.11. NEFNESS OF THE CANONICAL BUNDLE

We can generate several variants on the Hermitian extension of the Wu—-Yau theorem by
considering various constraints on the metric w.. The simplest case is when w, is (Chern)
partially Kéhler-like (e.g., when w, is Chern Kéhler-like, or Kéhler). We proceed with the

argument in this case, and will return to consider alternative assumptions on w;:

Suppose that for all ¢ > 0, the metric w, is (Chern) partially Kéahler-like. Then (15.10.3)
implies that

cRicEi) = —w:+ (e +€o)wy.

Since X is compact, the smooth metrics w, and wy, are uniformly equivalent. In particular,
we have a uniform? constant C' > 0 such that wg > C~lwy, and therefore,

CRicfg) > —w. +C e+ go)wn.

2Throughout this section, uniform will be understood to mean independent of ¢ > 0 for £ > 0 small.
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Hence, the Hermitian Chern—Lu inequality yields

1
C—e+ep) + ko
where the last (generic) constant C' > 0 is uniform, independent of £ \, 0. Let xg € X be
the point at which u. attains its maximum. At this point, we have /—190u.(z¢) < 0, and
hence ((5 + eo)wg — CRic&?) (xo) > 0. Further,

tr,, (wp) <

((5 + gg)wg — CRich)

n
wg

) (z0) < C, (15.11.1)

Sy s _ ue(n) o

where C' > 0 is a uniform constant. From (15.11.1) we have a uniform constant C' > 0 such
that

wn
sup— < C.
X Wg
Therefore, from the uniform equivalence of w, and wy,, we have

_wg _ _
tro, (we) < trg, (wg)"™ 1;‘; < COtry, (wy)" 1 < Ctry_(wp)™ ! < C,
g
where C' > 0 denotes a generic uniform constant. It follows that there is a uniform constant

C > 0 such that
C’_lwg < we < Cuy.

This, together with the complex Monge-Ampere equation w? = e wg implies that inf x ue >
—C'. The higher-order estimates

[wellek(xwy) < Cks (15.11.2)

where C}, is independent of ¢ for all k € Ny, follow from [97], generalizing Calabi’s third-order
estimate [329] (c.f., [244, 297, 298]). Given (15.11.2), we can now obtain the desired con-
tradiction. Indeed, from (15.11.2), via the Arzela—Ascoli theorem and a diagonal argument,

there is a subsequence €; “\, 0 such that w., converges smoothly to a Hermitian metric
wo = gowy — “Ricl)) + v=100u > 0,

violating the fact that eqw — CRiCSg) + v/—100u is not positive-definite.

We formulate the statement we just proved more precisely:

Theorem 15.11.1. Let (X,wy) be a compact Hermitian manifold with a Hermitian metric
wp, such that “RBC,,, < —r¢ < 0. If, for any € > 0, the Hermitian metric

we = (e+eg)wyg — CRicfulg) + vV/—190u.
defined in (15.10.1) is Chern partially Kéahler-like, then Ky is nef.
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15.12. PARTIALLY KAHLER-LIKE WU-YAU THEOREM

We may now give a proof of the following Hermitian extension of the Wu—-Yau theorem
following [315]:

Theorem 15.12.1. Let (X,wy) be a compact Hermitian manifold with a Hermitian metric
wp, such that “RBC,,, < —r¢ < 0. If, for any € > 0, the Hermitian metric

we = (e+eg)wg — CRicE}g) + v/ —190u.
defined in (15.10.1) is Chern partially Kéhler-like, then Kx is ample.

ProoOF. From 15.11.1, the canonical bundle Kx is nef. Hence, for any ¢ > 0, there is a
smooth function f. € C*°(X,R) such that

Wr = Ewyg —CRiCL(}g) ++v/—=190f. > 0

on X. By [15, 329, 297], there is a smooth function v, € €*°(X) such that, for u. := f. 4.,
we have
Wy, = €' wy, Wy, 1= EWg — CRich) +v/=100u. > 0.
Repeating the argument from 15.11.1, we extract a subsequence &; ™, 0 such that w,,_
converges smoothly to
Wy = —CRiCE}g) +v/—=100u > 0,

where wy; = e"wy. Differentiating the complex Monge—Ampere equation, we see that

“Ric}) = “Ric}) —vV-100u = —uw,. (15.12.1)

In particular, w, is first Chern-Ricci-Einstein. Taking the exterior derivative of (15.12.1)
shows that w, is Kéhler, and hence, Kéhler—Einstein with negative scalar curvature. There-
fore, Kx is ample, and X is projective and canonically polarized. O

Remark 15.12.2. The structure of the above argument is both elementary and marvelous.
The argument requires no cohomology theory, and hence, no Kéhler assumption. What is,
moreover, quite striking is that the Kéhler—Einstein is constructed directly on a non-Kéhler
Hermitian manifold. This should be compared with the Kahler—Ricci flow proof of the Wu—
Yau theorem (in the Kéhler setting) given by Nomura [233] which argues in the reverse
direction: One obtains the Kéhler—Einstein metric by proving that the canonical bundle Kx
is ample. This latter approach requires more algebro-geometric theory, and hence, is less

amenable on a general Hermitian manifold.

Remark 15.12.3. Let us further remark that although the argument for the proof of both
15.11.1 and 15.12.1 is contained in [315, 316, 298], the statements are only given for Kéhler
metrics. The reason for this is likely because of the awkward nature of additional assumptions
on a Hermitian metric, outside of the Kéahler condition dw = 0. Indeed, both 15.11.1 and
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15.12.1 are stated in terms of the perturbed metric w.. The metric w. is perturbed (from wy)
in two ways:

(i) It is scaled in the wy direction by € + €o;

(ii) and it is translated within its 99-cohomology class by —cRicé(dlg) + v/ ~190u..

Outside of the Kahler condition, not many assumptions on w, are preserved by the map
Wg > we = (€4 ¢€0)wg — cRich) +v/~190u.. (15.12.2)

The balanced or partially Kihler-like conditions are certainly not preserved with the 90—
cohomology class, for instance. The pluriclosed condition is preserved by the map (15.12.2).
Unfortunately, the pluriclosed is not as fruitful as the balanced condition in comparing the

first and second Chern—Ricci curvatures. Indeed, if w, is pluriclosed, then
CRicL(i) = CRich) — (00} we + 0DFw.) + T2,

and one still has to deal with the 99} w. 4+ 00 w. term. Note that °T is positive, so can be
done away with in the estimate. The 00w, 4+ 09 w. term does not have a sign in general
and vanishes only if w. is balanced. Of course, by 10.5.8, a Hermitian metric that is both
balanced and pluriclosed is Kéhler. For further results in this direction, we invite the reader
to consult [60, 61].

15.13. BisMmuT WU-YAU THEOREM

Let us give an example application of the Bismut Schwarz lemma 13.19.1 to the Hermitian
extension of the Wu—Yau theorem:

Theorem 15.13.1. Let (X,w,) be a compact Hermitian manifold with a Hermitian metric
wy, such that

"RBC,, +'RBC,, < —ko < 0.

Suppose that for any € > 0, the Hermitian metric w, defined in (15.10.1) is balanced with

- 1 1
A /_1A5(88wg) < g(Cl — 3)0)5 + 5(02 + 3(5 + 50))(&197

for some constants C1,Cs € R, where A, is the formal adjoint of the Lefschetz operator
associated to we. If there is a uniform bound By on the norm of the Bismut torsion of w,
and kg — Co — 2By > 0, then Kx is ample.

The proof is identical to the proof of 15.11.1 and 15.12.1, making the appropriate modifica-
tions in the Schwarz lemma. We could include a substantially larger number of variants on
the Hermitian extension of the Wu—Yau theorem, but due to time constraints, we leave these
to [61].
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15.14. FURTHER DIRECTIONS

From the monotonicity theorem for the t—Gauduchon holomorphic sectional curvature, we
see that negative Chern holomorphic sectional curvature is the strongest condition on the
Gauduchon holomorphic sectional curvatures. On the other hand, positive Chern holomor-
phic sectional curvature is the weakest condition on the Gauduchon holomorphic sectional
curvatures. Recall that if (X,w) is a Hermitian manifold (not necessarily complete) with

*HSC,, < —Ko < 0,

then the Schwarz lemma implies that X is Brody hyperbolic (i.e., every holomorphic map
C — X is constant). If X is compact, then Brody’s theorem implies that X is Kobayashi
hyperbolic. For a long time, it was conjectured that every compact Kobayashi hyperbolic
manifold supports a Hermitian metric with negative Chern holomorphic sectional curvature.
A counterexample to this conjecture was given by Demailly [109] (see also [115]). The
counterexample is given by a projective Kobayashi hyperbolic surface, fibered by genus g > 1
curves over a genus g > 1 curve, with a fiber sufficiently singular to violate Demailly’s
algebraic hyperbolicity criterion.

In light of the above monotonicity result for the Gauduchon-Holomorphic sectional curvature,
it is natural to ask the following question:

Question 15.14.1. Let X be a compact Kobayashi hyperbolic manifold. Does X admit a
Hermitian metric with ‘HSC,, < 0 for some (range of) t € R?

In [60, 61], significantly more general results will appear concerning the Wu—Yau theorem
in the Hermitian category. These results, at the time of writing this, however, are still in
preparation.
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CHAPTER 16

A Brief Discussion of Complex Monge—Ampere Equations

We start by recalling the general framework which has been the foundation of complex
differential geometry since [329].

16.1. YAU’S SOLUTION OF THE CALABI CONJECTURE

We saw in Chapter 2 that if w is a Kihler metric, then the Ricci form Ric, = —v/—190 log w™
represents the first Chern class of the anti-canonical bundle cl(K)_(l). The Calabi conjecture
asserts that the converse is true, namely:

Conjecture 16.1.1. (Calabi [71]). Let (X,w) be a compact Kéhler manifold. Let a be a
representative of ¢;(Ky'). Then there exists a Kihler metric w, = w + v/—100¢ such that

a = Ricy, .
Assuming the Calabi conjecture, we see that by taking o = 0, it follows that for any Kéahler

metric w, there is a cohomologous metric w,, such that Ric,,, = 0.

It was shown by Calabi that the Calabi conjecture is equivalent to the solvability of a complex
Monge-Ampere equation. Indeed, for any Kéahler metric w, and any representative a of
c1(Kx"'), we have Ric,, = a + /—19JF for some smooth function F' € €®(X,R). Since

a = Ric,,, we have
Ric, = Ricy, + V—100F <= —/—100logw™ = —v/—1001log wg +V/—=100F
< /—190log Z% = +/—100F.
By the maximum principle, there is a constant b € R such that

W
log—~£ = F+b,
w

and thus, the solvability of the Calabi conjecture is equivalent to the solvability of the complex
Monge-Ampere equation

Wl o= ey, (16.1.1)
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16.2. UNIQUENESS

The uniqueness of (16.1.1) was established by Calabi [71] and follows from a straightforward

maximum principle argument.

16.3. EXISTENCE

The method of existence to (16.1.1) was also formulated by Calabi. The approach is the
well-known continuity method. We consider a family of complex Monge—Ampere equations,
starting from one whose solution is known and ending at (16.1.1):

(W + V —1359@)” — etF—"_thn’
where w; := w 4+ v/—100¢; > 0 and ¢; is the constant such that Jx wy, = Ix etf+etyn,

16.4. OPENNESS
The openness will follow from the implicit function theorem for Banach spaces [279]:

Theorem 16.4.1. (Implicit Function Theorem). Let ¥ : U x V — W be a C*-operator
between Banach spaces. Write D,V (x¢,y) € Hom(V, W) for the differential of y — ¥(zo,y),
for some fixed xg € U. If D,¥(xo,y) is invertible at (zo,y0) € U x V. Then there are open
neighborhoods Uy C U x V and Vy CV x W of (zg, y0) and (zg, ¥ (g, y0)), respectively, such
that Uy > (z,9) — (z,¥(z,y)) € Vp is invertible with inverse of ¥ regularity.

Lemma 16.4.2. Suppose that (MA); has a solution for some ¢t < 1. Then for any sufficiently
small € > 0, there is a solution to (MA);..

PROOF. Following [279, Lemma 3.3], we define an operator ® : €3>*(X) x [0,1] —
el,a(){)7

/=108 )"
O(p,t) := log (o + na&pt) — @ —tF.

Wo
By assumption, there exists a smooth function ¢; € C*°(X,R) such that ®(¢¢,t) = 0 and
wr = wo + V/—100¢; > 0 is Kahler. The metric w; is used to define the Holder norms on X.

To apply the implicit function theorem, we compute

—100 n-l
Dd,, »(1,0) = LN A p— .

n
W

The linear operator L() := A1 — 9 has trivial kernel. Indeed, if L(1)) = 0, then

Jowier = [ wasver = - [ Ve <o
X X X
so ¢ = 0. The operator L is self-adjoint, so L* has a trivial kernel. From [279, Theorem

2.13], it follows that L is an isomorphism of Holder spaces

L: G (X) — ehe(X).
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By the implicit function theorem, for s sufficiently close to t, there exist functions ¢g €
€3(X) such that ®(ps,s) = 0. For s sufficiently close to ¢, this @5 will be close enough to
¢ in @3 to ensure that wy + +/—190y, is a positive form.

To see that the solution ¢ is indeed smooth, write wg = v/—1. gijdzi AdZz; in local coordinates.
In coordinates, the equation ®(¢s, s) = 0 reads

log det(g;7 + 0;05p5) — logdet(g;5) — ps —sF = 0.
Let g7 := g;7 + 0i05p5. Since ¢, € €3 we can differentiate the equation to obtain
77 (Orgs; + Ou0i0s05) — Oy log det(g;z) — Opps — sOF = 0.
Write the above equation as
790:0;(0nps) — Ops = sOkF + O logdet(g;;) — 590k,

View this as a linear elliptic equation P(0xps) = H for the function gpps, where H =
sOpF + O log det(gﬁ) — gﬁakgﬁ. The coefficients of P are in G4 and H € @Y®. Hence,
Opps € 3 and similarly, Prps € @32, Therefore, @5 € @4, and repeating the argument
shows that o, € €%, and iterating shows that ¢ is smooth. (]

16.5. CLOSEDNESS

To show that S C [0, 1] is closed, we require a priori estimates on (16.1.1). This is the most
difficult part of the problem, and is carried out as follows: We first establish the uniform
L>*—estimate ||| (xw) < C, where the constant C' > 0 does not depend on the parameter
t. This is the main contribution of Yau’s in [329] and is well-known to be the most difficult.
The second step is to establish the C?-estimate A,p; < C (again, the constant C' > 0 is
uniform, independent of t). We can then establish all higher-order estimates from these two
estimates via standard elliptic bootstrapping techniques or the complex Evans—Krylov theory.

In more detail, by the results of [97], it suffices to obtain a uniform L*°~bound on ¢. Cher-
rier [97] showed, by extending the second-order estimate of Yau [329] and Aubin [15], that
Wy = w + /=190y is then uniformly equivalent to w. Cherrier [97] further extends the Cal-
abi third-order estimate [329] to show that a uniform €' bound on w,, can be obtained. All
higher-order estimates via standard elliptic bootstrapping techniques or the complex Evans—
Krylov theory [157, 296].

Due to time constraints, we only discuss the L*>—estimate due to Tosatti-Weinkove [297].
Some of the exposition is borrowed from [311]. We first recall the following analytic prelim-

inaries:
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16.6. THE POINCARE AND SOBOLEV INEQUALITIES

Theorem 16.6.1. (Poincaré inequality). Let (X,w) be a compact Hermitian manifold.
There exists a constant C' such that for any real-valued function f : X — R with [ x fwt =0

/ P < C / f Pur,
X X

we have

where |0f]? = gg(‘)ifﬁj—-f.

Theorem 16.6.2. (Sobolev inequality). Let (X,w) be a compact Hermitian manifold of
(complex) dimension n > 1. There exists a uniform constant C' such that for any real-valued
function f: X — R we have

( /. \f|2”w">; < c< [ 1ospr s [ |f|2w">,

where p = (nfl) > 1.

16.7. THE L°°—ESTIMATE VIA MOSER ITERATION

Let ¢ := ¢, and let F:=tF +¢.
Claim: There is a constant C' = C(X, g, sup F), independent of ¢, such that if fX pw" =0,
then

lollooxwy < C.

The main idea is just an exercise in book-keeping relative to the case n = 2. Hence, consid-
ering the case n = 2, we have

[owr-) = [ onw-u)rwrs)
X X
= / O A (—V=190¢p) A (w + wy,)
X
= / V=10p A Op A (w + wy),
X
where the last equality follows from integrating by parts (and the Kéhler condition). Hence,
/ V=10p A Op A (w +w,) > / V=10p AN Op Aw = / |ch|3w2.
X X X

On the other hand, from the equation, we know that

/ P —w?) = / o — Fu?) < C / o2u?,
X X X



16.7. THE L*°-ESTIMATE VIA MOSER ITERATION 283

where C' = C(X, g,sup F). Hence,

C/ ol?? > /\szwQ-
X X

The Poincaré inequality tells us that, whenever the average is zero, the L?-norm of the
gradient is controlled from below by the L?>-norm, multiplied by a small positive constant.

C/WMQZL/Wﬂ%QZC/Mﬂﬁ,
X X X

where the constant coming from the Poincaré inequality depends only on w. By Cauchy-

e o = o(f) (for)

Combining these inequalities, we have

Hence,

Schwarz, we have

lelle(xwy < C.

To complete the L>°—estimate, we want to

(a) replace ¢ by a power of ¢, namely, ¢|p|?, for some g € Np.
(b) Use the Sobolev inequality in place of the Poincaré inequality, which in complex

dimension 2 reads:

1
(L)’ < e [ivras [ 1),
X X X
To this end, we see that
¢ [ el = [ el - o)
X X

——LMWWA%@MWWM

= (¢+1) / 0|9V =10 A Do A (w + w,,)

X
> (¢+1) / |9V —=10¢ A 5g0 A w

= q+1 /Wa elpl?) 0 (elol?) Aw
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Apply the Sobolev inequality to |f| = |<,0|ﬂ22 to give

4,2 2 _ 2(q+2), 2 :
(/errw) (/qu w)
+1w2 +2w2 .
Clg+2) (/XW + [ ol )

11
lellze < Crpr max (1, @]l zv) - (16.7.1)

IN

Set p = ¢+ 2. Then

Replace p by 2p:
1 1 111 1
el < C2(2p)% max(l, [lol[r2) < CvC2pr(2p)2 max(L, [ol|Lr),

where the second inequality follows from (16.7.1).

2k71

Replacing p by p, we see that

lol sty < CHPCT - CFTopi o (2571p) T max(1, |||l 10).
Setting p = 2 yields
lol ors < CHCE--CF2b o (2% max(L, o] 12)
= CTr=272% 7 max(1, ||l 2)-

The series > o2, 27" and > 2, r27" are both convergent, and therefore, letting k — oo yields

[ellzee < Cmax(1,[l¢] 12)-



CHAPTER 17

The Quasi-Negative Case dans ’esprit de Diverio—Trapani

In this section, we will consider a refinement of the Wu—Yau theorem, first established by
Diverio—Trapani [116] (see also [316]), relaxing the negativity of the holomorphic sectional
curvature to quasi-negativity (non-positive everywhere and negative at one point). One of
the key results on which the theorem of Diverio—Trapani [116] hinges is the following:

Theorem 17.0.1. (Diverio-Trapani). Let (X", w) be a compact Kédhler manifold of (com-
plex) dimension n. If the holomorphic sectional curvature of w is quasi-negative, then

/X e (Kx)" > 0.

We extended this result to the Hermitian category in a joint work with Kai Tang and Yashan
Zhang [64]. The main theorem curiously does not require the curvature to have a sign.

17.1. 6;-BOUNDEDNESS AND 05— VOLUME NON-COLLAPSING

To state the main theorem, let us introduce the following terminology:

Definition 17.1.1. Let (X, w) be a compact Ké&hler manifold. For positive constants 1, d2 >
0, we say that a Hermitian metric a on X is

(i) 61—bounded (relative to w) if there is a smooth function ¢ : X — R such that
a < fhw+ vV —185¢.

(i) d2—volume non-collapsed on an open set U C X if o™ > dowy.

A Hermitian metric « satisfying both (i) and (ii) is said to have (01, d2)—bounded geometry
(relative to w and U). The space of Hermitian metrics with (61, d2)-bounded geometry
(relative to wp and U) is denoted by s, s, (wo, U).

Remark 17.1.2. We observe that §;—boundedness is cohomological in nature, while the
assumption of do—volume non-collapsed is pointwise on the open set U. It would be inter-
esting to know whether the assumption of ds—volume non-collapsed can be removed in the
subsequent results we present here.

285
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17.2. (e,6)—QUASI-NEGATIVITY

Definition 17.2.1. Let (X,w) be a compact Hermitian manifold. Let JF, be curvature
function of the Hermitian metric' w. For a positive constant § > 0, and a non-empty open
set U C X, we say that F, is (&, d)—quasi-negative (relative to U) if, there is a sufficiently
small € > 0 such that F, < e on X, and if F, < —6 on U.

Remark 17.2.2. In the main theorems of the present section, the £ > 0 will also depend on
a metric wo and constants 01, d2. In this case, we say that a curvature is (e, §)—quasi-negative
(relative to wp, U, d, d1,d2). Let us, moreover, note that, for a curvature function F,, we
understand F, < C on a set X to mean

sup sup F,(vg) < C.
rEX v €T X

The above terminology naturally extends the notion of quasi-negative, which can be viewed
as a limit (as € — 0) of (g, §)—quasi-negativity.

Given the above definitions, we now state the main theorem of [64]:

Theorem 17.2.3. Let (X™,wp) be a compact Kéhler manifold. Assume that there is a
Hermitian metric n € Hs, 5,(wo, U) with (d1,92)-bounded geometry. If the (Chern) real
bisectional curvature of 7 is (g, §)—quasi-negative (relative to wp, U, d1, d2,d), then

/X c1(Kx)" > 0.

PROOF. To show that [y ¢1(Kx)" > 0, it suffices to obtain the estimate

/ (—Ricy,)" = (27)" / el (Kx)" > 0. (17.2.1)
X

X
Let p: R — R be the function

1
n’ 13 g Oa

p(t) = " (17.2.2)
1, t>0.

For the Hermitian metric 7 in the statement of 17.2.3, let ; : X — R be the function

kp(x) = max RBC,, (9, v . max RBC, (¥, v,),

(@) P ((ﬂ,vﬁ)E?XXR" "( x)> (9,05)€F x xR n(V;va)

where ¥ is a unitary frame (i.e., a section of the unitary frame bundle, and v, € R™).
Let us also introduce the notation

= RBC, (¢, vz). 17.2.3
=T 0 e RE O ) (1723)

IFor instance, F,, can be the scalar curvature, Ricci curvature, holomorphic sectional curvature, etc.
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To establish (17.2.1), we will show that there are constants e, c3, ¢4 > 0 such that

/ (—Ricy,)" > / (nd1kpwo — Ricy,)" — cae (17.2.4)
X X
> ¢33 — C48, (17.2.5)

where € > 0 can be chosen such that c3 — cq4e > 0.

To this end, consider the twisted Wu—Yau continuity method, given by the complex Monge—
Ampere equation

(t(wo + 07 '/ —100%) — Ric(wg) + vV —100py)" = eftwi. (17.2.6)
From the assumption of §;—boundedness, we see that
wo + 6y V=100 > &' (17.2.7)
Set wy := t(wp + 8, 1/ —190%) — Ric(wp) + v/—190y;, allowing us to write (17.2.6) as

n o _ Pt N
wy = eTtwy.

From (17.2.7), the metrics w; afford the lower bound
Ric,, > —w;+td; ' n.

Taking f to be the identity map, A =1, and p = td; Lin the Chern-Lu Schwarz lemma, we
have

Ay, logtry, (n) > (= +t(nd1) Htry, (n) — 1. (17.2.8)

Here, and throughout, we are abusing notation, and identify x, with maxcx £,(x). By the

maximum principle,

7151

sup try, (n) < (17.2.9)
X

t — kyndy
For t > ndypy, the estimate (17.2.9) is independent of ¢. As a consequence, the continuity
method admits a smooth solution for ¢ > ndip, (c.f., [298, 335]). Introduce the potential
g i= pp + 1oy L. The crux of the argument is to estimate supy u¢ from below, and supy ut
from above. Indeed, the constant ¢ in (17.2.5) is given by

c3 = liminf [ e"wy,
t—>n51,u,n X

where (i, is defined in (17.2.3). The positivity of ¢z demands u; to not be identically —oo,
while the finiteness of u; requires an upper bound on supy us. The upper bound on supy u;
is straightforward:
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Lemma 17.2.4. For t € (nd1py;, 2n61 4y, we have

sup ug(xz) < log(2ndie + bo)" < log(co + bo)", (17.2.10)
zeX

where ¢y > 0 is such that Tian’s a—invariant [290] satisfies a(X, cowp) > 2, and £ < ¢p/(2ndy).
PROOF. Since u; = @y + td7 4p, (17.2.8) reads
e“t_t51_1ww8 = e?'wl = (twp — Ricy, + v/ —100u)". (17.2.11)
Since the metric wqg is smooth, and X is compact, there is some by > 0 such that
Ric,, > —bowo. (17.2.12)

From (17.2.11), (17.2.12), and the fact that ¢ <0, at the point € X where u; achieves its

maximum, we have

(two — Ricy, + v/ —100u)™

n
Wo

sup ug(x) < sup (t(sl_lw + log
X

) < log(to + bo)"
reX

Since t < 2ndyu, < 2ndie, this proves (17.2.10).

We now want to estimate supy u; from below.

Lemma 17.2.5.

1
— Jy et <%) " wp
w,
supu; > nlog(n) + log 0

17.2.13
u fx wy' ( )

PROOF. Start by integrating (17.2.8) over X with respect to the volume form wj'. By
the divergence theorem,

/X wp > /X (=i + £(18) " er, ()
> /u (=i + £(n8) Do () > — /u ot ()

using the fact that (—k,+t(nd;)~1)tr,, () > 0. By the arithmetic-geometric mean inequality,

N L
_/”ntrwt(n)wtn > _n/’fn <nn> wy'
U U W
WA &
0 n
= — — — . 17.2.14
”/u“'”<wf> <w8> “t (172.14)

M
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Using (17.2.11) in (17.2.14), we achieve the estimate

1
1 -1 N\ n
/W? > —n/mne_n(“t_t‘sl b) <nn> OJF
X u “o

n
> —ne_vllsupu“t//{net(”‘sl)lw <77n> wy'. (17.2.15)
u “o

3=

Then (17.2.13) follows from (17.2.15). O

From the above lemma, it suffices to estimate

1
— fy et (%) " wp
— (17.2.16)
Jxwi
from below. The following lemma gives an estimate for the numerator:
Lemma 17.2.6. There are positive constants ¢y, ds > 0 such that
1
_ LA * €166
—/ lﬁ;net("él) " (77n) wit > 5253/ e'twy > 12278 (17.2.17)
u Wo U n
PROOF. Let us write uj := u; — supy ug, so that supy uf < 0. In this notation, (17.2.16)
reads
) 1 N 1
— fi et (%) R ppetite(173)101 (Z*g) "o
fX wy' B fX eyt e_t‘sl_lwwg
1
* -1 n n
= fy et Qo) ()"

- e (17.2.18)
Jxetiemt Py

Since 1 <0, and t € (nd1 1y, 2nd1 1], we have

1 1
_ n\ w . n\
—//ine"?e_(l_rll)t‘sl ty (nn> wy > —/ mne“te(lfn)ﬂnll’ <77n> wg
u ) u wq

1
> %/}Ww7ww<">”%;(wzw)
u

n
wo

where the last inequality follows from the negative curvature estimate RBC, < —d3 on U.
Let

cp = inf{/ e'wy + v € PSH(¢4p0)wo (X), supv = O}. (17.2.20)
u X
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Then ¢; is a positive constant depending only on U and wq. Since n has (41, d2)-bounded
geometry, we have

1 1 1
n n n . n

[ ety (TN o3 63/6utw67, > €105 03
U wg n Ju n

From (17.2.19) and (17.2.20), this gives the desired lower bound for the numerator in (17.2.18).
(]

We now complete the estimate for lower bound on supy u;:

Lemma 17.2.7. There are constants cq, ¢, 61,02 > 0 such that

616253 >

C2

supu; > nlog(n) + log <
u

PRrROOF. For the denominator in (17.2.18), we will again use Tian’s a—invariant [290].
Indeed, first observe that, since 0 <t < 2ndp, < co, (17.2.7) implies

cowo + 07NV =100y > twy + oW =109y > to'n > 0.

In other words, té; 11/1 is cowo—plurisubharmonic. Hence, since ¢y > 0 is chosen such that

Tian’s a—invariant satisfies a(X, cowp) > 2, we have

* - - —1
/e“tet51 1¢w8 < /et61 ng = cg”/ e 91 Ycowo)” < e, (17.2.21)
X X X

for some constant ¢y > 0 depending only on ¢y and wy. Combining (17.2.16), (17.2.18),
(17.2.17), and (17.2.21), we see that

3=

— i et (”—2) Wy 556
! o Bl > 2% (17.2.22)
X %t 2

Inserting (17.2.22) into (17.2.13),

1
Cc1 (52" 03

supu; > nlog(n) + log
u neg

We now complete the proof: Let ¢4 > 0 be the constant such that

[, 32 (3) et st < e

X k=1
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Then
/ (27['61 (Kx))n = / (—RijO)n Z / (277,516&)0 - RijO)n — C4€
X X X

> lim (twp — Ricy, + V—100u;)"™ — cye
tN\mS1

451
= _lim eUte 0 Yl — che
tN\mo1pn J x

> liminf/ e'twy — cqe
t\,(ndlﬂn X
= (3 — C4E&.
C3 Co

Taking € < min {204, Snor

} completes the proof. O

17.3. FURTHER DIRECTIONS

The results contained in this section will appear in a joint work with Kai Tang, and Yashan
Zhang [64]. The presence of Tian’s a—invariant [290] (known to be related to the log canon-
ical threshold [87]) in the above argument is curious. It would be interesting if a hidden
algebraic phenomenon occurs (see [64] for further discussion).

Let us mention the following question which Diverio raised:

Question 17.3.1. Let (X, w) be a compact Kéhler manifold with quasi-negative holomorphic
sectional curvature. Does there always exist a Kéahler metric on X with negative holomorphic

sectional curvature?

There are no known examples of Kahler metrics with quasi-negative, but not negative, holo-
morphic sectional curvature. For some time, the author has proposed to address this problem
by attempting to produce a Kazdan—Warner-type theorem for the holomorphic sectional cur-

vature:

Question 17.3.2. Let (X,w) be a compact Kéhler manifold. The holomorphic sectional cur-
vature defines a function HSC,, : P(T*°X) — R. Can any smooth function f : P(T*0X) —
R be the holomorphic sectional curvature of a (Kéhler or Hermitian) metric?
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CHAPTER 18

Remarks on the Wu—Yau Theorem

Several questions remain wide open concerning the Wu—Yau theorem. The first question is
whether the positive-analog of the Wu—Yau theorem holds. The naive positive-analog would
be the following;:

18.1. NAIVE POSITIVE ANALOG OF THE WU-YAU THEOREM

Let (X,w) be a compact Hermitian manifold with “HSC,, > 0. Does there exist a Hermitian
metric 77 with “Ric > 07

Hitchin’s example [169] on Hirzebruch surfaces that we discussed previously shows that
this naive positive analog of the Wu—Yau theorem is false. Analyzing Hitchin’s argument,
however, indicates what the positive analog of the Wu—Yau theorem should be. To motivate
the conjecture, let X be a compact complex surface. If ¢ : X — X is the blow-up of X at a
point p € X, the exceptional divisor & = ¢~1(p) is a rational curve of self-intersection —1. In
particular, there is no Hermitian metric on X with negative (Chern) holomorphic sectional
curvature. In this sense, blow-ups increase the holomorphic sectional curvature. This does
not mean that if (X,w) is a compact complex surface with “HSC,, > 0 then “HSC«, > 0.
In this direction, however, we ask the following;:

Question 18.1.1. Let (X,w) be a compact Hermitian manifold with “HSC,, > 0. Let
¢ : X — X be a modification of X. Does X support a Hermitian metric n with “HSC,; > 07

18.2. PoSITIVE WU-YAU CONJECTURE

On the other hand, the positivity of the first Chern class in Hitchin’s examples was violated
by blowing up. In this sense, blow-ups decrease the first Chern—Ricci curvature. Given this
asymmetry coming from blow-ups, the natural conjectural picture for the positive analog of
the Wu—Yau theorem appears to be the following:

Conjecture 18.2.1. Let (X,w) be a compact Hermitian manifold with CRicS) > 0. Then
X admits a Hermitian metric n with “HSC,, > 0.

Remark 18.2.2. From Yang’s theorem 12.5.6, a compact Ké&hler manifold with HSC > 0
is rationally connected. On the other hand, we know from 7.13.2 that Fano manifolds are

293
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rationally connected. We suspect that the above conjecture, at least for Kéhler manifolds,
should not be too difficult to prove. Indeed, since Ric,, > 0 implies that X is projective.
Hence, one can look at the curvature of the metric induced by the Fubini—-Study metric on
the ambient PV,

18.3. A QUESTION RAISED BY DIVERIO

Recall that the Wu-Yau theorem states that the existence of a (say, Kéhler) metric w of
negative holomorphic sectional curvature on a compact Kéhler manifold implies that the
canonical bundle Kx is ample. In particular, there is a Kahler metric w, = w + V—100¢
such that Ric,, < 0. Diverio raised the following question:

Question 18.3.1. (Diverio). Does the metric w have to be perturbed (non-trivially) in
general? Can ¢ be taken to be ¢ =07

This question translates to a statement about the algebraic properties of the curvature opera-
tor, and in particular, it suffices to work at a single point. The above question then translates
to whether
max HSC,(vp,) <0 == max Ricy,(vp,vp) <O0. (18.3.1)
vp€Tp * X vp€Tp ' X
Because the question is purely algebraic, however, if (18.3.1) holds, then

min HSCy(vp) >0 == min Ricy(vp,7p) >0 (18.3.2)
vp€Tp ' X vp€Tp ' X

would hold also. However, Hitchin’s examples [169] demonstrate that this is false in general.

Consequently, the perturbation ¢ within the cohomology class must be non-trivial. In a joint
work with Simone Diverio [58], the author raised the following variant of 18.3.1:

Question 18.3.2. Can one classify or produce necessary or sufficient conditions for the

perturbation in the Wu—Yau theorem to be trivial?

18.4. Wu-YAU KAHLER-EINSTEIN METRICS

The Aubin—Yau theorem asserts that on a compact Kahler manifold with a Kéhler metric w
of negative Ricci curvature, one can perturb the metric within its cohomology class to the
unique Kahler-Einstein wkg. Hence, one starting point where one can begin to make non-
trivial progress on the above question is by considering the following much more restrictive

case:

Question 18.4.1. Let (X,w) be a compact Kéhler—Einstein manifold with Ric,, = —w. Can
one classify or produce necessary or sufficient conditions for w to have negative holomorphic

sectional curvature?
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To facilitate the discussion of this question, the author and Diverio introduced the following
terminology [58]:

Definition 18.4.2. A compact Kéhler manifold (X, w) is said to be Wu~Yau Kdhler—Finstein
if it admits a Kahler—Einstein metric with holomorphic sectional curvature having a sign.

Since the holomorphic sectional curvature and Ricci curvature both dominate the scalar
curvature, it is clear that their signs must be the same. Obvious examples of Wu—Yau—
Kahler—Einstein manifolds are space-forms. An interesting class of examples are given by
Kéhler C-spaces [8]:

Proposition 18.4.3. (Alvarez—Heier-Zheng). All Kéhler C-spaces admit Kédhler—Einstein
metrics with positive holomorphic sectional curvature. In particular, Kahler C-spaces are
Wu—Yau-Kahler—Einstein.

18.5. WU-YAU KAHLER-EINSTEIN SURFACES AND CHERN CLASS INEQUALITIES

Let us now restrict to the case of surfaces, where we can obtain quite refined conditions based
on Chern class inequalities.

Corollary 18.5.1. ([99]). Let (X, w) be a compact Kéhler—Einstein surface with Ric,, = —w.
Assume the Bochner curvature tensor is of constant length. If co < ¢2, then X has negative
holomorphic sectional curvature.

Remark 18.5.2. The above result is not very satisfactory since we are unaware of a single
example of a compact Kéhler manifold with Bochner curvature tensor of constant length.
One might hope to find non-trivial examples by looking for Kéahler metrics with constant
vanishing Bochner curvature tensor. In this case, Bryant’s results [68] show that they must
be products of space forms. One can look for examples of compact Kéhler manifolds with
parallel Bochner curvature tensor.

Example 18.5.3. Let X be a compact quotient of a bounded homogeneous domain. Since
the automorphism group acts transitively, the Schwarz lemma implies that any complete
Kéahler—Einstein metric must be invariant under automorphisms, and therefore, as is con-
stant.

Theorem 18.5.4. ([99, Theorem 4.13]). Let (X,w) be a compact Ké&hler-Einstein surface
with Ric, = —w. If (X,w) is Wu-Yau-Kéhler-Einstein, then

Example 18.5.5. The above theorem implies that a compact complex surface of general
type with c3 — 3¢ > 0 is not Wu—Yau-Kihler-Einstein. In particular, the Horikawa surfaces

[172, 173, 174, 175] which realize the equality case in Noether’s inequality, are not Wu—
Yau-Kéhler—Einstein.
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18.6. FURTHER DIRECTIONS

Our understanding of the Wu—Yau theorem is very small at present. To the author’s knowl-
edge, we do not have a classification of the compact complex surfaces, which are Kobayashi
hyperbolic or admit Hermitian metrics of holomorphic sectional curvature. Hence, we pose

the following problem:

Question 18.6.1. Let (X,w) be a compact complex surface. Are there conditions on the
Chern numbers which characterize the existence of a (Kahler or Hermitian) metric of negative

(Chern) holomorphic sectional curvature?

Question 18.6.2. Classify all compact Wu—Yau—Kahler complex surfaces and all compact
Wu-Yau-Kahler-Einstein surfaces.

The role of the Kéhler condition would be interesting to explore, especially in light of the
Hermitian Schwarz lemma. Hence, we also ask:

Question 18.6.3. Is there a compact Hermitian manifold that admits a Hermitian metric
of negative (Chern) holomorphic sectional curvature but does not admit a Kéhler metric of

negative holomorphic sectional curvature?

The Hermitian/Ké&hler condition can be further explored by replacing negative Chern holo-
morphic sectional curvature with negative t—Gauduchon holomorphic sectional curvature in

the above question.



Appendix — Kodaira’s Embedding Theorem

One of the central underlying themes and motivating problems in complex geometry is to
understand how various notions of positivity for vector bundles are related. We will see that
the concepts of abundance (in the ordinary sense) and positivity (in terms of curvature, or
numerical invariants) are intimately related.

Ample Line Bundles. We start with the case of line bundles:

Definition A.1. A line bundle £ — X is said to be very ample if the sections of £ furnish
a holomorphic embedding of X into some projective space. A line bundle £ is said to be
ample if there is an integer m > 0 such that £L®™ is very ample.

Let us give some details on how sections of line bundles give rise to embeddings in projective
space. Let sg,...,s; be a basis for the vector space HD(X,L). Each section s; is a map
from X to £ given by sending a point z € X into the fiber £, > s;(x). The fibers are
one-dimensional vector spaces, and locally L]y ~ U x C. So we can make sense of a map
f: X — P* by defining

f(x) = (so(x):---:sp(x)) € CHL

at least locally. If we pick another trivializing of £, the transition functions are elements of
C*, so the values of f differ only by a scalar multiple. Hence, so long as there are no x € X
such that sj(z) = 0 for all 0 < j < k, we have an embedding of X into Pk,

Example A.2. (Curves). Let £ — X be a holomorphic line bundle over a compact Riemann
surface ¥, of genus g. We define the degree of £ to the image of ¢1(£) under the isomorphism
H 2(Eg,Z) ~ 7 given by the orientation determined by the complex structure. From the
Chern—Weil theorem, the degree is equivalently defined as

V=1
deg(L) = o /Z@(L’h),
g
297
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where O is the curvature form of a Hermitian metric h on £. If £ = K, ,» the canonical
bundle of ¥, then the Gauss-Bonnet formula tells us that

deg(Kx,) = —x(3y) = 29 —2.

Example A.3. The tautological bundle Opn(—1) — P™ is a non-trivial bundle with no global
sections. Indeed, every section o : P" — Opn(—1) determines a a section o : P* — P x C"*+1,
It is straightforward to show (the reader may find details in [267, Corollary 1.2, §5.2, Chapter
1]) o must be of the form o(x) = (z,[v]) for some fixed v € C"*1. Since the fiber has the
identification Opn(—1); ~ ¢, we see that v € ¢, for all z € P", which implies v = 0.

Definition A.4. Let € — X be a holomorphic vector bundle over a complex manifold X.
We say that € is ample if Op(g)(1) is an ample line bundle.

Remark A.5. Let us note that not every compact Kahler manifold supports an ample line
bundle. One obstruction to a compact complex manifold being projective is that there are
not enough hypersurfaces. That is, if X is a compact smooth algebraic variety, then X sup-
ports a complex subvariety of (complex) codimension one whose homology class is non-trivial.

Example A.6. Let X be the quotient of C2 — {0} by powers of diag(c, a) for a > 0, i.e., X
is a diagonal Hopf surface. We see that X is homeomorphic to S* x S!. Hence, by Kiinneth’s
formula, by(X) = 0. In particular, X is not Kéhler (and therefore, certainly not projective),
and moreover, X does not contain any hypersurface with non-trivial homology class.

Example A.7. Let us now give an example of a non-projective Kéhler manifold. Let A be
a lattice of rank 4 in C2, and take X = C2/A. Here, X is a torus, so H?(X) ~ Z5. Let
(z,w) denote the holomorphic coordinates on C2. The 1-forms dz and dw are translation-
invariant, and therefore, descend to 1-forms on X. Let w = dz A dw. Suppose X admits
a complex curve Y. Then wl|y vanishes identically and thus [,,w = 0. Let now (a1, az),
(81, B2), (71,72), (01,02) be a basis for the lattice A. For any basis of Hy(X,Z), pairing with
a; B o 4

az B2 2 02
vanishes for complex curves Y. For A chosen generically, however, there is no reason for any

w yields six maximal minors of the matrix . Since fyw = 0, this pairing

integral combination of these minors to be zero.

Example A.8. A further obstruction is given by the algebraic dimension a(X) — the tran-
scendence degree (over C) of the field of meromorphic functions. A projective manifold has
maximal algebraic dimension a(X) = dim¢ X, i.e., X is Moishezon. In particular, complex
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manifolds with a(X) < dim¢ X will not be algebraic. A notable example of a complex man-

ifold with vanishing algebraic dimension is any complex manifold diffeomorphic to S.

Definition A.9. Let X be a complex manifold and £ — X a line bundle. We say that £ is
positive if there is a Hermitian metric h on £ whose curvature form

ek .— /=108 log(h)

is positive (in the sense of (1,1)—forms). A line bundle £ — X is said to be negative if the
dual bundle £* — X is positive.

The Kodaira—Nakano Vanishing Theorem. From [336, p. 201]:

Theorem A.10. (Kodaira—Nakano vanishing). Let X be a compact Kéhler manifold with
dim¢c X =n. Let £ be a positive line bundle over X. Then

HP9(X, L) =0

for all p+ g > n.

Kodaira’s Vanishing Theorem. Theorem A.11. (Kodaira Vanishing). Let £ — X be
a positive line bundle over a compact complex manifold X. Then for any holomorphic vector
bundle € on X, there is a positive integer kg € N such that

HI(X, L% @ &) =0

for all ¢ > 0 and all k£ > k.

Proposition A.12. Let £L — X be an ample line bundle over a complex manifold X. Then
L is positive.

PROOF. Since £ is ample, the sections of a sufficiently high multiple £L&* of £ embed X

into PV via a holomorphic map ® : X — PV. Let wyg denote the Fubini-Study metric on PV,

We obtain a smooth Hermitian metric h on £&* whose curvature form is —3;1@(@ h) = P*wpg.

The metric on £ is given by taking the kth root of h, i.e., h%, which has curvature form

\/—1@(L®k7h1/k)

1
= —®* .
o A wrs > 0
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Kodaira’s Embedding Theorem. The converse is true when X is compact Kéahler or X
is Stein. This is achieved by the Kodaira embedding theorem:

Theorem A.13. (Kodaira embedding theorem). Let X be a compact complex manifold.

The following are equivalent:

(i) X is projective, i.e., there exists a holomorphic embedding f : X — PV,
(ii) There exists a K&hler form w on X which represents an integral class, i.e., is in the
image of the morphism H?(X,Z) — H?(X,R).
(iii) There exists a holomorphic line bundle £ — X that is positive.

Note that the only difficult part of the theorem is that (iii) == (i). Indeed, since the
restriction of the Fubini-Study metric wrg represents an integral class, (i) = (ii). The
implication (ii) = (iii) is an immediate consequence of the Lefschetz theorem on (1,1)-
classes. The standard proof of (iii) = (i) is by first proving the Kodaira vanishing theorem
(see, e.g., [149]). Let us exhibit the less well-known' proof due to Donaldson [120]:

PrOOF. Let L — X be a positive line bundle, i.e., £ is a holomorphic line bundle with
a connection V whose curvature is @4 = /—Tw > 0, where w is a Kihler form on X.
Note that by taking higher tensor powers £L®* corresponds to a scaling of the curvature by
a factor of k. This can be thought of as scaling the lengths in X by a factor of vk. Fix a
point p € X, and consider a small ball in X centered at p. By increasing the value of k, we
increase radius R = R(k) of this ball, which can be thought of as an embedding of B(R) C C"
into X. Moreover, if (in this ball) we write w = /=1 1 dz; A dz; for the Kéhler form,
with J = Jen + O(|2|) the underlying complex structure, we can assume that the embedding
B(R) — X is an isometry. Now, over C", we consider the trivial line bundle endowed with a
connection whose curvature is v/—1w. Let o denote the standard holomorphic section of this
(twisted) trivial line bundle, i.e., the holomorphic section satisfying v/—199 log |o¢|? = v/—1w.
We observe that g is a Gaussian holomorphic section, in the sense that

1
ol = e (=318

We can think of this as a “compactly supported holomorphic section”, and we use our embed-
ding to transport this holomorphic section over to X. Of course, this only defines something
in a neighborhood of the point in p (in the rescaled metric), so we introduce a cut-off function
Br and simply extend og by 0, i.e., if we supress the transporting maps, we define oy := Sroy.
We have to pay for the crime we’ve committed here, introducing the cut-off bumps our section

IThe only reference I'm aware of is the lecture given by Donaldson here concerning the Hérmander
technique [120].
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out of the kernle of 9. We observe, however, the extent of the damage:
901? = |(@Br)ool® < [9Br[e s

is mitigated by the fact that o¢ is Gaussian. We will construct o := o1 — n, where 7 is the
correction which ensures that we recover a genuine holomorphic section.

Hodge theory tells us the formula to write down, provided we know that the Hodge Laplacian
Ay = 90+ 00" is invertible on QOL(L®F). Indeed, assuming this is the case, the error term
is given by n = E*Ag 1901. Now, if n = o1, we have gotten very far, since o = 0. The point
of this construction is to produce a non-trivial holomorphic section, so we want to show that
7 is much smaller than o1, so that o defines a genuine non-trivial holomorphic section.

As in the standard proof of the Kodaira embedding theorem, we will now use a Bochner
formula for Ag. That is, if we let V denote the connection on Q%! (L), we can write (with
respect to the rescaled metric):

1
Ag = (VM)VP 4+ cRie+ 1.

Since particular, by choosing & sufficiently large, we can bound the operator norm
-1
1A < 2.
Hence,
Inl2: = (0°A5'90,0°A5100) 2 = (A5'90,00),2 < 2|0o]2 = O (e 11zl ) ,
and by elliptic estimates, this is enough to achieve the L®°—estimate. U

Tian’s Extension of Kodaira’s Embedding Theorem. Remark A.14. Recall that
Nash’s embedding theorem states that every Riemannian manifold (M, g) supports an iso-
metric embedding into some Euclidean space R™. This is a substantial strengthening of the
Whitney embedding theorem, which gives no control on the metric. We have seen that the
Whitney embedding theorem certainly fails in the complex category: no compact complex
manifold, for instance, holomorphic embeds into C”. In fact, those which do support such
embeddings form the important class of Stein manifolds. The Kodaira embedding theorem
states that any Stein manifold or compact Kéhler manifold with a positive line bundle sup-
ports an embedding into some PV. In a sense, this an algebro-geometric and complex-analytic
analog of the Whitney embedding theorem. One can therefore ask the daring question of
whether such an embedding is also an isometry. Taken literally, the answer is certainly no.
Indeed, there is no complex curve in P" for which the induced metric has constant negative
curvature. If one affords some flexibility, then we have the following beautiful theorem ob-
tained by Tian [289, Theorem Al:
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Theorem A.15. (Tian). Let (X,w) be a polarized algebraic manifold with polarization
L — X. Define the Bergman metric wy := %q)szS. Then

1
— w|lw, [Vwi — Vwllw, [[VZwr — V|, IR -R I 0<>,
m;x{llwk Wlws [Vwi, = Vwllw, [[V=wy wllw, [[Rm(wg) — Rm(w)]lw } 7

where V is the covariant derivative with respect to w, Rm denotes the curvature tensor, and
O(1/vk) means a constant bounded by C/vk with C' depending only on the metric w.

Remark A.16. This theorem implies that wy, converges to w in the €2-topology on the space
Sym?(X) of all symmetric covariant 2-tensors. This was later improved to €>®-convergence
by Zelditch [334, Corollary 3], which was conjectured by Tian in [289, p. 100].

Remark A.17. Kodaira’s theorem tells you that for sufficiently large k, the map @5 = @ ek,
gives you an embedding for any choice of basis of holomorphic sections of £L&*. If you pull
back the cohomology class of the Fubini-Study metric and multiply by %, you get ¢1(L).
Kodaira’s theorem says nothing about the pullback of the metric itself. To get a well-defined
metric via an embedding, one must specify the basis (up to an action of the unitary group).
To recover the original metric you started with, you use an L?-orthonormal basis of sections
for each k, pullback the metric, rescale by % and then take a limit as k£ — oo.

Kodaira’s Projectivity Criterion. Corollary A.18. Let X be a compact Kéhler mani-
fold such that H?(X,0x) = 0. Then X is projective.

Remark A.19. It is common to refer to the above h?Y = 0 as the Kodaira projectivity
criterion. Observe that the vanishing of h*>? = 0 not enough if X is not compact Kéhler.
Indeed, consider a compact complex surface with universal cover C?\{0}. For instance,
quotient C2\{0} by the infinite cyclic group generated by the homothety

1 1
(21,22) +— (2217222>~

The resulting compact complex surface H = (C?\{0})/ ~ is diffeomorphic to S* x S3. Tt
therefore violates the Betti number criterion for supporting a Kahler metric. Since by(H) = 0,
however, h>? = 0.
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